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OSCILLATIONS CAUSED BY DELAYS*

BY

CIH. . PHILOS

Consider the first order (not necessarily linear) delay differential equ-
ation ' (D+p() Bla(t— <)]=0, t2 {4, where p is 2 nonnegative continuous
function on the interval [f,, 00}, ® is a continuons function which 15 defined
at least on B — {01 and has the sign property = # 0 = 20(2) > 0 and = is
a positive constant, For this equation we give a sufficient condition for all
solutions to be oscillatory. The result obtained extends a recent one by
Ladas [+] concerning the case of linearity @(z) = 2 Consider also the
n-th order (n>1) delay differential equation a*{t)4-( — 1)**'p(t) $lx(t —

) = 0, ¢ Z L, We establish a condition under which all hounded solu-
tions of this equation are oscillatory.

For retarded differential equations there is vecently an inercasing
interest. in studving osciilations which are eaused by the retardations and
which do not appear in their corresponding ordinary differential equations,
We choose to refer here the papers by Gustafson 1], Koplatadze
2], Ladas [3, 4], Ladas, Laddecand Papadakis [5], Ladas
andLakshmikantham{6),Ladas, Lakshmikanthamand
Papadakis [7], Naito[9], Sficas and Staikos [10, 11],
Shreve [12]and Staikos and Stavroulakis [13]. The study
of oscillations generated by retardations is very interesting in the applica-
tions. For exarple, such oscillations should be seriously taken into account
in studving the motion of a controlied craft moving with increasing velo-
citics, where it is possible to have a sudden releasc of oscillations leading
to instability {ef. Minorsky [8, p. 518]). .

In a recent paper by I.ad as [§] the first order linear delay differen-
tial equation

(d) vy + Pyt —T)=0,t2 T,

is considered, where P is a nonnegative continuous function on the interval
Ty, ) and T is a positive constant. The foliowing theorem has been ob-

ined :
Theorem 0. The condifion

b

e

(H) Bna: S P(s)ds > 2

t=T

*) This work was supported by The National Hellenic Rescarch Foundation.
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2

is sufficient for all
In the same paper it isin addition cstablished
tial equation

(do)
where P, is a positive constant, has at least one nonoscillatory solution,
it P,Te £ 1. That is, the condition

(Ho) P.,Tc >1

is sufficient and also neccessary for all solutions of the equation {d,) to be
oscillatory. It remains an open question if the condition (H) is also ncce-
ssary in order that all solutions of the differential equation {d) be oscilla
tory. -

solutions of the differential equation () to be ascillatory,
that, in particular, the differen- |

yit) + Pyt =Ty =0,z To

It is the purposc of the present paper Lo extend Theorermn 0 for the
first order (not necessarily linear) delay differential equaticn

(D) (1) 4 plt) Plat — D]=0,t2 4
and for the n-th order (n > 1) delay diffcrential equation
{E) a0ty 4 (— 1) plt) Plalt — )] =0,1t2Z

where p is a nonnegative continuous function on the interval [&, ),
a continuous function which is def ined at least on R — {0} and has the sig
property

2% 0=zP(z) >0

and < is a positive constant. Our results, which are presented below ag
Theorems 1 and 2, are obtained by using Theorem 0.

Throughout the paper we consider only such solutions (f) of (D} o1
which are defined for all large t. The oscillatory character is considere
in the usual sense, i.e. a continuous real-valued function which is define
on an interval of the form [a, o) is called oscillatory if it has no last zero
and otherwise it is called nonoscillatory.

Theorem 1. If
¢
lim inf S

f-v

(K)

(c)

p(s)ds > ¥ inax {lim sup—z’—-

, lim su L .
¢ i D(2) ! }

o ()
-

then all solutions of the differential equation (D) are oscillatory.

Proof. Let x be a nonoscillatory solution on an interval [£,, ), I:
of the equation (D). We suppose, without loss of generality, that z(t) #
for every &t 2 {.. Furthermore, since the gsubstitution w = — transform
(D) into an cquation of the same form satisfying the assumptions posse
for (D), we assume that @ is positive. Then it is obvious that the restrictio
of » on the interval [T, w), To=1t+ 7 is a (nonosci!latory) soluti

on this interval of the (lincar) differential equation {d) with

- p(t) Ot — <))

Pt
U z(t — )

,tz2 T,

{¢*)
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; - o1
and T = <. Thus, by Theorent 0, we must have

t

(1) lim inl 5 P(s)ds & ! .
o ¢
Consequently, for every 2 T - = we obtain
; :
\p(.s‘)rls = \ P(s) 2 =) g < { qup T
, D Dr{s — =)] (-l Pa(s —

==

But. from equation (1) it follows that @

L i

(2) sup

== -

S pls)ds [n<:§r;£—‘:n q)‘(:)l \ P(s)ds

for all t =z T,+ 2= Furthermore, we observe that

(3) lim a(t) = 0.

f— =
Ola(t — <)) 2 K for ceery 1 27T,

t
at — ) — aft) =
b=
So, sinee lim x(f) is finite,

t—t o
!
lim S p(s)ds=0.

t—x

t—=

¢

[

=)

J

¢

¥ ;\‘_Tl’(.v)d.s.

[ )
- and conscquently from equation (D) for every t 2T, + 7 we get
viz T we get

S pls) Olf(s — 2)]dsz K g plsids.

»is deereasing on [T =) amnd hence

4] . .
Indeed, in the oppositc case there exists a positive constant K such that

This contradicts {c) and hence (3) holds true. Now, in view of (1) and (3),

(2) gives
!

S plsids
f—z
which contradicts the condition (c).

Remark 1. Tt is known {cf. Shreve [12]) that

“e

lim1 inf

f—

1
z - lim sup
e :~0+ B(z)

P

]
lim sup =
RN 104 q)(z)

[

3

S p(s)ds > max{lim sup —— , lim sup

z=0—

~
o

‘D(Z)}
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is also a sufficient condition for all solutions of the differential cquation (D)
to be oscillatory. YWe must note heve that the conditions {¢) and (c¢*) arc in.
dependent. That is. b is possible to have one of the conditions (¢) and (¢
valid while the other fails. For example, in the casc of the delay differen.
tial ecqualion
() + (Y at—1]2) = 0, tz1
the condition (¢) is satisficd while (¢*) fails for the differential equation
2041 4 cos t) vt —n3) =0, L20
the condition (c¢*) holds while (¢) 1s not valid.
Now, in order to obtain our seecond theoremn we need the followin
lemma, which is an adaptation of a lemma duc fo STicas and Staikod
[11].

Lemma. Let b he a positive bounded and n-times differentiable funed
tion on an interval [4, , o) such that

(— V)" ")z 0 for cvery t24,

and B is not identically zero on any interval of the form [%,, o), TwZ
Then
(— 1)F AR {E) > 0 for ecvery 1zt (k=1 2, ., n - 1)
and for any v and v with t, S W =0
(— 1A (@)

M) 2T

Theorem 2. If

i

..o 27 (p— 1)! . = . z ,
{C) lim inf \ p(s)yds > ————— max {llm sup —— , lim sup -,
-1 =04 )(Z) 70— (D(g) 3

(139

(v —uy 1.

‘—b,: .
t“—.
then all bounded solutions of the differential equation (K are oscillatory.
Proaf. Let x be a bounded nonoscillatory solution on an interv
[ta: ), 8.2 to, OF the equation (k). We assume, without loss of gencrality
that & is positive on the whele interval [fy, ). Then from cquation (E)i
follows that (—1)y%r(™z0 on [t,+7,0). Morcover, z® is not identically ze
on any interval of the form [z, 00) = 2 & +— 7 sinee, by condition {
the same holds for the function p. Thus, the lemma cnsures that

(4) (—1)F &) () > 0 for every tzt,+ = k=1, 2, .., n —1).
Next, we observe that the restriction of the funetion (— 1) Zin-n

the interval [Ty, 00), To=t, + (8/2) 7, is a (nonoscillatory) solution on thi
interval of the (first order linear) differential equation (d) with

Olaf(t — )]

12T,
(__ 1)13-1 s ”(t

=

P(t) = p(t)

|
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5
!
. = — L ' H .
and 1' 5 Henee, by Theorem 0, we must have lim inf \ Pisyds= =, le.
9 t—m 4

T
ol

i

lim inf \ Ps)ds <

t-+m g

R

[

Conscquently, the lemma gives

{t — <)z

and S0

plt) s

(a2 T+
2ol (p — 1) "7 A

13 | A

21 (p— 1)1 Py r{t—1)
—n-1 D [a(t—1)]

for all 12 To -+ i . But. from (4) it {ollows that & 1s decreasing on (i, -+

+ 7, ;) and henee for every 27T, + -7 we obtain
)

t

(6) \ pls)ds &

Furthermore, (3} holds

i 1)1 [ =
__ﬂﬂ_)_[ SIp e S Pls)ds.
u-1 lo gzE ait—27) (D(Z) | .

. Indeed, in the opposite case we have

dz(t — <)} 2 K for cvery t 2 &+ 7

where & is a positive constant, and consequently cquation (E) gives

' [

(= 1) [a* 0 (H—a" Y (1 ) ]= \ plsydla(s—<)]ds 2 K Sp(s}ds, tzt,+2-.

i t—=

This, since lim @V (t) is finite, yiclds

{—

[

lim inf l\ p(s)ds £ —————— lim sup

3

lim \ p(s)ds = 0,

oo
5

t—1

“which contradicts (C). Finally, by (3) and (5), from (6) it follows that

1
24 {n—1)! z

<A1 204 (D(:),
=7

which contradicts the condition (C).
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Remark 2. Tt is known (ef. Naito {9 STicas and Starkog

[11] and Staikos and Stavroun Iakis [138]) that cach of the con-
ditions

t

-z

(s—t- =) 1 p(s)ds ={n—1}! max {lim sup —- , linsup

a0t P(z) i (I)(:)}.,

{C*} lim sup

{-s

]

(t—s)" 1 pls)ds>(n 1) max {lim sup——z— ;i su y—
! ; i

(C") o (,,)(:') 5-+0 (D(;")

lim sup

f—r
e

is also sufficient for all bounded solutions of the differential cquation (L)
to be oscillatory. We must note here that it is possible to have the condid
tion (C) valid while (C*) and (C"} fail. For example, in the case of the def

lay differential equation

) —(18) it — 1) = 0. {20

the condition (C) holds while (C*) and (U7*) are not sutisfied. :
Acknowledgement. The author would like to thank Professors Y.G
Sficas and V.A. Staikos for their helpful suggestions concerning this paper
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THI. BREIAVIOR OF SOLUTIONS OF A CERTAIN CLASS
O1F NONLINEAR INTEGRODIFFERENTIAL FEQUATIONS
BY
B.G. PACHPATTE

(O

|. Intreduetion. In 1961, V. M. Alekscev [1] developed a va-

| piation of constants formula which has led to the development of many

interesting results on the hehavior of solutions of perturbed nonlinear
differential equations. In i3], I Brauecr has developed a formula ana-
Jogous tu the Alekseev formula for solutions of perturbed nonlinear inte-
rodifferential and integral equations. Recently, S.R. Bernfeld and
M. E. Lord [2] obtained another variation of constants formula for
perturbed nonlincar integrodifferential and integral equations by assu-
ming the existence of the inverse of the fundamental matrix correspon-
ding to the unperturbed systems and applied it to some important pro-
blems in the theory of integral equations. In this paper we wish to study
the behavioral relationships between the solutions of the integrodifferen-
tial system
!

(1) ' () = f(t, (1), SK (t, &, m (=) ds), 2 (L) = .,

t
and its perturbed system
¢ t
@ v -f( oo, (K5 96 ds]-z-- g(r. i, y(s) ds,] Yt =20,
fe o

by using the variant of the variation of constants formula developed by
Bernfcld and Lord in [2] and the integral inequality recently es-
ablished by the present author in [9]. In equations (1) and (2), =, ¥, k,
Lf. g, and x, arc the elements of R, an n-dimensional Euclidean space.
et 1 be the interval 0 < £ < o and C [X, Y| denote the space of conti-
uous funciions from X to ¥ where X and Y are convenient spaces. We
holl assume that K, he C[I x I x R*, R*] and f,g & C{I x R" X
R*, R"]. We usc @ () = @ (¢, ty, @) to denote the solution of (1) passing
hrough the point (¢, @) and ¥ (1) = y (L, 1, , @) to denote a solution of
2) passing through the point (f,, #,) for & > 0. The symbol | - | will de-
te some convenient norm on B* as well as a corresponding consistent
atrix norm,



