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which implies v = O, that 1s | u(f) ) 1 for all 1 on the demain of .

Remark 3.1. 1f cither »n = 1 or X is finile dimensional, then Theoren,
2.1 (resp. Theorem 2.2) follows from Theorem 1.1 without any  additiong]
argument.

Remark 3.2, In Theorem 2.1 we can take instead of M any locally
closed subset M, of il. In the case f:[a, b) X B, — R, then for cach g
y = R, then problem (1.1) + (1.2) has positive solution. Indeed in thi
case the condition of Theorem 2.1 are clearly satisfied with /)= R, =10, + )
and M, = {[&, y], *= 0, y = 0]. A similar result is true for the proble
(2.31) -+ (2.32).

Remark 2.3. The continuation of the local solution given by Theore
2.1 (resp. Theorem 2.2) to the whole [a, b) requires classical restrictions oy '
£, so we don’t give details in this way.

ON A GENERAL RANDOM VOLTERRA INTEGRAL EQUATION

BY

AL L DALR

1. Intreduction. Consider the (one dimensional) general random non-
{incar (1.e. not necessarily lincar) Volterra integral equation

t
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compact intervals.
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t Nolice that we shall not make any notational distinetion Lelween o sol 7
(1.2) y(ts ) : f(t; o)+ ot 8 o) y(s; w)ds. > 0 and the sptie (Z, 1. e} 0t will alwavs be clear from e eontoxd which
. ! 3 o » - ¥ 1 t » l‘\ ll'.(‘ﬂ“t-
0 Let C, (R, L.y denote the space of all conlintous functions o A
We shall show that, for suitably  defined k{4 55 0) and g (6 ) > with vnlu(‘j in L.. ll“n- lc)pol?g.\- (in i}!lsr l.spm--_—- 15 d-_;r.lln(‘-d by ”][(‘: ])\.:'m].u-.
. N : | st e 4 = || c " Y | | - L= T 3 H "y ¥
in some sense, as {— oo we have [|.x (t: 0) —y{t; ©)[c =0 as t—o0. (11"“_‘”:(:“ L ll]n 'f;)Ju!'(u'Iir 7{"(; g}“ :f'i ks, * bois any faniiyol
; . vg . , . con- OIS, articular, w wll consider
It might be mentioned that, while Tsokos and Padgeit [7] have con 8¢ :
sidered cortain asym stotie problems in connection with (1.1 with in : ) 3
LA ! (1.1), & [ if: )|, = sup vty o) dP {w)y , n= 1,2 3

grand given by (1.2). they have not used the random kernel approady

adopted here.

2. Preliminaries. n order to sstablish the setting for our study
(1.1), we shall present, in this Section, certain pevtinent definitions an
resulls. '

Lct (Q, of. ') denolc a complete. atomic probability space, in whicll
P has a countable basis (i.c. there exists a sequence $15, 1 of sels in
such that, for any ¢ > 0 and any A = of, there is a set E, of the sequen
for which P (43E,) < ¢} The mapping xR X 0 —» R (where R*
= [0, c0) and R = (—ao, o0)) will be alled o random process or rand
function, such a process being regular {or of second order) if, for cach tER

Ogign
3]

5

Wwith this topology {which is compalible with the underlving veetor space
structure — ot Dicudonnd|2).§ XI1.14), C, (R, L.} becomes @ separable
Fréchet space. Henee C (R, L), being a subspace of C, (R, L.}, 1s & s
pm'nhlo Banach space.

Definition 2.1, The random process & (t; w) is a random solulion of
(1.1} if. for every fived t = R, @ (t;.) e L, and @ {t; ) salisfies (1.1}
Poalmust surely.

Detinition 2.2. .1 Banach space X is said fo be stronger than o Banarh
space ¥ if cvery norm-convergent sequence i X converges in Y.

Definition 2.3. If X and Y are Banach sparcs whiclh are subspaees

cla X o= & N I? IP v < 5 T — a0 o % . i T, vy I
Elaitso) RI ¢(ts @) dP () <o of a I'rivhet space F, and if T :0 % (F — (F 1s lincar, the pair (X. ¥} 18

0 aid to e admissible with respeet to T if T (@) X C Y P-almost surely.
(Here, s throushout this paper, = denotes equality by definition Definition 2.4. Let I, I be twe normed linear spaces. o Linear randomn
operator T O x E—» I is compact if for any bounded sequence i

L, = L.(Q, ot P) will denote the separable Banach space of all (equ
valence classes of) regular random processes, with norm

2 (F5 @) fle= 11‘\1. 2 (L @) |2 dP ((u)}

E, there ix a subsequence | .r,,k'f such that the sequence { T (w) a‘,,k} is alinast
surely convergent in .

‘he following random analogue of the Schauder fixed point theorem
is due to Mukherjea [5]: the statement given here is from Bho-
rucha-Rerd [1]

Theorem 2.1. Let (. o, I’} be a complete, atomic probability weasuie
space. end let I be a closed, bounded and convex subset of a separable Danach
space X. Let T': QO x I — E be a random compact operator. Then there
exists an l-valued random variable « (+) such that T (0} & (w) = a (o) al-
most surcly.

Remark - This result remains true if X is a separable Fréchet space.

3. The general random non-linear Volterra integral equation, Consider
the equalion

A real-valued random variable @ (+) defined on (Q A P) 15 said to
P.cssentially bounded if

{ da > 0) P ({o:la(o) > a})=0.

The space of all such functions will be denoted by L. = L. (£ s
the norm in Lhis spacce being given by 1

|2 (o) l. = inf sup | {o2) .

1, 1r—il, i

where I” (§2,) == 0.

Let C (R, L) denole the space of all continuous, bounded functio
on R with values in L, — that s, the space of all bounded, mean sqé
continuous, regular random processes on R*. The norm in this spacé

defined by

(8.1) a ;)= f{t;o)+ Sh (t, s, x(s;0))ds, L= 0
0

under the following four hypotheses
) . _ H8.1. fe C(RY L),
| {8, 0}l = St‘;lg W (s @) fl <o H3.2. 1 satisfies the following conditions :
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(i) for 0 s<t <00 and @ (s;) - € Loy h{t, s, 2{s5.) = L, Let U - Cy(8) = € (8) he the operator defined by
(ii) h (s, v(s;0)) =0 for s > . !
. Ue(t;w) = \h {t. s, r (s w))ds.
(ii3) g g b (1,8 @ (s:0) ] dsdt exists and is finite .

T Then U 1s compact. For 7 < C, [ 3). defme
for any compact interval J C R - _
H3.8. For each real T > 0 and every bounded subset B of L. there} Toltio) = f(t:e) - Ur{t; o).

;ists 3 asurable 2t ... su . . . . . _ .
exists a measurable function m (., .) such that fn view of the preeeding discussion and ihe fact that f = C (B), it follows

that 7" 15 a mapping from C, (3) inlo € (3) and is compact. Furthermore
W Te(fre) —f(ieb, <1 for r = Co(B). and so T C(B) = Co(B).
Thus, by Schauder’s fixed point theorem. 7' has at least one fixed point
in C, (3). This fixed point is a random solution of (3.1} on [0, 3]. Q.E.I.

Remark. 16 h satisfies a Lipschilz condition with respeet to a. the
Jocal random solution obtained above s unigue (.unique” here means
unique within the class €, (%)"). The proof of this assertion paralicls the
discussion in Chapter 2 of Tsokos and Padgett [7] and is accor-
dingly omitied.

Theorem 3.2. Suppose that hypotheses 3.1 — 3.0 hold. If re
e C([0.a], L.) is a Lounded random solutien of (3.1}, then x can he exten-
ded as a random solution of (3.1} lo an intereal [0, 2,] where «q > 2.

Proof; Suppose that ||z (f: o). € M for t € [0, 2) and let
B={ax(;)eLl:: [a(t;o)l.< M}

For anv sequence {1, } from [0, «) with #, + «, we have, for n > m.

WAt s, 2 (s; @)}l < m{ts)

forogs<t <o and a(s; )= B, and sup & m (L, s)ds < .
0=4=T

0

[18.4. For cach compact interval J C I, each bhounded B C L, an
Cﬂfh to = R‘{-, i

sup{&l] hit,s, @ (s;0) —h(le,s x(s;0)i.ds:a(s; w) = C{J, B)
j -
tends to zero as {— to. (Here € (J, B) denotes the sct of all continug
functions on J with values in B).

Remark : the integral in (3.1), like that of all functions in L, , shoul
be interpreted in the mean square sensc.

Theorem 3.1. Under the above hypotheses, there exist 5 >0 and

random function & =C ([0, 8], L) which is a random solution of equation (3.1 | n b
Prouf. Let B be the bounded subset of L. defined by “;, (ta 5, @ (5;0)) ds— R B (e 5y @ (53 @) dsil <
B=1{a(t;)yeL:|a{l;w) —f(t; )|l € 1, for some & & [0, 1]} i o :

i
For 0 <t < T < 1, it follows from H3.2 (ii) and H3.4 that | ;
) SSI!]I\R Bt s, r(si@)) —h(lm,s, als;o))llads: = C ([0, =], B)} ,
R (T) = sup {§| Bty s o (s;) lads: o C([0,1], B) and ¢ <[0T ¢
; the right-hand side of this inequality tending to zero as n, m —> o .Thus,
from (3.1} | a(ty: @) - v (tw s ©) [l —> 0 as u, m — co. Since {{,] is any
Jncreasing scquence with limit 2, the L-limit of a2 (4, ;) exists as f, - «
Extend » {0 a mean square continuous function on [0, «f by setting

tends to zero as T -» 0°. Thus we may choose 8 € [0. 1] so small th
R(T) <1 for T = [0, Bl
Let C () denote the Banach space C ([0, 8], L;) with norm

I| @ (£; @) llgay = sup {ll & (23 w) . t = [0, B}, ,
and define C, (B) C € ([0, £], B) by
Co(B)— fa e C(BY:lla(t;o) —f(t;o)<1 for t =0, Bl

Then C, {8) is a closed, bounded and convex subset of € (B).

ple;o)=Lim 2(l;e) as t > a".

Now lct

(8.2) y(tio)=F(t;e) + §hu (s, 5 (s; @) ds,
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where (i) (vh =R —{0 HO@) = 1o Tl <irlt =
= (i) the inverse of (nd T (o)) exists for every o < Q).
Ftio)= f{t+ 23 ) i ah (t o, 5,0 (s; ) ds (i) for every o = 0 (7)1 the resolvent operator Ry (e) exists and is
° vt l;_\' i, (¢y) == :_?_‘ AT AL ‘((-)).

and |

iv) for every o & Q (7 - randot soluti s} of (42) s
ho(ts, 7 (s;0) =h(t-tostad (53 ) (iv) for every o @ Q (2} the mdotn solution g (1; o) of (+2) s of

the form
For y{t;-) € L. the integrand in (3.2) satisTics 8.2 — 1I3.4. Thus, by} . . o gas g )

Theorem 3.1, equation (3.2) has a solution # = C ([0, 8], Lz) for some (+3) y (o) = K {o) [ ;).
sufficiently small B.

| (v) both Ry and the solutisn g given in (.3} are measurable with
Define g o= o 4 5 and @ (( + a: o)=Y (t;e) for t &[0, 2] Thenff respret to the g-aigebra Q (2) N . ‘ _
roe C(0, 2}y L) and v is a random solution of (3.1) on this intervall, Setting » = 1. sublracting T (w) o lrom cach side of (+.1) and then
Q.E.D. f applving Slw)=[{ —T ()] we obtain, almost surely en £ (1),
. Dpfiniti.on 3.1 A random solution of (3.1) defined on an interval [0, oY R = = (@) (o)t [ = T ()] T (@) g (tr (5 o) =
is maximal if cither (1) 2= %, oF (i) lim sup || @ (85 0) [l = - (44 ; ' '
, toa” = S{u) ity {l =T (|7 T () g (h o (Lo o)).
Corollary 3.2.1. Under kypotheses 3.1 — H3.4, each random soluf ' ) '

tion of (3.1) van be extended to the vight 1o yicld @ marimal random solutionl If we nOW add, to those Hsted above, the assumption

Proof. Let « (t; w) be any local random solution of (3.1). By Theof :
rems 3.1 and 3.2, x can be extended to the right, being defined either foff H4.3 P(U lo: [ T (o) | < 1!) == T,
: ned

all £ = 0, or clse on some bounded interval J. By Theorem 3.1, J mug

have the form [0, &), and hence, by Theorem 3.2, @ (t: o) must be un.

hounded. Q.1%.D. [
4. Random operator methods. Consider the separable Banach  spac

C.(R", L) and let X. Y be lincar subspaces of C.(R*, L)) admitiing norms

|| e and . {Ix respeetively. Supposc further that (X, |- gy and (3 A )

are Banach spaces which arc stronger than C. (R, L),
In this Section we shall consider the cquations

it follows that P (€) = 1. where
Q, = N{e:Sr{l;o) - i e-t{w)x(t: e;)} .
zE{ e 1

with @ = C. (R*, L.).
Thus, from (+.3) and (+4), we have, almost surely on £7 = Q1)L .

(+.1) rit;o)=f(t;0) -+ T () [+ (L5 0) g (@t )] (o) = B (w) f(fie) ‘ — - Y 7™ (m)\T (o) g (Lot w)) =
5 =l .
(+.2) y(tio) =f{; ) Ty (L; o). =y (o)~ R(e)gtr: o)),
under the following assumplions -
4.1 J= C (I, L) and g B x C.(R” L)y— C (R, L) where I {0) = Y 77 (). Sines {hix procedure is re versible, we sce that
[ 1 T d ? = n-=l
His  T:Q x C (R, L) C (R, Ly is, for cach w =&, a houndelff {#1) is almost surely on & equivalent to
linear operator. (4.5) p{t; @)=y (t;0) — R(w)g(t, ot ®))s

Notice that, since T is continuous and C (R, L;}isa separable Banae
space, T (w) 18 separable, and henee, i T:QxC (R, L)~ E, whe
E is a compact subsct of C, (R, L.},

| T {w) | = sup {[| T (o) (1 o) ludlla(t; o)l (t;0)]:# 0}

where y(1; w) satisfies (4.2) and R (@) is as defined above.
“Smcc O* is measurable with respect to of, we can form a new pro-
bability space (X%, A", £7) by defining

I A=A PE=P (k) PEY). ke A

This probability spacce is complete and atomic, and P has a countahle
basis. Henceforth we shall regard (81, o', ') as our underlying probability
space.

v

is a non-negative real-valued random variable (Bharuecha-Re id{1]
Condition H4.2 and the fact that C,(R', L) is scparable imply 1
following (Hans [8]).:



108 LT 8 ON A GENFRAL RANDGM VOLTERRA INTEGRAL EQUATION 100
Thcnrqm 4.1. In addition to the above assumptions, suppose tial Here the random kernel k{4, s 3 @) is a random variable defined and P7-es-
M4 ((.!g ’ ER} XY - Y. sentinlly bounded for 0 <5 < t <oo (and identically zero for s > {), and
1t " — . | e 3 B e
{1i1) (\ Y) is admissible with rmpmf to the eompacl operato k. ‘“"nilinl;::‘:l}l’\!";: from {(£s): 0 < ¥ <t <00 into L= Lo (@ o', PY),
15 (4} s, L.
R:Q x C (R Ly)— C. (R, L. where L, = L. (8%, o', P*).
(5, La) ( 2 ) :{ ) Pr—essosup | Aty $ai0) —h(fs;0) >0
For any ¢ > 0 let wEd
Sylp)=1dr{t;w):|0{t;ol < g} as n — o whenever (f,, 8;) — (1, 8) as n — co.
SEe ) (o)l yts o)y < ¢l The random resolvent equation corresponding to (5.2) is
ryly T ’ = Py
¢
Supposc Surther that there exist g, . g. such that g: R X Sy (z1) = Sx (p) ) o= g, ) P .
C. (R*. L) — continuously, where ..~ " denoles the C. (BT, L3) - rilsio)® k(tossw) 4\ k(L usw)r(us; o) du,
~ closure. If y =Y and :
(") lytso)lly e R{o)l <0 ]' and its 56 lutulm is called the random r(’soi}m?t iurmll “ﬂe simtll] assunée throu-
. . hout. that tins oquahon possesses a solution suen that the random ope-
then equation (3.1) has at least one solution @ € Y with || r {{; o) [r € 5 g . ,
S tf Stor RO x Co (R L)~ Co (R, L) defined by
Proof. For anv @ = Sy (51} define the random operator M by J ™

M) ®(t;0)=y(l;0) = R @)

where y € Y. Clearly M (0)® (1;0) & Y. Since | M (o) @ (/1 o)y £ py,
it follows that M (o) ® (t; ) = 5 (g1), and so M 10 x5 (1) = Sy (24

If {5 (t;w)} is any bounded scquence from Sy (z) .m(l He ¥l
then M (o) ya (t w) =yli;e) —Rle)g (t ya {t5 @) \0\\ gis C. (R, Ly
continuous, and hence { g (1, 4, (; w)}} 15 bounded. Since RH: 0 X Sy (pa)o
— 8 (g,) is compact, therc exists a subsequence { ¢ (f, 4, (t;co))} such
that
{ R (w)g (£ yn, (1; ©))} converges to a limit in &y {g,). {and henee { M{w).
» U, (t5 @)} converges to a limit in Sy {z,)}. Thus M is compact.

¢
R@nwﬂwﬂg\rﬁsuﬂm@;MJmtko

0

is compuet,
' e following assumptions will be held throughout
Hs.1. (i) Yk (t s w)|. is locally L in (4, 8).
:
(i) for any T >0, sup \[[ k(L s;0)/l-ds <o,
0=lgT |

G
i

UM]MVMU+AMM—kmMMh@=&

A0

Since Sy (,J,) is closed, bounded and convex, it fnllo“.s by the ran
dom Schauder fixed point theorem that there is an 8, (g,)-valued random

function & (t;«) such that M (e} (f;e) = r{l; co) P -almost surely. ¢

Since M:Q X 8} (1) = Sy (p1)s it Tollows that @ (f;w) = S5 (g1). In view bk

of the discussion preccdmn this theorem r is scen to bea m(lom solution (iv) lim S [kt 4k s; )l ds=0,
of (. ) Q.E.D. Ao

t

. Some perturbation problems We now specialize the abstract ran
H3.2. (i) |Ir(ts;:o) [ is locally L'in (1, s),

dom opemtms in equations (-£.1), (+.2) to obtain the random Volterra in-
tegral cquations

3

t ~

(3.1)  a(t;0) =f(t; )4 Sk (4, 855 0) | o (s; 0) + g (s v {s; a)lds, (i) ‘;gﬁ\ 7t 85 @)l ds < o,
. 0
’ t Hs.3. (i) g(t, @) is continuous for 0 < ¢ < oo, uniformly in scalars =
= () g(L0)=0
) ; . it 5 . £
0 fnrt;0a1d|]'r||<8
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—Jn
Remarks: (1) These assumptions, while sufficient for the resulls of Remark » 11 g is locally Lipschitz, the random solution is unigue.
this Scetion. are, for ecrlain classes of functrons, not all necessary (ef, This result can be viewed as a (local) stability result. in the (ollo-
Miller [+]. pp. 331—3). wing sense : for every sulficiently small ¢ > 0. there existsa 8 = 8(} >0

(2) It follows from H3.3 (iii) that for » & €, (R Ly, g(t,a(t;m) e quch that. for every fe C(R LY with | f(t;0) ke < 8. the solution
=L, . Recalling the discussion earlier in this Section. it follows that, fol 1t o) of (3.1} 1s in C (R, Ly) and satisfies || 2 {t; @) lle < ¢
fixed t and 5 in R, the product of & {Z. s w) and g (s. ¥ (51 0)) will be in Ly | Theorem 5.2, In addition to the above asswmptions, let r satisfy
(3) Under the above assumptions. equations {3.1) and {3.2) can res

g 5 . A 5 N T
peetively be written the ,variation of eonstants” forms

lim \ | 7 {t, 85 0) || ds =0, for each T = 0.

¢
[T
{5.8) r{t;m) = y{l:w) — R r(t,s; @) gls, 2 (85 w))ds, N
o Lot gt @) < Dy () for t< 0 and | 2] < M, where @y (1) ~> 0as t—> @
; for coch M > 0. If o e C(R, L), then |12 (t;0) —y(t;w) =0 as
) t—> 02
(5.4) y(t; ) = f{t;w) S’” (t, 5 0) f(s;0)ds. Proof. Let || o (t; @) || = M, and let ¢ > 0 be given. Choose T > 0
g0 that ®y (1) < e/(2r*) for all t = T, and then choose = = T so that

¢

Equation (5.3) is ,equivalent” to (5.1) in the sensc that, for any T >0)
2 (1; w), as defined by (5.8), satisfies (5.1) P*-almost surcly on [0, T1. S§
milar remarks apply to the pair of equations (3.2 and (5.4).

We pass on now to demonstrate the existence of a random solutie
to equation (5.1). This result differs from Theorem 3.1 in its reliance on t
random resolvent kernel » {1, §; ).

Theorem 5.1. If

(i) fiye C (R, Ly,

| 7 (8 s; )l ds < for £z =,

2 byl

=R ]

where || @y || = sup| Gy, (£)|. Then, for t 2 =,
13U

|

¢

L (L5 ) —fJ(t;m)HuéIlgr(tystw)g(s'ét’(s;w))rISi'aS

(i) g: R*x C(R", L) — C (R, L), :
(i) [ f(t; @) |c is sufficiently small, . .
then (5.1) has a random solution x = C (R, LY. Furthermore, < R” r(t, 83w} l. Oy (s)ds + g 7t s; @)l Puls)ds <
la(t; w)lle—>0as || f{t;0)le—>0. . E
Proof. We show that the assumptions of Theorem 4.1 are satisfie ¢
with X = ¥ = C (R, L3). Notice firstly that (X, Y) is admissible wi <1 d € AT Is <
respect to the operator R:Q°x X - Y defined by < Pl 21 Dyl T\ s o). ds < e
¢ [+
R(m):c(t;m)-Sr(t,s:m)a(s;m)ds, Thus | 2 {t; 0} —y(l;0)].— 0 as - oc. Q.E.D.

Remark., Tt follows that, i
g(ta) 1€ D) (1L |l for 130,

[

(¢f. Tsokos and Padgelt [7]. p. 88). While we are not assumi
114.3 here, all that is required for Theorem +.1 is the evistence of v {t, $;49
which we are assuming. Finally, the defined operator R is by assumpti
compact. Thus the conditions of Theorem 4.1 are satisfied. Moreovd

y(tio) = —Ri)f(t;) s C(R Ly, and
gt lle < (1+ [ Ba)) ILf{t; ).

where @ (1) — 0 as § — oo, then [[w(t; oy —y(t:w)|:— 0 as f—>00.
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INTEGRO-DIFFERENTIAL EQUATIONS
¢ BY

SERGIU AIZICOVICI

| 1. Introduction. Consider the Volterra integrodifferential initial va-

Jue problem

1) @ (0 -}-Ra(t — sy du(syds + (b (6 —5) Buls) ds 5 fit) 13> 0;

0 0

g0y = U, H

Here H is an infinite dimensional Hilbert space, «, f:R*"—-H, a, b:R* =R,
whereas 4, B are nonlinear monotone operators on H. We have two pos-
sibilities to obtain existence results for (1.1) : either to restrict the class
f kernels a, b or to allow a wide variety of kernels by imposing certain
restrictions on the nonlinearities A, B. Both ways were already used (by
Londen [6], [7] and Aizicoviei [1] respectively) in the investi-
ation of the special case of Eq. (1.1) where a = b. In the present note
we further exploit the second possibility. This is done by monotone opera-
tor methods (see [2], [8] for a systematic exposition of the theory of mo-
netone operators). Qur results apply to the hyperbolic differential equation

W () (44 Byu(t)y» f(6), t >0,

derived from (1.1) by taking a = b = 1.
The plan of the paper is as follows : Section 2 contains a statement

Rof results. The proofs are carried out in Sections 3 and 4. To illustrate
the ideas, we discuss in the last section an example of a nonlincar partial
R differential functional equation.
- 2. Main Results. Let H be a Hilbert space over B withnorm |.|and
aner product (, ). Let V be a real reflexive separable Banach space with VCcH
gebraically and topologically, such that V is dense in H. We have the
sual inclusions ¥V ¢ H ¢ V', where V' is.the dual of V. Il @ € V and
€ V', we also use (f, @) to indicate the value of f at @3 (f, 2) coin-
des with their scalar product in } whenever f  H. The norm in Vs
noted by | .| . It is further assumed that
1) The injection V ¢ H is compact.
Consider a convex, lower semicontinuous (1.s.c.}, proper function
Vs (—o, ] and define 4: V—> V" by

= Matematjci



