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Further. in the euse of Theorem 4, let us eonsider the case under
Theorem 2.

Sinee 7 satislies abl the conditions of Theorem 2. so 7' has a unigue
fixed point w in M. Now we shall show that 2 is the conmon fixed point
of 1 Lot S< . then S (w)=8 (1 (W) == TS (1)) So S (1) s a lixed
point of 7. By uniqueness of the fixed point of T we must have, S
{t) = w, souis w fixed point ol any S a1 Henee i is the common fixed
point o},

The prool of Theorem & under the conditions of Theorem 3, can si-
milarly be easily given,

3. Concluding remarks. 1. I we set a, =0 in (1.3), then we gel

d(Te.Ty) < ayd(v.y) - a.d(r, Tay -~ a;diy Ty) - a,d (e, Ty) -
asd (g, Tr)

il

where Z a;— 1. whenee it follows from theorenm 2. the well-known theorem
=1

T(h) of Hardy and Rogers [2]

o In our Ueorem 2 and theorem 3. the continuity property of the
mapping 7' can be replaced by a condition {defined by Ciric [3]) which
is orbital continuity.

According to Civie, we define orbitally continuous mapping 7'
of 2 metrie spaee M into itself as follows

Definition : .1 mapping T of metric space M into itself is said to be
orbitally continuous if for cvery o = M,

tim Tttt = T lim T = Tp when lim T ¢ = p = U

foe e o Faii
[n this conneclion it mav be of interest to nole that the theorem
1 (b) of Hardy and Rogers [ollows as a particular ease from our theorem 2.
where mapping 7 is orbitally continuous and further the compactness of
the metric space (M. d) ean be replaced by the interesting lesser condi-
tion {1.2) of ldelstein.

[ am indebted to Dr. 5. K. Chatterjea, Department of Pure Mathe-
matics. Caleutta Universily, for his helpful suggestions in the preparat-
tion of the paper.

I am also extremely erateful to the Referee for his helpful sugges-
tions for improvement of the paper.
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NONLINEAR CONTRACTIONS AND APPLICATIONS
T0 VOLTERRA FUNCTIONAL EQUATIONS
BY

MIH AT TURTINICE

1. Let B = ]—o. o[ be the veal axis. K= [0. Log| the positive
haif-nxis. B [0, -2 | the extended positive hall-axis, N - foo 1Lt the
positive integers, FF (R, RYy=1f1f: R ~RyL,F(BR .RYy=[fIJ: R —
R4 K={f|felF(R .R). T =0.f(y <t ¥Vt >0, M=

- {1 f = K. fis monotone inereasing on K 1.
If f = K is given, denote
i) S = the a-th ierate of £ ¥n =N (ie. f10) = L vt e I

FENE = LOG), Vs R Vn e XN,

) 7 (e £ () = () VES R ),

vt M -2 a0

i) f—-- the upper right-hand  limiting  function  of f (e f(0) =
lim sup f(s). ¥t = R.).
4 -t+
iV)ae(f}=dtifi=0 fty=1.
Definition 1.1. .1 function [ & K will be said to have property (P)
if it satigfies
{1.1) SNy =0, V= R

Denote PP — (f f e K. f has the property (P)).
Theorem 1.1, Suppose that [ € K satisfies

(1.2) g (f) is emply (i.f’._.jw(t) = {, ¥ > 0.
Then, f = P.

) Proof. Take anv t= R_ and denote £, = f") (). YneN. - = ft=i {g).
buppmo that » > 0: then, r < t,., € f(), ¥Yn =N, which gives 7V

< f{r), a contradiction. Therefore, + = 0. Q.1.D.
Theorem 1.2. Let ¢ = M. j e K be siuch that:

(1.3 g < flie,g() <f(t), vt = R)



- MIHAT TURINICI o

(1.1) faer
Then, g = . .

Proof. Obviously. (1.3) Is cquivalent to g0 () < fO ) vt e R, .
Suppose that for some = Nooutm() < fiM ), vEe Roras g s M, we
have
() g™ g () g (@@ () < g (fUND) < SN

= feu{f), ¥vI = R
Therefore, 0 < g (1) < f™(t). Vn =N, VI & R_. Letting n tend to in-
finity we get 0 € g (1) € £ (1), VI < R thatis, gi=) (f) = 0. Yt = R,
which was to be proved. Q.E.D.
In what follows. the local hehaviour of f&) (for f = M) is studied.
Lemma 1.1, Let j & M. r =c(f). & > r be such that :

(1.6) Vi © | rtf. 3¢ @ |roull such that fe) < flu).

Then, f1='(s) = r. Vs = btl.

Proof. Vet s = |t be given, Detine s, = f™ (s). va = N, It is
ohvious that s, = |r, {[. Suppose that s, < |r. ] ; from (1.6). we can find
w = Jr.os,| snch thal ) < fis) As = M, this implies r < f(r) €
2 () <€ f(55) < 84,00 Sy S8, | = | r. . Therefore, {s, [0 = N} e
< Pt which gives [0 (s) = limos, € [0 t. QED.

"=

(1.3)

Corollary L1, I/ (1.6) ix replaced by
{1.7) [ s strictly increasing on r |
then. the conelusion of the preceding lemma also holds,

Lemma 1.2. Let f € M. r €o(f) t >r be such that:
(1.8) {is constand on {r.d|.
Then. f0=) (s} = fi)(r). ¥s = |rd].

Proof. Tt is easy to see thal f"r0 (s) = [0 (r), ¥u= N ¥Vs = |t
Letting n tend to infinity we get the desired conclusion. Q.1.D.

It is well known {1} p. 331 that il f= M. s {f) is at most countable.
The tollowing two results-closely related to this fact-may he econsidered
as a completion of theorems 1.1 amd 1.2

Theorem 1.3. Let [ = M be such that
{1.9) G(f) = I Paen Tyl Ty > B >0 D =1
(1.10) [ is constant an Pty fnle Y= 01p =1 (where ry, = —%).
Then, [ = P

Proof. Let t = B be given. Without loss of gencrality we may sup-
pose ! > r;. IFrom {1.10} and lemma 1.2,

(L1} Ly = 00 () = [ () =S 9 (r)
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(')n {he ulhvt'.h:uul. roo= e < res and, rome this, we oblain ather
1) Fooor fry) = et (the lasl coase givine us 2 (r) o o Taking
into acceonnt (L1 we wel f oty - &0 Thus - '

(L12) () == (n = Jlenin) o= L ssfeie ) = S (P

sinee f(r,) l“-' | and f(s) < w Vao& [0, r, 10 we can apply now  theo-

rent 11 Lo obtain the conclusion thak f00(f () == 0. and this completes

the proof. QU151). .
Theorem 1.4, Lef /< M be suel Hud

(i) slfy={r. nzll:or >r.> . limr, 0:

(1.11) Lds constant on v, o b Ve e N (where vy ]

Thew [ = I

Proof. By the same way as before we uel
(1.13) SO (1) == [0V () 2= f020 (1)
Sinee O < fC0 () <o, Y2 10 from {1.33) Lhis smplics

Hin f) (r,) = O de, S0 () — 0, ¥ie R
S ISRONDR

2. In this paragraphe somie fixed point resulls are established by
mcans of property (P) given in §1. '

Let (X, d) be a complete metrie space : denole P XX =T 1
X - X
Consider the mapping & 2 2 (X Xy = F (B, . K ) defined by
(2.7} W Ty ) == sup (d{Tw, Tyy  d (e y) <t v R
Clc:’u"ly. D (71 {0) = {0), $ (1) = nwnolone iereasing on B @ therefore.
W(7T) = KN « & (T) « M. On the other hand, (2.1) implics :
(2.2) divy si=d(Tu, Ty < Dd{TY{).

Definition 2.1. L mapping ' & FAX, X) will be called « non-lincar
conlraction 1f
(2.3) O (Ty=Mn P

I)cpotc CX, .‘Y) = I T = F(X. ), T == non-linear centraction!. The
main result of this paragraphe is the following : '

Theorem 2.1. Lei T € C(X, X be given. The » i L
B ioits hold ¢ (X, X) be given. Then, the following conclu

(2.4} T has. a unique fixed point, z & X.
(2.5) Vi & X.3:(2) =0, such that d(T"z,z) <P (T)(), ¥t 2 & (),
Yn e N,

Proof. From (2.2) and (2.3) we oblain
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a6

{2.6) d{Tr. Ty) < d{ooyh Yooy & X,y

which shows that 7 is continnons on Ao Now. et myg= XNt R he
such thal d (e ) € 0 T0 s casy Lo see that

(2.7} d (1% T gy DMGLTE(). X f AW

and this implies (from (2.3} i d (T Ty 00 10 we lake g Ta
in the preceding relation. lht‘ljl‘ i d (70, T* L) =0, Yoe X,
Take any ¢ = X and let 2 > ()'-l.u.- viven, We can find n () = N such
that n 3 n{e)=d(T" o, 1" r) <2~ B (T)(z) < = I n = niz) is g
ven, then
(2.2) g Ty < el = d (T Ty s (TY () =

d (T Ty 2 d (T e T a) e d (T " =r) <

: (1)) - B {T) () — =

(2.2) (T T ) < 2] = d (1" . T 0) g D (T )=

=d (T, TP ) 2 d (T T Vi) d (T, TV) <

o T () =T () — = s
Therelore (by induclion) dT T ) < s Yoz oadzh ¥p e N, e,
Ve owo= N s a Cauehy sequence. 2 = lim T o, then, (sinee T as
continuous Y2 o Tl 770y = T 1 “odee. v isoa lived point ol

7. The uniqueness of = casily Tollaws fronn (2.6} and Hhis establishes {204
Now, let ¢ = X be wiven. Detine 2 (o) - din VEae | N Clear]yd
0L lr) < % since e o = N s a Cauchy sequence,

Furthermore, d{z @) € 5 () shee 2 = 31 e no= N Vinadly, laking
into account (2.7) we oblain at once (2.5). Q.LED.
Theorem 2.2. Let 1 & F(N. X) = P be such thal
(2.8) divy) <t=d(Te. Ty) <[
Then, T sabistics (2.4) and

(2.9) Vo= X.3:()=0, coch that d0T" a2y < fri(h), ¥z (e)ves N

L

Progf. From (2.1} and (2.8) we gl
(2.10) b (7Y = fie, @ (TH{E) = fU) Tt - .
Now, (2.10) and lemma 1.2 iwply (2.3) e T = (X, X). Therclore, the
main resull is applicable. QU15.D.

3. In this paragraphe woe extend the preceding theorems by consi-
dering the case ol generalized complete metric spaces.,
Let (X, d) be a generalized complete metric space [2], [3]: for any @ =X
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define Q{rp=dy =X diry) <), and forany 7= F (X, V) T

" AN i LRLIEN. TS LI A =5 oY, \ 3 '

e(T)= 0 =X |d{r.Trj<-tx] 4 (T)={re X 5 == ’I'::‘.{ kel
Theorem 3.1. Lot T = C(N. X)) be sueh that

(3.1) A T)y i not empy
Theno the following conelusions hold
(320 L AT ix ot empty (e, T ohas al least o fieed poind),

By I e L(T) ds divens then, Yoe & o (T Q)32 () = 0. such
thet., d (T" w2} <D (TY(). ¥ 2 o). ¥ & N,

Proof. Let w @ o (T) be given, 11w & Q (o) is an arbileary element.,
llu-’n|. Ir:_)' I(l(tlll]]l‘I’(Hl. f=d{r.y) <-co. As T = C(X.X) this implies
d 1 I’.'l_l'[_l < b (!‘) (f) < oo, From the Bringle incqualily, we l'lzl\('
d ;..I iy s die, Ty o d{(FPae.Ty) <=, Len Ty s Q) Morcover. il
HiE Q) diy 2) < o {3, 1) d (i, x) <0, Therelore, L2 () is an or
dinary complete metrie space, invariant under 77 such that, 7= {Q ()
() and theoremn 2.1 s applicable, QUKD ' C

Theorem 3.2, Lot T = (N, XY, F e P be sierd (2 ' sf

_ AP NN, sxieele thet (3.1) 1 sufisfie
and suppose inoaddition that f el

{(3.1) diveoy) <t =d(Te, Ty < [

Then., 71..5'{115-5:].!'{'-5' {3.2) and
- i r= Ty is given, then, Yoo < o (T 1 Q00,32 (0) = 0.
sich that d{T" 00 2) < 900 ¥z 2{e). v & N,
Prosf. The resull casily 1 SET s preceding res
e 2‘2‘.,’ i 5 casily Tollows from the preceding resudt and the-
'l{cmurk S0 Jfwoe = LTy are such that d (u, vy <=2, thew u = ¢
{or. in U!!l-t roacords, v € o (T), w2 v =d(u ) =-Fx<).
Jmhu[.- i f ,'{ (u.,s:) = Jo. fx |, we bave {({from T e LY. Xy oo
d i w) d‘( Fu, I v) < @ (TY(t) < L acontradiction. Q.15.D.
Remark 3.2, Nuppose that T satisfics
{3.6) Yooy s X, d3u=n(ny €N, such that d(T"a, T" y) <--x.
Then. L (T consists of crac s element - Lolhe T i ]
point. :li )“‘:;J-rmsla of crvactly one element = € X, (i.c.. T has ¢ wniquee fired
For, if w, e € 5 (1), we have d (. o)

' . : . ; i d{M . T"g) <-vx.
thus, (from remark 3.1) v = . Q.E.D. { J I o e
£ In this paragraphe a special class of { io i

71 aragr: i : unctional cqualions will be
C}ﬁllzl\dt((::ll:(!i :t ihtf:list.»c:llll(‘(ll \lo\lterm functional equations. which represent
an extension of the classical Volterra integral  equations ¢ i i
of integro-differential cquations. B L ¢ i
(B Let B be the positive half-axis, £ = (4, 3)0 <5 = f <o/
S . |). the euclidean n-dimensional space. Denote C{H,, B™) = |r :

R Ry ois continuoust, C(D x R, I ) e jas ) x R, —- tR o
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i continnous!. C(jo.t]. £ IARIP IS [V (S | G is continuous;, vt = i,
For o wiven o+ = C(R . RM. o, stands Tor the restriction oy, (s) = o (¥
vy © (0. f]: clearly, o= COOE] R VE < R

Lot ns consider o family of mappings

(+.1) (ox) = L{tos): C (JO. 5] R B (L5) = 1
such that
{1.2) Ve = C (R, BY). the mappmg (4, &) — b (hos) o), of [00F]

into R" is coniinuous on 1),
By definition. a Volterra functional cquation is of the form

{(1.53) ) (1) Ri.‘ (1. %) (@) s XO <R
(where a0 = C(R . H") iv fixed). or. in an abstract form
(1) p(fy = Ta(t), ¥ie R,

where T C (R, B - C{1 R is delined by

t
{+.5) Ty —a*{h) & bl syfeyds, VU= B .
" '
fn order 1o applly the methods of §2 amed 30 we mnst deline a metvie
structare on C (R .. RY.

facl o R R be such thal g coutintons, g {f} > 0.V € i
Detine a generadized noroe - ooon C(R R as Tollows:
[1.6) po, e suphoa k) g s R C(R R

Denote ¢, (R, R — 0 @ € C(R R, La, <K In whal lollows
we suppose Lhat it s possible to construcl family ol mappings

{(b.7) L= ., — scinorm on C({0. 1], R4, vt = R

Of course. | ., may be considered as seminorm on (R . R we put
— r,. Yee (R ,R) Suppose in addition thal

Pl

(£.8) the family 4.0 < R} is o sufticient family of seminorms on
(R .R"). :

(1.8 ALY (S-S P C(R., R, YL R

The main result about (£3) can be stated as lollows

Theorem 4.1. Suppuse that there cwist h € CtDYx R . B.). [&l.

such that .
(hos) « Do, y=C (R, B, o < R, la—t{ <3 tnply that h

e LAt s) () — K (0 s) () )| < 0 (L5 0)

=~
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||.!l:l \h (f. EN T"_"(.\‘)) ds = j(f)j(—_). Vi = _H' - A H
1] .
(H12) SJ’-' (o) () ds = C (R LK)

[0}

Then. the .[(JHm({iu'_f conelusions hold

i ‘L.lii) Hu)'" Vaolterra functional cquation (3) has al feast one sofution in
C(R Ry and exactly one solution in x| C, (R, R"),

L L) Hhe sequence of sueeesive 0.0l i S lle = N
( ) { if STy rliﬁwn.lmmtum.s el = N HL(E) = am (£).

Ve By — e () Fifosy (ol ds, ¥ios R Vo= Noeonzver-
. ‘
des to the wdyie solntion © = ¢ o C, (B . RY:

(K13 the ervor of approvimation is gicen by | 0" - = [ (D) Ve = ¢
where : i S
(L16) so==sup §| M — oWy & N

Proof. 11 115 given by (L3) theno from (112) we oblain at onee
(017) T v e C R R trespeetively, T — v | <),
Besides.  lel ooy = CHR CRY. - =2 R0 he such thal P—yl, 5=
(ko) s amplies o Yo, < otaln. W= R0 Taking inlo account

(H10). (L11). we have

Ta(ly - Ty, —~ \I/-'(-'---Jr.r-.-'a bt s) (g ds <

(+.15) . g
\ [t sy Q) — (G 8) () L ds = Sh (.5, w4 (s))ds =
tl. L
<gNf{=)h Y=k
or, in an cquivalent form,  Ta () — Ty() 4t < f(= = I
Taking the supremum we find " o8 g ® GV = i
{t.1) Te — Ty, <f(=)
Therefore. theorem 3.2 is entirely applicable, and this copletes the proof.
- Q.L.D.
= &° Ew—-c”;lfl.,' f‘ 4.1 If we suppose t!zut 1) k(4 8) is independent on L5 01) a° (1) =
: wmy |al o= sup i 2 (6) ;s e [0’ tj;.’ Yo & C(l't’ ) If"),

4+ — Mareniatles
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vt = I ;iv) gis monotone increasing and continuous on K ;v kit s, w)
7 (s) u, where W2 B2, — R is continuous on K2 viy f{f) =24, 0 = 2 <1,
then, the above theorem reduces to theorem 1 of |1
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. Let B, = [0, — = { be the positive half-axis, N ={0, 1, ... },
the positive integers, F(R.. R)) =1f; [+ B — E.}. Dcnotc:

) M ={fecF({R. R); f(0) =0, flt) <i ¥VIL>0},

Wy P=={feM; limfi(l) =0, Vi >0} (where, f7 stands [or

IR

the n-thotterate of fo v € N),
Hip o= f = M:limsup f(«) <l Vi>0, (Le, VI>0, Ja{l)s ]
Pl

0. {1, such that s = | [“-: a( )] =f{s) €t—a(l)). Let us denote by
PEo(respeetively @F) the st all (o, W) o, W e (R, R)), for which
there  exists = P (resp. /= Q). such that, the following mplication
Lolds

(1.1 o= 0,0 =00 0(w) = ()= < fv).
Note [3] that
(1.2.) W Pi= c ),

In whal follows, a partial characterization of the class @ is given.
Theorem L., Suppose thut

(1.3) Vi >0, B¢ = [0, 1 suchthat o (s) € 'V (1.

(1.1) w0, v 0, o) € W)= u <z,

( i1 mf o (s) > lim sup 1 (s), Vi >0, (i. ¢, ¥E>0, 3a(t) = ]0,{],
1.5) st sl
such that o (u)>"1" (v), Yuell—a(t), t ~a (), Yoe]t, t4+a(f)|).

Then, (o, 1) = @
Proof. Deline f <« F(R_, R) by f{0) =0, and

(1.6) f) =sup{s R _; ¢o(s) <V ({)} vt >0
From (1.3) and (1.4), f() is well defined and f{t) < ¢, Vt & R.. Now, let



