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Definition 3. We say that the striclurs of a probabilistic fopologic
space { XN Ty is induced by the probabilistic l.‘opr)ainmr.r .wfr'r.!cl'uif:f 0?3:“{’[';
el we call the operalor 0, the operator induced bip this straclure. o
- I'heou,m 2. Let (X, 0 1) be a probabdistic lopological spuce. Then
Hiere exists evactly one probabilistic topogenows structure (201 on X, which
induces the probabilistic topological sivucture of the space. o
: l'ruo_,'y‘. Let & { <, tiar be such that: for 2 =0 .1 <, B il
A= tlor o= (00 ) <, BUalT <, s the wnique perlecl topogenous
t.n'dcr which induces 0(., 7) (Theorem 1). (PT1): for cvery 7, » = 7 with
o< woand ‘--l < Bt follows o n O(N — 12 7)) = @, Now, from (C5)
(X — I)’: 1) = 0N — 8, ) Hence JUO(N—08. W) =@ ililplics 4 <,
< B. Tt iollows <, <, (PT2): Lot A X, A # @ and 2> 0. {a! <
<; A implies {2 ) 0 0(X — 1, 1) =@. But 0(XN — A X=n 'b({' =
oA, u): < 7. Hence there is < sueh that Jofn 0 LY ——;11. !1
- {5)25( ‘;1' { '; IT]{-” f! (l"l‘::) :il"m' every z,oon = Fwilth of <% (0 0) B, et
Ay u) Then o <) O (heeanse (X — Y o O (AL ) - . Thy S —
B) (.Jw(u’(.; ol ! @. e, B O @), Shen .
(- ."‘(}\. Wy B From (Co) 0 (0 (4. o). 2y Bhenee B {C, )« BB
l{}m}"r:-lf)r‘c:-( <5 B lence (2. 1) is o probabilistic )l'npu;_rcnnm Stlguclu)rc on
T wvers <, m(}uvm the operator § (.. 2), heaee the O-closure § s induced
w{E, T, i.h.('l"clul'c the probabilistic topological strueture is induced by
the probabilistic topogenous structure. The uniqueness of this structure
5o consequence of the uniqueness of =, (‘Theorem 1}
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NIAR-MODULES OVER SPECIAL NFAR RINGS
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edieated 1o our Prolossar Gheorghe
Gheorglice. nu the ocrasivn of kisv seven-
fietlh hivthdusg

The nonunitary moedules with nonconmutative addition over a ring
with identity Las been studied in j1] by the first avthor. In 210 we found
that there exists a class of distribulive near-rings with a finite number
ol central idempotents and we studied there some properties of these near-
THLES,
If the ving o las only o finite number of cenlead idempelents, then
an Aemodude Mowith nenconuulative addition Tas a decomposilion as
4 semidireet swn of o subiodule with connnutalive adeition and @ normal
submodule, We proved itin |31

b this paper. we consider e case ol a Nomodule with noncomuonta-
live addition. where N is a0 distributive near-ring with a linile namber of
centrad idempotents, none ol them of order 2. For sueh a near-iodude. we
obtain a decomposition theorem as o semidireet sum ol a submodule with
commutative addition and a novmal submodule.

1 Let N be a distributive near-ving with a finite mumber of cendral
idempotents. none of them ol order 2. We proved that. in this ease. N has
2¢ central idempotents. where nis the number of its primilive central idem-
potents, where nis the nwuber of its primitive cenlral idempotents (i. c.
ihose central idenipotents which are not decomposable as a st ol two other
central idempotents (Theorem 3.3, [2]). For such a neav-ring. we have the
followingr :

Theorem 1. {Theorem 3.6, [2]). £f N ix « disiributive near-ring with
i finite wianber of contral idempotents, none of them hacing the order 2. then
N is the semidiveel s i

Y =(n 1\) ({':; .\'(-I).

cohere o4 o vy are its primitive contral idempotents. e = ¥ € is the rdentity
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. 3 . N . N "
of the subring Ne =@ Neyand K, = (" K, is « two-sided ideal of N, which
ja=] [T
does nol conluin other nORZEro central idempotents. In addition, NJK, ~ Ne,
Definition 1. I left near-module vver the distributive near-ving N is
a;e‘ additive group (M. —-), gencrally nonconvnutative, together with « multi-
plication. : N x M = M, such that the following conditions hold

(1} no(e ey =n.0-=n.y M. ye M, ¥YneE N,
() Loy - na) Hy .ot e X = M, Vi, on. & N,
{(3) Ry-(eoa) = () oan voo= Moo, w, =N,

Phe notions of submodule and homoworphism of near-modules, as
well as the kernel and image of a homomorphisn of near-modules are those
stiggrested by the samie notions i the theory of usual unitary modules over
rings wiih identily, -

Definition 2. We shall say that the wear-module M is the semidircet
.mniz of s subnear-modules My gnd M., iff M M, -2 M, M, n M.
=4 0 and M is a normal submodule of M (that s {M,. ) is «a normal
subgroup of (M. --)).

Note that forany ao gy = M.owe 0, = N, we have

{4 Mo iid= Hy o f == 01, 0 -+ Mao ity

as we o can show by applving (1) and (2) to the produet s (0 0w} (@ + y)
L O . 1 - | . .
2. Recall that a central idempotent a = N a # 00 s characterized
Ly Lhe conditions @ « irand wu e, ¥no= N,
We have:
e . . . . o
Iheorem 2. [/ « = N, a # 0 s a centrad ddempatent of the distribu-
live neai-ring Noand M iy « left near-module over No then
e . .
. 1. The mapping o, M - M, given by o20) —a. Yo e M. isan
idempolent endomorphisim of M ;
(24 A = YOI 1 o il ; el ,
) 2. M =Ker g, o Img,. where ibe sum ds a semidiveet one. since
Ker ¢, i @ normal subnear-module of M :
) 3% Im g, is a unitary module over the subring Na of N (Im ¢, --)
is an abelian group) and Im{o, = M[{Ker o, . Nofe that 1m o, — {a '
& M, qr=uza]. .
¥y . . s o L
B Proof : 1. We have, indeed. g, (0 4+ 1) =g, (2) — oy) and g(nr) =
=a.{n.x)=(an). v =(na). x=n.(a.x)=n.q9 ) Y. yeM, vne N,
In addition, ¢, (9,(1)) =a.(a.2) =a*. & =u. v =¢, (). Yo € M.
IHence o, 2o, =g,
9 B e ' i - i g
2% Forevery » = M. webaver = (r —a. ) - ¢ v and. obviously
* —a.r s RKerg, a0 =1Im g, . Ker g is a normal submodule of 3.
as a kernel of a homomorphism of near-modules. Im g, ={ ¢ | e eM, a.x
= 1, because @* = «. it is a submodule of M and Kerg, 1 Imo, ={0].
. 8% Recall that Ne == {na | n = N} is a subring of N (theorem 1)
;\mh « as identity, (sce [2]}). For any a, y= Img, and na=Na, wc
wve (na).x =(an). v =a.n.ayelmg, c+y=a.0+a.y=ua.
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gom . =y om0 and e x = hence I, is a unitary  module

over the ring Na. The isomorphism I o, S M [Ker ¢, is a consequencee
of the theorem of homomorphism for near-modules.

Sinee the set of central idempotents of the distributive near-ring N
is finite, we have o slronger decomposition  theorem for the N — near-
module M, namely

Theorem 3. If N is a distribulive near-ring with a Jirite number of
confral idempotents, none of them having the order 2. and M Is a left near-module
over N then. denoting by e o ... ¢ the primitive central idempotents of N,
the near-modwle M is  the semidireel sum :

M (m Ker )] (é m 3)

i=1

In addition M/ N\ Rero, =z @ Imp.,.
=1

=]

Proof. Lel ¢ = 4 o = 0y the maximal central idempolent  of
N, [2]. By applying theorem 2 for « ==¢, we have to prove that:
Ker ¢, = NKero., andlmg. = @ Imeo. .
=1 i |
Foralt s eKer o, ¢.r=0, we have (£ o o) JusE= gy inE G

K . L
.2 = 0. Multiplying this equality, in turn, by ¢. © =1, ..., n on the left-
hand side, we obtain: ¢. @ =0,{ =1, ... 1 (beecause ce; = 0,8 # ) and

e, (e, By ={ee) £ =0.2=0, i#)) therefore @ = (Ker 5, and Ker 5. =
=1

" L
= (N Ker .. The other inclusion is obvious. Hence Ker o, = N Ker 3.
im1 i=l
Note that Im ¢, n ITm o, = o, if i £ J. Indeed, 1f o g n
Imy,, then o 2 —¢ 0 =i Multiplying by ¢; these equalions on the
left-hand side. we have e, (¢ . @) = (). @ = 0.0 =0=¢. 8 =2 Hence
@ =0andImo, n Ime, = {0} 7 #J. Now,ifz & Im ¢, thenae =¢. 2=
(&) 4 e €)@ =€y T A e + €. @, Where 6 € Im o, & =1 ..,
i, henee. Im g € Im g, + ..o+ Im ¢,,. Now. et oy €Ime,, i =1 ...0,
hencee, . v;= v, and ¢ . =G, ) # fii=1, ... Wehaver =&+ &+ - -
d-ay in Im g, Indeed, . =e. &y - €. ¥ 4 e =y F s T
e Oy = BT e Ty and therefore Im ey 4+ ...+ Im Fe, S
= Im 2, Consequently, Ime., =Ime. < ... - Im ¢, and this sum s
direct, sinee (Im g, -- ) 15 an abelian group.
" ”
Remark. 1§ Kerg,, =Kerg, = {0}, then M =© Im ¢, 1s a
] i=1
usual left module over N (which is a ring with identity). The primitive
central idempotents of N form a decomposition sct for the identity e.
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STRUCTURES AFFINES ET OPERATIONS TERNAIRES
PAR

DAN BRANZIEI

1. soit M un ensemble: ses ¢lémenls seront nolés par majuscules
Jatines. Une relation quaternaire homogene de M s'identifie & un sousen-
semble 7 de 3. Soient les l(_ldllon\ Dinaires = 1I x Mictoc M* x
Mot: (L B.C.Dye yo (L B),(C D) s ((4, B D), ()=

Evidemment chague ¢ément de Pensemble {4, < d(.lcrlmnc. univ oquc
—_

ment les autres, Nous désignerons par A5 — ou (AB)D pour éviter les con-
fustons les  relations binaires homogenes de 3. définies par: (P, Q) =

»

& B - (B, Po@) = 4. Des raisons que nous indiquerons  plus loin

Justitient le tevime de vectenrs de (M, ) pour A8 et lanotation: V= 1"(M, 5)

=B (L By = M: (M ).

Nans dirons que (ll 7) estboan Vemodale affine st 7 est une relation
quaternaire de Mo Lelle gque les axiorues suivants soient vérilics,

0.1 Chague veelewr de (M. ) est une reladion binaire 1-complite,

15]: .48 = 1{JL /) cNVpen 3, (P, Q) = 4B, done: (1, B, Py A -
- 3,00 BP Q) =y

0.2, Chaque \LLt(.UI‘ de (M. ) ost une relation binaire 2-complete,

[3]: A8 = V{M, 4) - Ypey 3, (Q. Py e 4B, ou: (M, B.P) eI =
-3, (4. B, @ P) s . : :

0.3. Chaque veeteur de (M. 7) est une relation binaire injective

AL V(M) s (P Q) = AR A (R Q) = dB —- P — R ou: (A, B,
P @) <y A (M B R Q) sy P =R _

0.t. La composition binaire des vecleurs vérific: B_C)'o .TB = TC
ou{d, B Py A (BCQR R = 7> {4, G P, R) &y

0.5. La rclation hinaire = est rcfl(:\no (.1, B) =M (d, B, A, B)
Cyould, B)e Mo (M) By € AB.
I X2 La relation l)mduc z est transitive: (L B, , D) € 4 A (C, D
E,Fye (i, B, E, F) = y.
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