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Corollaire. Lu condition néeessaire el suffisante dexislence dFune strue-
ture despace affine sur le corps (U, .. ) pour Fensemble M est Feistence
dune opération ternaire o M —- M telle qiee:

a — (M, &} soil groupe ternalire.

b — Il existe une homomorphisme injectif de (V.- .) duns (B (M. ).
@, ®. 5) )

Fn conclusion, Uintérét de Pétude de Falgébre B (M. &) est prouve
par les théorimes 8§ 11 ¢ celle étude ost Lacilité par le théoréme 7.
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AN EXTENSION OF CONTRACTIVE MAPPING
BY

K, M. GITOSH

1. Introduction. Let (3. d) he a metrie space. A mapping 7 M — M
is called contractive tor every a. y{r sF ) in Mot

(1.1} d (Tw. Ty) < d{x. u)

holds,

In paper {1]. M. Edelstein proved a theorem which runs as
follows :

Theorem 1. Let (M. d} be « metric space. T be a mapping of M inlo
itself. If far every v,y (v == y), T satisfics (1.1) and for cvery @ M
(1.2) Ve at < ST} with lim e = w = M,

Y]
holds. then w is a unique fived point of 1.

The main purpose of the present paper is to prove some fixed point
theorems. for a mapping ol mctric space into itself which instead of (1.1)
possesses the following conditions :

Let (M. d) be a metrie space, a mapping 7': M — M and for every
7, ylv 5= 1) in M, there exist nonnegative real numbers a (i =1,..,86)
and al least one of a; == 0 (i = l...., 3) such that

d{(Te, Ty)yd (e, y) < d(a, y) {a d (@, y) + acd (7, Ta) +

(1.3)
as d (y, Ty) + a, d (&, Ty} + asd (y, Ta)} + as d (x, T2) d{y, Ty)

[}
where Sa=1

i=1

To be more precise we state our theorem in the following manner :

| Theorem 2. Let T be a continuous mapping of a metric space M into
itself. If for every a, y(a == y) in M there exist nonnegative real numbers
a; (i = 1....,6) and at least one of a;== 0 (i = 1,... 5) such that T satisfies
(1.3) and (1.2), then T has a unique fized point.

Similarly if we replace the condition (1.3) by the following analogous
condition :
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Let (M. d) be a metrie space and 2 mapping 772 W~ W and lor every
vy (v == y) there exist nonnegative real numbers w; (i = 1..7) and  al
least one of a, == 0 (i = 3....6} such that

droyyla d{voy) e d (T Ty), < diey) g ol (s T0Y -

(1.4)
4 ayd (g, Ty) - a,d (e Ty) -t acd{y. Tryl o a-d s Tadd (. Ty)
where 2q, < Y a, = Y, a. {a, = 0} then we can prove the following
Ta =y

theorem :

Theorem 3. Let T be a continuous selfmapping on a melric space M

if for every x. y. (== y) in M. there exist nonnesative real nuwmbers a; (@ =
1 ..7) and at least one of a; =5 0(i = 3.6} T satisfies (14} and (1.2).
then T has a unique fived point.

Lastly we remark that our theorems can be extended in the case
of a (rmilv of mapping as follows :

Theorem 4. Let (M, d) be a metric space and I be a faonily of commu-
tating self mappings on M. Let there exists 1< F such that T satisfies the
conditions of theorem 2 or theorem 3, so T must have a unique fived point
w (say). Then w is the common fived point of I.

2. Discussions of the theorems. First we consider theorem 2. Let
ro = M. Define Tag =y, ap = Ty = Taf oo, vy = T o ... _

Let us assume that {7% 2.} has a convergent subsequence [T, and
lim 70" = n. We now suppose that T, 5= 2, for any finite », if not,
1o
then 2, is a lixed point of T. So,.for points x,, r,. we have,
d(r, .o d(Ta,, Try) < d(vy, v)fa, d{x, . xe) = a.dlr . ) +
ayd (g, Tivy) — ayd(x, . Tag) - a, d(x,, Tay)) -
aod i, Tryd(e,. Tl

o (3 g .T,.) i (7')“1 L) 7= Q0.

d{vs, 1) <@ d{r, o) — axd (. vy) - aad{v,.0)
aod vy, ity

iy - as)d ey, ) o (A

a, d{r,. v
i.c. (1 = ay — a; — a)d (re. 1) < {a
By the symmetry property of metrie, we have also,
(1 ay — a, — a;) d {ry, ) < (4 (.
Adding (A) and (B), we gct,

21, - da T Gy a, -~ U,

d{r,, 1) <= o=
’ v — (ay - ay - a, -+ a; - 2a)
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£y )
dery boas o oAy o
dive. ) < div,.r) —_— I
b [t (y -ty =y Tor)

stilavive o (gL} < d (eaooy)
By induction. it can be shown that

dir, o) < din,. v, )
d{T vy, T ) < d (T e, T )

So. (T T is o deereasing sequence ol positive real numbers.,
Henee 34T vy TV e} s convergent,

A (T g TRy ) —-d Py as 0o, (0 T s continuous

o a1 . Yy z
lm 757 0 =1 lim Tt Tul.

-k

= diui 7y .
Sinee. b (7 e, T P o (T g TR

[T E T A O A O B’ N O A TR TR R

Yiso, as S (e ey O e W s T ey T b

and. lim d (7" e, T )

I =

| FTSVIY A O AL DAY A

.

d{(T=u. Tu)
d {7 n. T

d (Tae, Twy = d (T, w).

Now let us suppose that d (Tw. 1) 5= 0. then rom (1.3) it can be shown
hy putting 2 - T and y — w. that d (T2 w. Tu) = o (T, 1) which is o
contradietion. IHenee

d (Tu. u)

If possible, let © be a another fixed point other than w: then by (1.3)
we hinve )

0 i.c. T i,

dlu.vyd (Tu, Te) < d{u, vy fay d{u. ey — a d(w, Ty + ayd (v, Tv)

— g d i Te) — a;d oo Tw)l - oacd{n Tuyd (v, T)

Ad {u, o)yt = d (o) lay - ay - oag):
1 = a, ay oy o d{u,v) = 0)
13
which is impossible as ¥, a, = 1. Hence ¢ = . This compleles the proof
of the Theorem 2. =
Since the proof of Theoremi 3 can be easily earried in exactly the
same way as that of Theorem 2. we omit the proof.
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Further. in the case of Theoren 4, let us consider the case under
Theorem 2,

Since I satisfies all the conditions ol theorem 2. so T has a unigue
fixed point win M. Now we shall show that 2 15 the common fixed point
of 1. Tet S=F then S()=S (T (1) TS () So S () s o fixed
point of 7. By unigueness ol the fixed point of 7', we nst have, ¥
() =, so s o fixed point of any =/, Henee v is the common fixed
point of I,

The prool of Theorem 4 under the conditions of Theorem 3, ean si-
milarly be easily given.

3. Concluding remarks. 1. I we set a, = 0 in (1.3}, then we get

d(Te. Ty) < ad@.oy) Sad@Te) - a diy. Ty) - a d(r, Ty)
asd (y. Tx)

where E a,— 1. whenee it follows from theorem 2. the well-known theorem

il
Tihy of Hardy and Rogers [2].

2. In our theorem 2 and theorem 3. the conlinuity property ol the
mapping T ean he replaced by a condition (defined by Ciric [3]) which
is orbital continuity.

According to Cirie, we define orbitally conlinuous mapping 1
of @ melrie sparee M into itsell” as follows

Definition : A mapping T of metric space M into self is said to be
orbitally continuous if for cvery o = M.

lim 7 emitt = Tlim To% = Tp when lim T% v = p = M
e B i
In this conneclion it mav be of interest to nole that the theorem
1 (b} of Hardy and Rogers follows as a particular case from our theorem 2.
where mapping 7' is orhitally continnous and turther the compactness of
the metrie space (M, d) ean be replaced by the interesting lesser condi-
tion (1.2} of Idelstein,

I am indebted to Dr. 5. K. Chatterjea, Department of Pure Mathe-
matics. Caleutta University, for his helpful suggestions in the preparat-
tion of the paper.

I am also extremely grateful to the Referee for his helptul sugges-
tions for improvement of the paper.
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NONLINEAR CONTRACTIONS AND APPLICATIONS
TO VOLTERRA FUNCTIONAL EQUATIONS
BY

MITIAT TURINICI

1. Let B — |—=. 2] be the real axis, B = [0, ~ocf the positive
half-axis. £ — 10, -2 | the extended positive half-axis, N = [0, 1.0 the
positive integers, F (R . RY=\f|f: R —~RIF(B_.R)={fif: B~
R, K={fifeF(R .B) f(O) =0 () <t ¥>01 M

- {f1f = K, fis monotone inereasing on R
If /= K is given, denote

i) [ = the n-th iterate of fi ¥a =N (i.c. f@Oy =1 vt el
fo =M, s R, ¥ s N

i) f0 = H /™ (e, SO0 () = Him f™ (1), VI = R}

iii)_[_ the upper right-hand  limiting  function  of f (i, f (1} =
lim sup f(s). vt € R.).
s't_i,
W) s ()=t t >0, f(t =1
Definition 1.1. . function f = K <will be said lo have properly ()
if it satisfies
(1.1) JiE(ny=u0, ¥Ytel.

Denote P — [f | f = K. f has the property (P).
Theorem 1.1. Suppose that f & K salisfies

(1.2) s (f) is empty {ie. f(f} <t ¥ = 0).
Then, [ = P,

Proof. Take anv £ R and denote t, = [/ (). Ya N, r = fi=/{).
Suppose that r = 0: then, r = ¢, , < f(t,). ¥n = N, which gives r Vv
< fir). a contradiction. Therefore, » — 0. Q.F.D.

Theorem 1.2. Let ¢ & M, [ € K he such that:

(L3) g fliesg(t) <f({t) ¥ =R)



