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INFRA-NEAR RINGS OF AFFINE TYPE
BY

MIRELA $TEFANESCU

In the papers {7], [8]}, we introduced and investigated a generali-
zation of the coneept of ncar-ring ; we called it a left infra-near ring. We
studied there the ideals, the homomorphisms, the left and right groups
over such an algebraic system. We gave also a ternary interpretation and
we discussed the possibilities to define a left infra-distributive multiplica-
tion on an additive group. Now we study a speeial type of left infra-near
rings, which have the propertics recalling those of the abstract (right)
affine near-ring (see [+]). First we give basic definitions and a method for
constructing a left C-infra-near ring which has the properties (4.1) — (A4.8)
(Proposition 1.7}. In section 2, we show that is the only method to obtain
such a left infra-near ring. We find the ideals and the main properties of
D and W (defined in (1.4) ) of a 1.i.-n.r. satisfying (A.1) — (4.3) (Proposi-
tions 2.1, 2.2, 2.5). We give also the form of the ideals for a D-W-transitive
left C-infra-ncar ring {Definition 2.8, Propositions 2.9, 2.10). We discuss the
existence of the idempotents and identities in such a 1.i.-n.r. {Proposition
3.1). The ternary interpretation of the definitions and conditions (4.1) —
—(4.3) is given in Section 4. We compare our results with the results ob-
tained by Pilz [6], Gonshor [4]and Heatherly [5] on abstract
affine near rings,

§.1 Definitions and notations. Recall some necessary definitions.

Definition 1.1 [7]. Let (I, 4 ,.) be an ordered triple, where I is a
noncmply sef, - and. are binary operalions on I, We call it a left infra-
near ring (shortly, Li.-n.r.), if it satisfies the following conditions :

(1.1) (I, -+) is a group (nonabelian);

(1.2) ({,.) is a semigroup ;

OB e (y+)=a.y —x.04 2.2, Vr,y,z € 1.
If, instead of (1.3), the equality

13y (e +y).z=a.2—0.2+4+y.3 VYo,y,z eI,

holds, then I is called a right infra-near ring.
An element x & I, for which .0 =0, is called left distributive.
If each element of 7 is left distributive, then I is a left near ring. If all the
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elements of a right infra-near ring have the properiy 0.2 - 0, then {
is called a right near ring. We denote .

D =Dy =i rel,a.0=01}
(1:4) { W=Wih:={xlaesla. 0=u,
the set of left distributive elements and the set of weakly lefi distribubive

clements of 1. Obviously, D n W = {o}.
If 2 1i.-nr. (a left near ring) I has the proverty

(1‘5) Q.ax — 0, Yo € I:
we call it a left C-infra-near ring-shortly, 1.C-i-nr. — (vesyp., a left Cring s

; ; and Silverman [1]) A Li-nor which 1s a right near
:ﬁ?ng: 1);:;1’%;‘1;’1,11; 1.C-i-na. IF j’_is1 a]1.(,'~i.-n.t'., then (I)_..I) is & s;:lg:c;n‘l:
group of (1,.), (W,.) is a two-sided ideal of Itllc semigronp (.:')( ]‘;n(‘l i 1‘:1‘
the obvious property : w.w = w, Y € W, va « 1. Henee A Lﬁunckrfln,.s
of W are idempotents and the multlpll‘ozd:cm.m Woas o, w’ = 1w, Y,
' = W, and then 1 is a right ncar ring. Ir:

(1.6) 0.0 =n Vo<,

then we call [ a left Z-infra-near ri;ag, — shortly, a [.Z.i-nr. — (resp.
ar ring, a Z-ring, as in {1]). ‘ ‘
e ]I;\cc::wrigﬁ; na;zar l‘:hZ’ lTisa sEanidir(-:clz sum (as @ group) of its maximal
Z-ring and 'C-ring, namely { = Z(I) + c(n, whcr-c Z(6 =i @ e I, ()r. 2
=z}, Cl)y={alzel,0. 2= 0} (sec .|.1_],_ [51). It is the .sanr}ej 011[' ?
li-n.r. I, when 0.0 =0, i.¢c.0 1s a lelt dxst.mbu}lvc r.lemo:;.t 0'1 . A
is both a right near ring and a 1.i.-na, then D = (_,,(1') and W =Z.(I) an
we have I =W + D. :
give some examples: _

II‘fftlefl?;)l; 1} 6‘ I;E:E)te the é)ct of the affine t'm'nsfm'n*.at ions of ;a '\'cctm{
space V, by A(V). For all f = A(V), there cxist £ € Hc:ﬁm,r (l,llf? and
¢ € TJV) {constant functions on 1), ¢ = fi0), such that j = I - e (po-
intwise addition of functions). } ’ )

Given f=h + ef = W+ ¢ In A(V),’ e dc:i"mc : f+f :{: (.h -
LY 4 (c+¢)and fof i=1h oh' + (hot ¢). Then (A((‘: X l_r-l;’ <) s
a right near ring and a 1.i.-n.r. with identity ; it is nota ring. { T(A"I‘](' ‘ ) )_1
= D(4 (V)) = Hom, (V,V) and Z(4 (V) =1 S.I(I’)) =1 C‘(l ): ‘ll:St nlLfl:;
ring has been studied by Blac kett [2], ““ olfso i |.)]‘im'( it 14
been gencralized by Gonshor 4], Pitz [6], H e t h‘ erly [.)'].

Definition 1.2. (Gonshor [4]). 4 right near ring (;‘y, -I+- ’,.) \zrmth ‘t_h'r
properties : (i) (N, 4-) is an qu"inn group : (it) N = -..,,(1\') -+ éf(.;f ) (i)
C,(N) is left distributive over N, is called an abstract affine near nnb.. '

Ezample 2. A similar example Is given by Fhe sct of I'uncl.(lwoqs
on an abelian group, G, A{G) = {fif=ectees ]upd _(G)}, ¢ € T‘,,. (Hlf;
together with pointwise addition and composition of two hlllct'li)llb. ]
example was studied as a right near ring by HLE. Heatherly (5],
§7, Lemma 7.1. Theorem 7.2).

AT
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Frample 3. Let R be a left Coring, I = B X R will be a left C-infra-
near ring with respeet to the binary compositions :
(1.7) [edy: = (o4 y, 2+ 1)
|l @.y: =(m.ypaat @y Yoy =L

Forit, X)) = {(x,,0) |, € R}, WI)={{(0,z)|a. = R}, =D
(as groups), but its multiplication is not right distributive over the addition.
We have:

(1.8) (wHd).e=w.x4d.a, Yo e W), vd = IXI), Yr = I,

but, in general, (d + w). @ # d.x + w ., as onc can casily sece.

Definition 1.3. [7]. Let J be a normal subgroup of (I, +), where
Iisa LC-i-n.r. Wecall J aleft ideal of I, if it satisfies the condition :

{1.9) x.j—aw.0=J, vjedJ Veel
We call J a vight ideal of I, if it satisfies the condition:
(1.10) (j+a).y —ax.ysd, ¥Yjed Vo, yel

If J is a left and a right ideal, we call it a two-sided ideal of 1.
Definition 1.4. [7]. Let (G, + ) be a group and (I, +,.} be a Li.-

w.r.. df there exists a multiplication w1 X G - G, pla,g) =« .g Vo =
= I, Vg € G, such that the following conditions hold :

aiy | o letd=c.g-wleta.g, Vocl, Ve, o< G
. (.y).g=a.(y.gh Yo,y €1, Yg €@,

then we call G a left I-group. When I is a ncar ring, we take @ .0; =0
Vo = [. We have a dual definition for vight 1-groups.

Remark 1.5. Obviously, (1V, 4 ) is a subgroup of the LC-i-n.r.
I, 1l and only if:

&

{1.12} (w+w).0=w.0-+w.0, Vw,w W
Then we have:
Proposition 1.6. If (W, -- }, with W given by (1.4), is a subgroup of

(I, ), where I is a L.C-i.-n.r., then every subgroup A of (W, +) is a right
L-group with the propertics :

(1.13) w.a —w.0=0, Vo = W, Va = 4,
(e +w.w —w.w =a Vww =W, Vae
Therefore, if 4 is « normal subgroup of W, then A is a two-sided ideal of W.
The proof is very casy and we omit it.
| IfI=Wis alCi-nr, wecall it a zero infra-ncar ring, because
its multiplication is given by :

(1.14) x.y=ua, Vo, y < I,
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henece I is also a right Z-ring (see [1]). This proposilion. l.ogci‘.hcr Wllh’tlll(‘
remark that the homomorphic image of a zcro infra-ncar ring 15 also a zero
infra-near ring, show that the study of zere infra-ncar rings 1s not ;}0 }111-
teresting (mainly, it is deduced from the study of the group (L, +)) AG),
the set of all constant functions on a group G, is such a zcro infra-near
e We give now a general methoc} for constructing left (:-i_n['rn-ncnr
rings ; this construction will characterize a whole class of left (,-m{;ra—ncffl_r
rings. (It remind us the construction used by Gonshor ([4]. Propos-
tion 4), where I} is a ring and W is a D-module.)

Proposition 1.7. Let D be a left C-ring, W a left D-group. Then 1=
— D @& W (the dircet sum, as groups) can 'bc endowed with « mulliplication
of a l.C-i.-n.r., with D =D & {o}, W)= {0} @ W, the elements of
D(I). W), I satisfying (1.8).

Proof. This multiplication 1s:

(1.15) (d1| W) . (da‘i‘ﬂ’z) c=dy . dyt (70, + d; . ws), vd, - w = I, i=1,2.

We note that w; +d, .0, € W, since W ois a left _I?-group, \'vhllc
d,.d, € D, which is a left C-ring. All axioms can be verified by straight-
forward calculations as well as the implications . .d +w e D(I) if and
only if w = 0" and "d +w < W(I) if only if d=0". We have indeed
w . & S d.m=w—|—(d.d1—%—d.w,)—(w-i—d.dl)—l—d. w, = d.d‘l—l—
—I—(w—%—d.wl)z(w—l-d).m, vw e W, ‘Vd e I}, Yo =d, + E-I, )ut(’i,
in gencra], d.x+w.x# (d-4+ w).x, since the clements @ + d . 1w, z:;nl
d .w, -+ w are not always cqual. Moreover, the element 0 = 0p + Ow

is a right distributive clement. '

§ 2. Infra-near rings of affine type. Now we put another question than
that in [5] and [6], namely : We give up the right dlstnbutlw.ty of the
multiplication over the addition. Instead of it, we take some “eakerl a-
ssumptions, for instance (1.5), (4.1), (A.3) and we assume also that :slr’“r")
is a left infra-near ring. Which are the properties of such a system ! ‘ \cre
exists a great analogy with Pil z's results for al_wstrac'r: affine hear rgnir:st;
(sec [61), as one can scc in that follows. pf course, if (I, +,.) 1s a]-.so tfll, vn%l:e
near ring, then D = C, () and W = Z(l) and wc obtain exactly |
results of Pilz and Hecatherly. But, n gcngral, w-l-d . W .{-—-d - W 4+
+w, VYd D Yo w € W, as we rematked In Example 3. {This 15 one
of the statements of the Theorem 7, [6].) ) o et

The Proposition 1.7 suggests (he following conditions for a le

C-infra-near ring :

{(4.1) (t 4+ 14).0=5.0+y.0, V&, ¥y = I;

(4.2) f— 2.0= —2.0+2 ve e l;

(4.3) (w+d).ze=w.a+ d.x, Yw = W), vd = D, ve = 1.

Proposition 2.1. Let (I, +,.) aL.C.i-n.r. satisfying (4.1). Then (using
the notation (1.4)):

|-

el J

ror
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(i1 ) (W, 4-.)is a zero C-infra-ncar ring, a {cft and « right I-gronp and
a left D-group ; '

(iiiy 1 = D - W =W+ D (semidirect sum as groups):

(iv) T is the divect swm of the groups 1) and W if and only if it satis-
Sies (4.2).

Proof . We give only the lines of 1he proof.

(i ) Indeed. we have - d —d' o} d — . d".de= D, for all d,d" =
e Doarel, since (d—d). 0=d.0—d.0=0—0=0,{d.d).0=
=d.d.0)=d.0=0. (v | d—0).0=0.04d.0—r.0—=u0.0—
— ., 0 =0

(7i)y Now. w —w’,w.w' o w.w. s W, for all wow'= W, 21
(calculations). Moreover, d.{ww 4 w)=d.w +d.w', ¥d = D, Yo, w0’ €
= 1

iy Dy W=1{0}, Disanormal subgroup of T and [ = D - W=
— W+ D, Indeed, for all e o= (r 2.0} 2.0
(= 04 @), withep. oW e —r. 0 —a.04 2=/

(ir) is clear hecause of the above expressions of an clement »rin [,

We can prove a converse of the Proposition 1.7, namely :

Proposition 2.2. If 1 is « 1.C-i-nr. salisfying (A1) — ((1.3). then:

(i YD isaleft C-ring and W is « left D-group with respeet to the restric-
tions of the multiplication of I to D x D, I x 17

(ti ) The multiplication of I is uniquely determined by these restrictions
and I = D @ W (direct sum as groups)y:

(i7]) W is a two-sided ideal of T,

Proof. (i) resulls from the Proposition 2.1, (/7) By using the unique

(¢ ) (I -0 s oa left Coring and o normal subgroup in (1.4
)

A I

decompositions of the clements of £, 0y =d;, + 1w, d; & Dow, = W, i =
= 1,2, and («1.3), we have: @y, = (d, + o} @ = (w0, + dy) oy =
rey . T dy @y = w4 d (e =10, - (dydy = dy )= (e dy )
b d, a0, = d, .ds L (we; 4-d, . e.). We note that (i, ), = dy o dyy

(. &)y = 1, + d, . w., and the decomposition ol «», . 2 is unique, hence
the product is:

(2.1) e ods 4 (g bdy el

where a . w0, =, -+ d, . ws. We see that this product is uniquely deter-
mined by the produets d, . d. and d, . w..

(i71) We know that (. }) is a normal subgroup of I (Proposition

). The other relations ean casily be verified = for all oy = I, a0, = d; +

wy {= 12 forallw € W, o, w — 2.0 W (by applving (.4.1)) and

(w+ r). ve —ay = (dy . ds 4 (w0 -+ 1wy + dy o)) — (L de - (e +

+dywy)) = w € I (by applying (2.1), {.1.2)). Thercfore 1F is a two-sided

Remark 2.3. 1f D) is a ving and W is a left D-module (i.e. a left 1)-
group, with (d, - d,) . w=d,.w + d,.w, Vd,.d. =), Yw = 1}'), then
(2.1) defines the unique multiplication on I = D @ 1V, such that the
elements of I} are two-sided distributive over J and I is an abstract affine
(right) near ring (see Pilz [6], Theorem 7, Gonshor [+]).
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Definition 2.4. A loft C-infra-ncar ring which satisfies (A1) (1.2)
will be called an infra-near ring of affine type.

We shall deseribe the twossided ideals of such a LLC-1-n.r. by .

Proposition 2.5. Le I be an infra-near ring of affine type. Then:

(¢ ) Every two-sided ideal J of 1 is of the form J=1,® W, where 1y s
a two-sided ideal of the left C-ring 1}, W, is a D-subgroup of Woineluding Dy .

W— {d,.w|dy = Dyw = W D, satisfies the condition :

{2.2) (d, + d) . w — d.wel, Ve W, vilebh Vi < D,

(i) J is closed to the loft multiplication by elements of I if und only
if W, = 1.

(iid) If (J, ) is a left D-group and « normal subgroup of W, then
J is a two-sided ideal of 1.

Proof: (i) If D, and W, satisfyv the hypotheses of the proposition,
and J = D, @ W, then J s a two-sided ideal ol I, as we can show by
sh‘aightfor\\'ar(l ealeulation. For the converse, let J be a two-sided ideal
of 1. Then j.0=(j+0).0 —0.0=1, eJn W, ¥jeJ, j=d +wx
henee dy = —wy, € Jn Do We have J = 1, @ W, with D, W normal
subgroups ol (£, -3, because of J N DD, Jn W= W.Forald, s D,
a,y < 1,d d €D, we have: a. d, —r.0ednD=D and (d 4 d).
d —d.d" = Jn D= D, Therefore D, is a two-sided ideal in P and a
left ideal in £, Similarly, if w, = Wy, d = D, then d.w, = Wn J=W,
hence W, is a left J)-group. The other statement is easy to prove.

(ii ) Indeed, it I .J < J, then, by taking 0 J and w € W, we have :
w.0 € J, (w.0=mw), hence W< J. W, = I¥. For the converse, take
r=d+wel j=d +wx g then w.j=d.dy 4 (w0 d.w) =J,
since d.dy, d.ow,, w = J.

(iit) We apply (i) for J = W, Dy — {ol.

Remark 2.6. If J is a two-sided ideal of I (which is an infra-near ring
of affine tvpe), then J is a right I-group, henee J . I = 1.

Remark 2.7. If I is an infra-near ring of affine tvpe, which is also a
right near ring, then its two-sided ideals are two-sided ideals of the right
near ring and Proposition 2.3 is just a result obtained by Gonshor [4],
bu{t:;1 here we did not make the assumption of the commutativity of the
addition.

Definition 2.8. Let I be a 1.C-i-n.r. satisfying (A.I). It will be called
D-W-transitive, if, for all w,w’ € W, w # 0, there exists d = D, such that
d.w=1w, ie. D.w=W,

We remark that D .w < W, but the equality is not always satis-
fied (Example 3). We have:

Proposition 2.9. Let I be a D-W-transitive 1.C-i.-n.r. Then:

(i ) Dis a maximal left ideal and a maximal subinfra-near ring of I;

(ii ) Each left (two-sided) ideal J, containing an element W, = W, we #
£ 0, contains also all clements of W. If J n D = {0}, then J = Wor J =
= {0}

Proof : We prove first (ii) : Let J be a left ideal of I,w, = J n W,
we # 0. Then D . w, = W = J, since J is a left ideal and D is left distri-
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butive over 1. The other statement is trivial, Now, to prove (i), Iet T' be
A lef idenl of [ with the propertics Dec T <, T# D Then there
exisls we = T 1,10 7 0,0, € W. But [ is D-1W-transitive. therefore
D ., W < T(beeause T is a left ideal of I and D is left distributive
over 1), hence T = 1. Similar arguments are used to prove that 1) is n
maximal subinfra-near ring of 1.

We have found, ihis way, in more general condilions, some of the
results obtained by DLW, Blackett [2] and K.G. Wolfson (9],
for «{(1). where ¥ is a veelor space over a ficld f. It is sufficient to remark
that A(V) is a D-1-lteansitive left C-infra-near ring and we have the
form and the propertics of its ideals.

Remark 2.10. Tn the hypotheses of the Proposition 2.9, ) is not
4 two-sided ideat of [. Indecd, 1. W= W and Dn W= {0}, hence
[ . W ¢ D. This contradicts the fact that 1) is a right ideal.

Proposition 2.1V If I is « 7.C-i-n-r- which is D-W-transitive and
D is a simple ring, then I does ot have proper two-sided ideals or its only
rwo-sided ideal is 1V,

Proof : Let J be o two-sided ideal of 3 as 1} is a simple ring, cither
DnJd={0or D=1 But the last case implies that J = [, beeause
D s J (I} cannot be a two-sided deal of 7; sce Remark 2.10) and there
exisis an clement w, & W J, w, # 0, { being D-1W-transitive. If Dn J =
— {0}. then cither Wis a two-sided ideal of 7 and then J = W, orJ = {0}.

Many theorems giving the forms of the left I-subgroups, teft ideals,
D-groups of D and I can be obtained by similar arguments, but there
is nothing new in the manner to stale and to prove them and therefore
we omit them.

3. Idempotents. Which are the idempotents and the left and right
identities of a LC-i-n.r. of affine type? Some facts are almost obvious :
1. Fvery w = W is a nondistributive idempotent of I, because of w.w =
=, w.0 =W
2. The clements of I are right idenlitics for W indeed, w.a = (w.0).
x=w.0. 2)=w.0=71w, va e ], Yo = ¥V,

3. Fvery loft identity ¢ of [ is contained in 1), since €. 0 = 0.

4. A rig:hl'. identity of I, r,r € D, is a right identity of 1. Indeed, d . r = d,
vd = D, implies that (d + w).r = d.rd+w=d+w Vd4+we=l

5. If r = D) is o right ideutity of D and a € W is a right annihilator of
D,ic. d.a=0, ¥d =D, then b=r + a is a right identity of [ and
conversely.

Indeed, for all @ =d-+w € I (d+w.b=d.r+w-- d.a=
=d 4w, if and only il d.a=0 and d.r=d, ¥vd € D {because of the
uniqueness of the decomposition of (d 4 ) . b over I and W}

The existence of a left identity in a Li.-n.r. which is also a right near
ring is a strong condition. We prove it with the :

Proposition 3.1. If I is a l.i-n.r. which is also a right near ring, and
there exists a loft identity ¢ of I, then :

(i) (I, +) is an abelian group ;
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(ii) When I = I, @ 1., with 1, and T, right ideals of I, then there exist
o= liand ey € Tooeg 0o — a0y == 00 006 = €61y £30 00 = 00 0y being a
left identity of T, and a left annihilator of 1,, e, being a left identity of 1, and
a left annihilator of 1.

(iii} If ¢ is a fwo-sided identily of I, a right ideal I, of I is a direet su-
mmand in I if and only if there exists a distributive ddempotent ¢, = I, sueh
that T, = ¢, . 1.

Proof : (i) By developing in two ways the product (¢ + ¢} . (¢ -+ ),
for a, y arhitrary clements of I, we find thalt @ 4y =y + r. ‘

(i) We have: e=¢, + €, €6, & I, e =1, Then e.¢ (ey -+ €a) .

go=€ .0 +es.0. k=12 Bute,.e. €1, ca.0, €1, o0, =0 the-
refore e,.¢05 = €3.6€, =0, €,.60, =, 3.0 = ¢y For all », &1,
k—1,2, we have: e.a, = v, = (.2, + €. @y, thercfore e;.ry =0,
£.8y =Ty, €:.77=0, ¢y. 1 =0s; WC have also ¢ .0 = 0, k = 1,2,

hecause of ¢.0 =0.

(iii) The necessity follows from (ii}. To prove that the condition is
sufficient, we show that e, = ¢ — ¢, is a left distributive idempotent :
€. =(C —0)). 8 =1€.0s — €, .C;= —0C .(¢ —e)=r¢s — (e — 0.
Le)=¢e, — (e, —e)=¢c, and ;.0 =(¢c —€).0=¢.0 —¢,.0=0.

We take [, = e, . L and then = I, @ I..

Remark 3.2. The statement {i) of the Proposition 3.12 is & generali-
zation of a sufficient condition given by Ph, Fiirtwingler and
Olga Taussky [3] for a group (I, 4). having an associative and
(two-sided) distributive multiplication over the addition, to be abelian,
The other two statements are evident generalizations of lacts heing valid
in the theory of rings.

Remark 3.3, If (I, +,.) is a 1.C-i.n.r. of affine type which is also
a right ncar ring, then, by developing the equal products (dy - w0} . @,
and (w, 4 d,).w: we obtain the identity :

(3.1) w, +dy . we = dy o1, +w,, Yu,w, & W, Vd & D
Thercfore, by defining :
(3.2) goy i =&.y —a.0, Vr,y =1,

(the left distributive multiplication canonically” associated to the multi
plication of I —sce [8]), we have

(83) woy:=di.da+dy.w,, Vo= dy + w,, y = d. + w, < I, hence
Ly =dy ..

But this multiplication salisfies the condition (+.1) from the Propo-
sition 4.1 [8], and then (I, + , o) is a distributive near ring. We reobtain
a remark used by Blackett [2]in his main theorem. So we can study
the infra-near ring of affine type which is also a right near ring by means
of the distributive ncar ring associated to it by (3.2).

§4. Ternary interpretation. Now we look at the left infra-near rings
of affine type from the point of view of the ternary operation of the form :
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[, y,5]:=a —y 43 Yo,y s L
Recall the rollowing :

Definition 4.1. (Definition 2.3, [7]). A triple (I, 1. ., do) s ealled
a left ternary wear ring of first fype, if i salisfics the axioms :

(+.1) (I,.) s a semigroup ;
(+4.2) [ I x I x I —Iisa ternary operation on I ;
(4.3) . [y sntl=[a. ypoe.nx 0], Yo,y < 1
(4.4) 2,0, [, 2 1] = [{, 0, ylo = £y Vo gzt =15
{1.5) [#,0,0] =a, Vo &[1;
(+.G) [@, 2,0)=0, Vo =1

We add the axiom :
(4.7) 0.20=0, Vo = [,

We have proved in [7] the following .

Proposition 4.2.([7], Proposition 2.3). If (I, [ . .), 2) is a left ternary
near ring of first type, then {I, +, ), with + given by :

(4.8) a4y =[x0,y), Yo,y €1,

is a l.i-nr.

The converse of this proposition is also true ([7], Remark 2.4).

It is easy to prove that D and W are closed under the ternary operation
and their semigroupal properties with respect to the multiplication are
valid too. We can translate (A4.1). (4.2), (4.8), the fact that I = D+ W
and the Definition 2.4 in terms of the ternary operation by :

(1.1} [,0,y].0 = [2.0,0,y.0}, Vo, y < I;

{42y [0, 2.0,0],0, 2] = [20,[0, 2.0, 0]}, ve € 1;

(4.3  |w.0,d|.x=[w.20,d.7], Yw & W, ¥d € D, Vo = I;
{(4.9) I - [D,{o}, W]

Note. We can study the left Z-infra-near rings in the same manner
as the left C-infra-near rings. We shall be concerned with this matter and
with methods for constructing infra-near rings with fixed D and W, C(I)
and Z(I) in a future paper. We shall study also a class of infra-near rings
which are left or two-sided self-distributive (i.e. the identities : @. (y.z) =

=(x.y) . (x.2), (z.y). 2= (v.2).(y.z) hold for all 2, y, = in I).
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THE MINIMALITY OF WEYL'S SYSTEM OF AXTOMS
FOR THE AFFINE GEOMETRY OVER AN UNITARY RING

BY

. MIRON

Introduction. Half century ago, Hermann Weyl in this trea-
tise Raum, Zeit, Materic”, [10] has formulated the notion of punctual
affine space, based on the propertics of linearity of the associate vector
space. Weyl's axiomatic gives a slraight way to introduce the punctual
affine spaces. But Weyl's system is not sufficiently formalised and, more
than this, it is not a minimal system [4].

P.K. Raschewsky, [9], has reformulated Wevl's svstem and
peinted out a more clear axiomatic. He replaced ,the triangle axiom”
with |, the parallelogram axiom”. Even Raschewski’s construction is not
built up from independent axioms, [4].

S, (bolab [3] has made a very interesting study on the axiomaties
ol Weyl, Raschewsky cte.

In the present paper we solve the problem of minimality of Wevl's
system. Namely, we weaken Weyl's axioms and drop the axiom @ + y =

y + a for the punctual affine space on an apriori given unitary ring.
This new system satisfies the minimality principle,

§1. The notion of punctual affine space over a ring. Let M be a
set whose elements A, B, C, ... are called points. Consider the set M x M.
Every clement (4, B) € M x M is called an oriented segment of M,
with origin 4 and extremity B. We denote (4, B) = ADB.

Let g be an equivalence relation on the set M x M, TM = (M x M)f
[ & the quotient set and p: M X M — TM the natural projection. We

. — —
denote p(AB) = AB and we say that AB is the vector of the set M deter-
mined by the oriented segment 4B with respect to the equivalence g.

—_ ——

We shall denote vectors by 4B, CD, ..., @, y, z ete.

o o —— ——

Obviously : AB ¢ CD « AB = CD.
Conversely, if the set TML of vectors is given together with a surjection
p:M x M -~ TM, then the equivalence relation p is well determined by
AB ; CD < p(AB) = p(CD).

Let T' be an unitary ring and 1 € [' its identity.

Definition 1. We call I-affine space structure on the monempty set
M the following data:



