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Introduction. The existence of positive solutions of Cauchy Problem
for a svstem of ordinary differential equations has a practical value. Such
a problem oceurs when studying some processes in physies, technique,
biology a.5.0. Actually, we shall treat a problem more peneral than the
problem of the existence of positive solutions. Namely, we give neeessary
and sufficient conditions such that each component (1) of the solution
w (1) = (it (1), ooty (), belongs to a given interval [a,, b, i=1,2, ..,
m (e a; < () = by, i = 1..,m, for all ¢ in the domain of u). Here a;
and b, arc real numbers, with «; < b;.

We prove that the above problems can be deriy ed from a result of
Crandall [3] on the existence of solution on a locally closed subset
F of m - dimensional enelidian space B™.

Let us consider the Cauchy problem:

(1) w' (&) = j (& w (),

where f: [a,b) x FF'— R™ is a continuous function, a < b € -} oo,

We say that Fis forward invariant for (1) (or flow invariant set)
if whenever v is a solution of (1) on [a, @ + T], T > 0 (in classical sense)
and + =}, then w(f) € F for a <1< a+ T. Note that F-locally clo-
sed, means that for cach @ € F, there is r > 0, such that F.=Fn BJ(v)
is closed in R™ . where B, (@) denotes the closed ball of radius r and center
z € B™. Denote by d (y; F) the distance from the pomt y & R™ to F.

The basie resnlt on the Cauchy problem (1) (generalizing Peano’s
existence theorem) is the following :

Theorem 1. (Crandall [3]). Let t: [a.b) X F— R" bea continnous
function. 4 necessary and sufficient condition for the caistence of a local
solution w : [a, « + T (2)] = F of the problem (1) is the Sfollowing :

(2)

w(ay=umx, a2 = F,

e d{x 4+ hf(t,2); F) =0, for all t = [a,b) and « = F,

rio
whe?'e'T_: T (x) > 0, depends on ¥ =F.
This theorem is given by Crandall [3] and is generalized by
Martin {5 Pavel [6], and Ursescu [7].
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Denote by P — [ [« . b} the cartesian produet [a,, b1 .. X [@n, bal, F,=Fn B (v)is closed, TH < r,
Tl

and by fi ... IS TIR w, the components of f (resp. u). {9 ISy <sM—1,forall t € {a,a-+ T)], y €F,.

v shall prove that fr Theore » : .
in section 1 we shall prove that from Theorem 1 one can derive Let » be an arbitrary natural number. Define §§ = £, = a, 1} = u, =

Theorem 2. Let f:{a ) X 1 [a:i. bl — R™ be a continuous function. | = & (when there is no danger of confusion we drop n). Assume that we
i have constructed wu, on [a, #,]. Il & < a + T, choose the largest number
The necessary and sufficient conditions such that for each ¥ = (r o Ta) | d; € {0, 1/n] such that

with a;, € vy < b1 1o, there exists « solution uw :[a, a -+ T(x)] >
- R™(with e, s w4, () < b i =1.,mt <€ [a, a + T (&)] ) of the problem (10) =t +di<at T,

. | d
(3) 1 () = fi (1w, (s 00 (D)) (11) d{u, +d, flt:,u); Py < ;)—‘ ,

2n
(1) w {a) = xy, where 4, (4) = u; € I' by hypothesis.
_ Note that (11) is possible in view of {(2). By (11) th i
are the folloteiny o p 2). By (11) there is ug, € F
S such that [l u, + d, f{l;, 1)) — 1y, || € difn. Denoting !
(5) j‘,’ (t, Ayiaen Fi_1 a;, "Ei+1 prrey nlrm) 2 0, 1
> == wea — . —
(G) j {f. 20 eens T R/ TITTEN -T'm) <0, 1-—1,2,..,m, (12) 1 S d, (”‘*1 LE dif(t‘. ! ’N,;)),
for all t & [a b} and 2, = fa,, b)) j = Loy T =1, & 4 Lo im, we have
Severa! corollaries of Theorem 2 are also derived. Obviously, in the e = U P 1

case a; — 0, i = 1,.... m the Theorem 2 gives nccessary and sufficient con- (18) o o+ (s )+ Pl AP < .

ditions for the existence of positive solutions of the system (3).

The results of Lakshmikantham [4] on positivity of solu-
tions in abstract cones don’t cover ours.

Thus we can say that the result given by Theorem = is an applica-
tion of the problem of flow-invariance” for (1). Other applications of flow:
invariance are piven by Bourguignon and Brézis (1)

1. Theorem 1 is proved by Crandall in [31.

For the sake of self containment we give however a proof of this
theorem. This proof is not entirely different from Crandall’s proof, but
is much more similar to the classical method of polygonal lines.

Proof of Theorem 1. The proof of necessity is very easy. Indeed, let
(t, 2} be arbitrary in [a, b} X F. By hypothesis there is T = T (&, 8) and
a continuously differentiable function u : [t,t + T) - F such that

{(7) Wiz =Jf(mnu(=z), =t Th w{t)=2

Clearly, we have

For i = 0, (13) gives 'le =y + (t; — 1) [[(to, 1e) + P,]; therefore || u, —
—2sd/M —1+ )£ TM<r; sou, €F,=FPn B, ().
\ n

Similarly one shows that u, & F,, for each ¢ =1,2,... A crucial point
of the proof is to show that there is a natural number %, such that {, =
— g+ 7. Indeed, if we assume by contradiction that ¢, < a + T, ‘2=
=1, 2,..., then let us denote t* = lim ¢, By (13) we have [l —ulf

{0

< M (t,.,—t,) therefore limu; = u* exists, too, and " < F,. Let d" e
€ (0, 1/n] small enough, such that

(14) diw +d"f(t",u"); F)< d .
in

From (14) we see that for 7 large enough (i.e. i > #,), we have

(15 d (u; + d'f {1 . x e iy & &
}d(a; | hf(t,a;);F)s;Hm R a) —u(t+ )= ) A4 w) ) <d{ut + df (0,0 F) £ 2 < o
(3
- Taking into account that d, is the largest number in (0, 1/n) satis-
ying (11), from (15) it follows that d* < d;, for all ¢ > i, (which contradicts

the fact that lim d, = lim (4., —1#,) = 0). Thus, we have proved that there

=

(8)

I T i
1 . su(;ll that t; > a + 7. We may assume that ¢, =« + T\
Define now the following polygonal line (approximate solution)

1 : 5 .
06) w, (1) = ;- (¢ —£) [ (t,w) + Pil, gt bg,i=1, 200

= Matematich

for all & > 0 small enough. which implies (2).
The sufficicney. Let @ = F, r >0, M21, T = T (2) > 0 be such
that
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It is casy lo prove that
a1 ) € B @ @) —u @< Mgl (@ =2

for all t,s = [a, & + T].
The approximate solution 1, can be written under the form:

i1
() = & 4 X (e — 1S () + (@ =) ()
(18) oy
+ E (t}+1 '_tj) PJ '*' (t _li) Pi [ t( < t < tigl .

i=0

Defince the step function @, as follows

19) a, () =1, for s € [f;, lis1)s @n (a+T)=2a+ T.
1t follows that

U (g (8)) = wa (L) = Wi for all ¢ € [, L)

20) e =3 G —t) Pt P

j=0

 FIE G I A PPN

It follows that w, can be written under the following convenient form

21) () =2+ S Tl (5), tn (an (5)) ds 4 &a (D,

where || g (D1l < Tfn (by (20)).

In view of (17) we may assume (without loss of generality) that 4
is uniformly convergent on [a, a -+ T'] as n— 00, to a function #,

We may show that

(22} (q () Un (a, (s)))— (s, 1t (8)} as n— oo, uniformiy on [a, ¢ + T).

Indeed, let s be arbitrary in fa, a + T], and et 7, be the corres
ponding integer for which s € [t,;,z‘,-;l“], where I = {t,-;-::! . Thus s

— e < AR £, < 1fn, a,{s) =ty U (as (8)) = uit -

Therefore
a,(s) —¢s [t —s| < }L, | 2 (e }$)) — 2w (8) || = [} a2} —
(23) () €l () = () (s) —u (s}l <
s%+WMﬂ—MML

which implies (22). Passing to the limit in {21) (for n = ®), we get

tela,a+ T)

wit) =a -+ Ef (s, (s)yds, t=[a,a+ T]

which shows that % is a solution ol (1).

The fact that w{l) = F for cach i 'S
o the ity wh @ = {a,a + T] follows from (23),

(24) g —w ()i < % A Na (s) —us)ll, uy & F.

This last inequality implics

w (s) = limuy = F.

n—r

; . This completes the prool of Theorem 1.

2. To prove the Theorem 2, we apply Theorem 1 with F = ” [a( b]
s Uil
A‘\SSUHIC !)y C(Jntrﬂ.dicti()n thﬂ.t (5) iS not truc, that iS o

. (2.1 Jilth @y o @iy, Qs Tiga s s X)) < O,
Then it is easy to prove that

1
~df(zy, . -

(2.2) k [(11 L] s X1y Qiy ‘1‘H-l $I0000 l7'111) + h (f1 y "'!fl"':fm) ;F] =
- |f‘ (t’ L1y Ficys B1y Tigrs eee wm)la

zor ;, S (a,;b),),]j =1 12, vy B —ri:ll, i T 11, wom, where fi=fil2, . T,

¢ Zigrs oo Ta)y k=1, 2,...,m. Thus the hypothesis (2.1), implies (2.2 ’whi

4’:untradn‘3ts the condition (2) of Theorem 1. Similar(ly, zlve pprove(tha)t, v;'fh l((éi];

is n?t xtx uc, then (2) 1s also not true. Therefore we have proved that (2)

implies (5) - (6). Conversely, it is obvious that (5) 4 (6) implies (2), so
bl

(2} is equivalent (in the case F' = ﬁ [a;, b]) to (5) + (6). This last fact

i=1

proves the theorem.
E I'TO Ob:f““ positive solution, we choose obviously a; = 0, ¢ =1 m
= R} = IELX w. X R, where R, = {0, 4+ ®). From Theo’re'x.r‘x’ 2

it follOWS m tlnes

cessanﬂozolliar;; 2.1. Let f: B X R} — R™ be a continuous function. A ne-
y and sufficient condition, in ovder that for each x,= R} the problem

(P) @y () =fi (6 & () oy 2o (), i=1,2 .,m, a;(a) = af,
2y = (&), y ) = RY

\@dmits o positive solution (i.e.

()= 0 for al t € [a,a + T(zy)], i =1, ..., m)
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is the following

(2.3)
for all t = R, 2; 2 0,5=1,.,1— 1,%i+ 1, ..,m.

Remark 2.1. In the particular case of the lincar systemn

(2.4) @ () = A () x (t),
where A (1) is am Xm matrix of continuous functions a; (t), the condition
(2.3) is equivalent with nonnegativity of all clements a;, with i# 7 (i.el)
(2.4) has positive solutions for all o, € RY, ift all elements @y which
don’t belong to the first diagonal, arc nonnegative). This is a classical

result.
Remark: 2.2. The same result remains true if instead of (2.4) we con-

sider a more gencral casc
m

‘ 2, (f) =Y, @i 95 (1),
i1

‘ ay (@) = ad, iz 0,1=12 .,m

ft (!, Ty ey X1 O: Tig1s oem I”rm) = 01

v (a) = & = RY,

—
(8
-t

-~

where o, are continuous functions from R, to B, with ¢, (0) = 0, i= 1,y M
In other words, (2.5) has positive solutions for each x, = (ad) € R%,

iff a; = 0, for all 4, =1, ..,m, 1% 7.
Remark 2.3. In the scalar case

(2.6) x () =f{ 1)

where f: R, X Ry — R is a continuous function,

tions for each a, = R., if

(2.7) f{t,0)= 0, for all £> 0.

@ (a) = 2, = By

(2.6) has positive solu:

This condition (2.7) follows from {2.3).

Remark 2.4. We give a direct proof of the sufficiency
tions (2.3), interesting also by itself.

Define the function g: B™" — BYT, by

of the condi

(2.8} gy, o @) = (max (£, 0), max (&, , 0}, ..., max (v, 0))
This function g is continuous and
(2.9) g (t, @) = (t, &) for all (¢, a) = R

where & = (@1, sees T2)
Define now the function F, by

F(t,2) =f(g )
The function F is continuous on £
F{t, @) = f{t a), for all (¢, r) = RY™.

Let us consider now the Cauchy problem

V(t, .’L’) = Rllln-l .

mt1

(2.10)
, too, and In addition

(2.11)
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(i

(2.12) (O =F{,a)), a()=a.e RB", @q=(23, . ad).

’ By lihft:' classical I(’tc:mo’s )exilstcnc'c theorem the problem (2.12) ad-
mits a solution o= & (4 to, 2) defined on an interv: = PR
with T = T (t,, ). ' nterval 1=, fo+ 7]
Next we prove that @ (i &y, w) = RY, for all £ = 1. Indeed if we
qesunee that thereis § € {1, .., mland ¢, € [t,, {y -+ T], such that a; {f, , {
r.l < 0 then we get a contradiction, as follows : S

l ”.'ﬂl [)[‘ (l“ f“ -~ t SImMee @ (t t T = () IJCL t I}(: 1nir ,F r in
] * = 0 2
] 1 ,‘ i o 0 0) t]].(' 1 e

(2.13) ay (t: y tosy ,‘L‘“) =0, & (t’ AN ,rn) < 0, for all ¢ = (f2 ) tl) )

By the Lagrange formula, there is « € (£, ¢,) such that

(2.14) ity o @) — @i (te, o, @) = (t — o) P C AR

which 1mplies (by (2.12))

il s, @) =t — 1) (e, v, o @i (5 8oy Ta)y ooy @)y
with ;= (2}, J=1,2, .., m.
In view of (2.13), g2 (L, @1, vory @1 (% Loy Ea)y voey Tp) =
- (max (I, 0), ..., max {(®;_,, 0), 0, max (2y,,, 0), ..., max (2, ,0)} =
” = (f; M1y ooy Yicas 0, His1s ons ym) ,
with

RS (f’ 0)’ Yy = max ('vf (T, to, .‘1‘0), 0)’ J = 1, eaty 'f; e 1, 7 “I“ ]a ceay M

Thus, (2.13) can be written as

(2.16} e (51 o «??n) = (31 — tg)fi (t, Y1y eees Yii1 0, ¥ir1,

since ¥, = 0.
The formula (2.16) is a contradiction, si tde i i
_ (2.16) is ¢ , since the left hand side is (strie-
tly) ncgative, while the right hand side is nonnegative (by (2.3)).('1‘11111‘5

we have proved that (2.8) implies the existe ' itiv i
e e ety %.1. nce of positive solutions for

We t 3 i
hank to our colleague St. Frunzi, for uscful suggestions.

s Ym)
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OSCILLATIONS CAUSED BY DELAYS*

BY

CIL G, PHILOS
Consider the first order (not neeessarily linear) delay differential equ-
ation @’ (D)+p(t) Bt — <)]=0, t2 f,, where p is 2 nonnegalive continuous
function on the interval [{,, o), I is a continuous funetion which is defined
at least on R — {01 and has the sign property 3 # 0 = 2®(z) > 0 and = is
a positive constant. For this equation we give a sufficient condition for all
solutions to be oscillatory. The result obtained extends a recent onc by
Ladas [+] concerning the case of linearity ®(z) = 2 Consider also the
a-th order {(n>1) delay differential cquation a**{t)4-( — 1)"*'p{1) ®la(t—
— ) =0,12 1, We establish a condition vnder which all hounded solu-

tions of this equation are oscillatory.
For retarded differential equations there is recently sn inercasing
interest in studying osciilations which are caused by the retardations and
which do not appear in their corresponding ordinary differential equations.
We choose to refer here the papers by Gustafson [1], Koplatadze
2, Ladas [3, 4], Ladas, Laddecand Papadakis (5], Ladas
andLakshmikantham[6].Ladas, Lakshmikanthamand
Papadakis [7], Naito[9], Sficas and Staikos [10, 11],
Shreve [12]and Staikos and Stavroulakis [18]. The study
of oscillations gencrated by retardations is very interesting in the applica-
tions. For example, such oscillations should be seriously taken into account
in studying the motion of a controlled craft moving with increasing velo-
eitics, where it is possible fo have a sudden release of oscillations leading
to instability (ef. Minorsky [8, p. 518]).
In a recent paper by L adas [+] the first order li
tial equation

(d) (1) + POyt —T) =0, t 2 T,

s considered, where P is a nonnegalive continuous function on the interval
Ty, ) and T is a positive constanl. The foliowing theorem has been ob-
med :

Theorem 0.

near delay differen-

The condition
13

S

-T

Pls)ds >

e

(H)

lim inf

v

t

*} This work was supported by The National Hellenie Rescarch Foundation.



