24 L. PANDOLFI 4

are houmlcd‘bolmv by 1 but they are not hounded above. Therefore, the
statement of the Corollary T cannol be improved. We owe this remark
ta professor Allen Zichur,
Let us <-u.n~.idor now o particular case, Namely assimne that & ()
and ff (!) are diagonal matrices and g, (1) - g (/) = 0. ko Ut = () = 0,
Loy o Then &, (f) = G oY, H o () = Hy and 6L are also dia-
gonai matrices. One has G, () o (1) — (g () and A (1) 0 ()
= (8 (). I this way, one obtains the space G, eonsi:lred in (2),
Corollary 2. .1 necessary and sufficient condition that
C i E"Yy = C|(F: )
with g (0 and b (8 eantinuons positive funetions on 1. is thal
(1) O <infiag(h(y: t =l <sapla(tihy:t =1 < -7
Proof. The prool is immediate it we note that [ (G (1) 15 a dia-

conal malrix whose elements on the main dinzonal ave equal Lo g(i) ().

. "o A .
N t_Akl]lm\lmlgmm-nl. lll{‘- paper was written during the Surmer Conrs arganized by the
h j|. In!rlr.l .I{lusv:u'rll (uunc'!l_ (Italy) i Pisa, Angust-Septomber 1953 The mdbor wishes o
express his thanks to professor ¢, Corduneanu for his adviee.
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A CHIARACTERIZATION OF THE PROBABILISTIC TOPOLOGICAL
SPACKS
oY

LIVIU PLORESCU

1. The concept of a probabilistic topological space. introduced by
ML OJ. Frank (30 is a natural generalization of the notion of a probabi-
listic metric space, as it appears in Menge s papers s just as aometrie
determines a lopology. a probabilistic metrie determines a probabilistic
topology, (theorem .1 |31}, Frank shows that the O-closure 7 by this theo-
rem is additive, and therefore we use for the notion of a1 O-closure the Tollo-
wing definition :

A O-closure on a sel X s a mapping 0 2(X) X [ ~9 (X} salislyving

(1) 0(.0, 0y =X. (2) (&, )= #ial no# Ol

(C3) 1< 04, 2), (C1) B(AU B, 1) = 0 (A, 2) U (B, 1) (L5)
01 )20 (A, g)il 2.2 0z lor every 1. B c X.i.ue I where I'=[01]

A O-closire is Jefl-continuous it s (LC) O(A4. %) =10 £0(A, w):
o< kb lorn % 0. If #is 2 lelt-continuous O-closure on X and 7' is a i-fune-
tion (T (71, ) < T (s, w:) whenever 7, < G 1, = i22) then the ordered
triple (X. 0. T} is a probabilistic topological space i (oY 0 (0 (1 u) 7)

0 (A, T(n w3yl o # &
We remark from (€2), (C3). (C4) that {0 (. 7} 7 = (0, 1] is a set
ol closure operators on .\ (see for instance (L} p. 237).
The purpose of this paper is to give a characterization of the probabi-
listic topologieal spaces by means of topogenous orders.
A Cs4s7zar has shown (see [2], (7.20) ) that there is an equivalence
between topological spaces and Csiszar topological spaces in the sense that.
agiven one of this structures, it is possible to determine the other.
We proved that, between closure spaces and the spaces with a perfect
topogenous order, there is the same cquivalence {scc [+]).
Using this result, we introduce the notion of a probabilistic lopoge-
nous structure, with the help of which we give the characterization stated
for the probabilistic topological structures.
We reeall that a topogenous order on X s« velation <= = 4 (X) X
x 2 (X) such that:

(01) & < @ X <X, (02).if 44 < B then 4 = B.o(o3) it f c 4’ <
<D e Bihen 4 < B, () il ./t < B, A" < I’ then A A< By B
A< BB, forevery A, 1. B, B = .



o6 LIVIU FLORESCU 2

Let < be a topogenous order on X and let <7 be the order defined
by 4 <¢ B if X — B <X — 4 for every 4, B < X. Using Csaszar's
terminology, we eall <° the complementary order of <. We suy that a topo-
genous order < is perfect if :

(P) If A, < Bforevery v = U then U {4, :v < 'V < B, for every
A B X,y el

A syntopogenous structure on X is a  family of topogenous orders,
$ ={ <4 laess on X satislving :

(S1) For every <,, <, € 8§ there is <, = §such that <,, <, =

. {82) For everv <, = & there is <, = & such that for every A, B
with 4 <, B there exists C < .Y such that 4 <, C <, B.
_ We remark that, using topogenous structure terminology, we can
introduce in a natural way some structures placed between the probabilis
tic metries structures and probabilistie topological structures; we call
these structures, taking into account, their construction, probabilistic
uniform structures. Their study is the topic ol a futurc note,

Topogenous orders and closure spaces. Proposition 1. Let X be an abs-
tract set and < be a topogenous order on X: the mapping (—): €(X) =2 (X)
defined by A = n{B: . <*B} for every A= X is a closure operalor on X.

Proof. 1). @ —n{B: @ < Bl =@ 2. X —d4=u{X—B:
A < Bl =Uu{X—B: X~ B <X .dc X — A48 d,ud, =
(N4, <sBYyu(n{B :de < B} )cn{B: 40 d: <F B} =
= A, 0 4, (A, U .ig_f" B__ﬁimplie.-; A, << B, 4, < B). Now, lct
wved,u g, ande = A, U Ay then @ = of, and @ ‘@ 0, henee Lhere exist
B_,, B, such t;hat A<t B, 4, < Boand @ € By, @ = B.; from {®) and
X --,B, < X —.f_ll, X —B, < X —d..,wehave (X ~B)n(X —B,) <
< (X —A4)n{(X —d)or X DB, u B, <X —4,U 4, hence

‘ A_IU A, < Biu B, but ¥'€ B,u B., hence x = A,u 4, Thisis a con-
tradietion.
) Definition 1. The mapping (), defined as above, is called the closure
induced by the order <.
_ Theorem 1. Let () be a closure operator on. X. Then there exists «
inique perfect fopogenous order on X which induces (7).

Proof. We define < « €(X) x€(X) by A4 < B il An X - =
= I, Then:

01) @n X —@ =¢ hence @ <@, XnX — X ==, hencc
X< X:(02) 4< B implies o/ n X' =B =@ hence 4'c X —X — Bce
cB:(03). A, c A4 < Be B implies 4, c X —X —Bc X X — ..
hence 4, < B,: (Wil .y < By, A, <« Bythen A, n X — B =0 =:A.n

nNYX —B.But(din A4)n X —DBn == (A n (X —BYU(X—1.)
=(Adynden X Biu(dindan N —B) = @5 hence A 1 A <
< B Be Now., (A ud)n X =B, U0 Ba=(0L U Ad)n (X —By)n

NN By =4 n (XN =By n (X =Bl n(X=B)n(X—Bo)]=

<,.
<

I
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& henee A U A< ByU B.: s verified ; indeed @ il od, < Bye I
then . X — X I for every = I, henee U T 'elX —
N B oru oy =T < . Therefore < is o perlect topogenous
arder on X

Let (<1) he the closure operator induced by <. Vor every o1 < X
e iBid < BY=n{B: X —B <X — L= {B: (X —B)n
nAd=g)l=n{B:d4cB} =1 Henee () =(). It <, is another
perfect topogenous order which induces (7), then we have: A < B if and
only if X — B << X —A T X —Bc N —diftpdB: X —DB < B
c XN —Ailn{B:X —B < Bjc X —-dlLeld I'n:X — B <
<, Bl Since <, is perfect, U LN — B B =d V<, BIff X — B <
(n{B:B edl)c XN —dill.1 <l henee < = <.

Consequence : il &, is the family of all perfect topogenous orders on
N and JJ is the family of closure operators on X, then the mapping f 1 &,—
-, f(<) ={), where (%) is the closure induced by <. is a bijection.
3. Probabilistic (opogenous structures and probabilistic topological spaces.

Definition 2. Let 7' be a t-function and & = § <; e e @ family
of orders on X, where .1 < B iff A = @ and <; is a perfect topogenous
order on X for every 2 = (0,1]. Then we enll the ordered pair (2, 1) a
probabilistic fopogenous structiure on X if:

(PT1). It » < wthen <, = <. (PT2) il e} <, A there ds u <7
such that {a) < 1, for n # 0, 1 # @ (PT3) it A <G o B then
there exists € such that . <2 C <4 Bj; for every 7, u = I, 4, Be X,

It (&, T) is a probabilistic topogenous structurc on X we say that
the ordered triple (X, €, 7)) is a probabilistic topogenous space.

Remarks. 1) The relation <, verifies all axioms of a perfect topoge-
nous order execept onc: X <, X, 2). If (&, T)is a probabilistie topogenous
structure on X, then € is a syntopogenous structure if’ and only if <, is
dense.

Proof. ¥rom {PT1) it follows that 2 satisfies (S1). If (52) holds.
then for » =1 there exists u =1 (it is necessary that the order < he
finer than <,) such that if 4 < I3 there exists € with A <, C < ,B,
hence <, is dense. Conversely, if <, is dense, for any % = I thereis ¢ =1
such that 4 <, Bimplies 4 <,B and therc exists Csuch that 4 <, C <.\ B.

Proposition 2. Let (X, &, T) be o probabilistic topogenous space.
Then the mapping 0: €(X) x I - P(X), 0(4.7)=n (B: 4 < B}

for each A, ), is a left-continuous O-closure on X and (X, 8. T) is a pro-

babilistic topological space.

Proof. (Cl): If A X0(d, 0)=n {B:.d < B T =i B X
— B = @} =X, Now, we observe that 0 (., ») is the closure operator
induced by <, for cvery » = (0.1]. Tt is scen that A 04 0) =X for
every Ac Xand 6 (du B, 0) =X =0{d, 0)u 0(B, 0). It then
follows that (C2), (€3), (C4) are satisficd. (C5): Yor every 7. o = I with
» < ufrom (PT1) <, = <, . Henee d < Bimplics 4 <, Band{ B:4 <§
<$Blc {B:A < B Thus0(A, 1) =n {&:0 <} BYy> n{B:4<
<¢B} =0(4, v). (LC): I =z < 0(A, 2) then {a}n 0(d 2) =@,
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whenee Tl <, N — A From (17F2). there s - 7osuch that v} <,
A _.l h(:'n(:c Twlin 0t W) =@ It follows that » =nfbid )
L < 7. Now, from (C5). 0(d. 2y e nd00t vy <n) Henee 0 is o
left-continuous O-closure on X, (C6): Lei 1= N # g I 0w —0
00 (L, ), 7)=N forevery 7 = J: 0, T (7. 0) ) SR < (0l )
- |l‘0m' (I"I'3) there exists € such thal 4 < € <5 B henee ¢ _\'I
and B — V. Henee 8 (4. 7. 0)) = Xand 00 (L. 0). 7 <O, T (. 0.
I 7= 0, w20 00001 9. 0y = X 0(d, T )= n{: .|
l<§. ,u.,L:I{)’ I l{_rmn {l’(’i[‘:i)’ it follows that there exists Csuch that o <8 ¢ <y
wnee B = X an AT {00 N H o #00 w20 04 TO,

N IR PY ;IE” ) 12 2 0 2 Ol KRl

A D

s

1

_ L(-Il A =18 <f ;. B lor evers B = & from {IPI'3)  there
exists €'y such that ot =2 € <f B hence €, o O (4 w), G{Cy 7)
S0 (0 (oA, ). 7). ' S
But B o 0(C,. 1) henee B o O(0(1, ). 1) A, T,
S 00 (A ,}( e 1) V(O (1, ). pyand O T u)) 2
Definition 3. We soy thal the struche of o« probubilistic topological
space (X, 0, 1) iy induecd by Hee probabilistic topodenous structure (::1 T
and e call the operator O, the operatar induweed by this structure, i
Theorem 2. Lel (X. 0. 1) be probabitistic lopological space. Then
{II(‘J'(..' exists eractly one probabilistic topogenons structire (5‘ Ty en X, which
induces the probabilistic topological structure of the space. -
[’rrrq,lf. ]:(rl. d by laar be osuch that: for 7o=0 A <, B alt
A =@ tor o= (0. 1] < Bl <, s the unigue perieet. tupogenous
(.n‘dct‘ which induces 0(.. 7)) {Theorem 1). (PT1): for every 7, o = [ with
L aand o <, Bt follows o o 0(X — 0B, 7) . Now, from (C5),
0(X = B.7) 5 0{X— 8, u). Hence JUO(X—B. u) =@ implies o <
<. R 1(.)11(1\\'54 <, e <, (PT2): Let A X, # @ and 1> 0. {0} <.
<; implies Jxln 0(N —.1, ») —@. Bul 0(X — A4 2)=n {0(_\'f i
Acwyru < nt Menee there is  u <2 such that Sl 0 (X — o, u) =
= Gord e <, A (PT3): Forevery nou & [ with of <5 (» u) B, lel C
{))(_.1, u). Then A <, C(beeanse {X — ) 0(d, u) = @’,‘.'. Then (XX
B} n 0 (’I T )} — & henee,
7 .U (1. ‘[‘(}‘. g)ye B From (C6). 0 (B (4. w). 7)o Bhenee 0 (Co7) = B
l}}crc‘*im'c { < B. Henee (4, T s a probahilistie topogenous struclure on
Y. l';\'(;r;\' <, induces the vperator 0 (.. 7). henee the U-closure 0 is induced
by (£, 7). therelore the probahilistic topological structure is induced by
the probabilistic topogenous structure. The uniqueness of this structure
is a consequence of the unigqueness of’ <. (‘Theorem 1).
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NFAR-MODULES OVER SPECLAL NEAR-RINGS
BY

LEATRION sl ML STEFANESCH

Dedieaicd  fo our Professor Ghrorghe
Chearghoer, an Mhe oreasion of kis sevcne
fictle birthday

The nonunttary modules with nopcomuitative addition over a ring
with identity has been studied in [1] by the first anthor, In |2 we found
that there exists n class of distribulive near-rings with o finite number
of central idempotents and we studied there some propertics of these near-
rings.
1 the ving 4 has onhvoa Tinite number ol ee irad idempotents, then
an emodute Mowith nenconsalabive addition has decomposition as
a4 semidiveel st of i submodube with commulative adedition and a normal
subiodule. We proved it i 3],

In this paper. we consider e case ol o Nonodule with neneammia-
live addilion. where N s o distributive near-ring with 2 finite nwmober of
central idempotenis. none of them of order 2. For such o near-module, we
oblain i decomposition theoran as semidirect st of o submodule with
commulative addition and a nornad submodule.

1. Lot N be o distribulive near-ring with o ioile nmber ol contral
idempotents. none ol ther of order 2. We proved thatl, in this case, N ohas
2¢ central idempotents. where nis the number of its primitive central idem-
potents. where s the number of its primitive central idempotents (1. .
those central idemipotents which are nol decomposable as a sum ol two other
central idempotents (Theorem 3.3, [2]) For such a near-ring. we have the
Tollowing :

Theorem L. {Theorem 3.6, [2]). If N s « distributive near-ring with
a finite mnnber of central idempotents. none of them having the order 2. then
N s the semidivect sin

A -._(f h',!.)~ (@!\'c,.].
jm] =1

where oo o ¢y are its primitive cenbral idempotents, ¢ = ¥, ¢; is the identity
=1



