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EXISTENCE THEOREMS FOR A CLASS OF
INTEGRO-DIFFERENTIAL EQUATIONS

BY

SERGIU AIZICOVICI

1. Introduction. Consider the Volterra integrodifferential initial va-

1.1‘"3 problem

{

0 0
(0= Uy .
ere H is an infinite dimensional Hill

Gibilitics to obtain existence results for (1.1):

of kernels a, b or to a
restrictions on the nonlinearities A, B. Both ways were

Londen [6], {7]
ation of the special case of B

w’ (1) + (4 + Byu(t)» f(), t >0,

derived from (1.1) by taking e = b = 1.
The plan of the paper is

ifferential functional equation.

mner product (, )
Igebraically and topologically,

moted by .. It is further assumed that
1} The injection V C H is compact.

iV (—o0, 0] and define 4:V— V' by

Matematici

(1.1) «'(t) + g a(t —s) Au{s)ds + & bt —s)Bu(s)ds= f(1),t20;

ertspace,u, - R' > H, a, b: R-—-R,
as 4, B are nonlincar monotone operators on H. We have two pos-
either to restrict the class
llow a wide variety of kernels by imposing certain
already used (by
and Aizicoviei [1] respeetively) in the investi-
g. (1.1) where @ = b. In the present note
we further exploit the second possibility. This is done by monotone opera-
tor methods (see {2], [8] for a systematic exposition of the theory of mo-
netone operators). Our results apply to the hyperbolic differential equation

as follows : Section 2 contains a statement
of resuits. The proofs are carried out in Scetions 3 and 4. To illustrate
the ideas, we discuss in the last section an example of a nonlincar partial

2. Main Results. Let H be a Hilbert space over B withnorm |.|and
. Let ¥V be a real reflexive separable Banach space with VCH
such that V is dense in H. We have the
sual inclusions ¥V ¢ H C V', where V' is the dual of V. It 2 € V and
€ V', we also use (f, ) to indicate the valuc of fat a; (f, @) coin-

es with their scalar product in H whenever f & H. The norm in Vs

Consider a convex, lower semicontinuous (l.s.c.), proper function
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(2.2) A = &p (8 = subdifferential). (2.9) b, b = L ([0, 0): R).
Suppose that Remark 2.2. It is known [4, Prop (a)] that if a satisfies either
(2.3) A is single-valued, everywhere defined on V' and . 1 .
maps bounded sets in 1" into bounded sets in V', a,a" & Lo ([0, ) ; K), a (0) >0
For any T > 0 and every sequence {u,} C L” (0, T; V) a' is of bounded variation locally on [0, o),
with {u,} ¢ Lt(0, T: H), such that w, - . weakly-star in | 7
(2.4) L= (0, T; V) and u, - «’, weakly in L*(0, T ; II), we have a € C*0,0)n C[0,m);a(0)>0,
Au, —» Au weakly-star in L« (0, T'; '), for a suitable (—1)fa* (1) 0,¢ >0, k=0,1,2
subsequence tns - then condition (2.8} holds.
There is k > 0 such that Finally, let f: [0, ) ~> H satisfy
(2.5) o (u) > k(lulz—1), wel l (210) [ € L ([0, ) ; H).
Remark 2.1. Hypotheses (2.2) — (2.5) are clearly satisficd by ewvy Theorem 1. Let the assumptions (2.1) — (2.10) be satisfied. Then,

= ke lnk

linear, positive, symmetric operator A : V' — V7, with (fu, u)

>0, uel

Let B be a (possibly multivalued) maximal monotone operator
IT'verifying
(2.6) V¢ D(B)and | B | < ey wll + e
for some ¢; > 0, i = 1, 2, where B® denotes the minimal section of B |
[3, p. 28]).

Consider next two functions a, b : B* — R subject to the follow;
conditions :

(2.7)

x
u e V,

a is locally absolutely continuous on [0, 0}

For each T > 0, there exists Ky > 0 such that from
H t

S(a-)e v(s), v(s)) ds < d, + d, max Sv(r)d-r , 0 1g
[P~ i
U] U]

T,

t
(e L0, T; H), 0 < d,, dy<oo, a % vlt) = R a(t —s)v(s)ds
a .

it follows
]

Su(s) ds| < Ky (Vdo + o), 0< 1< T,

0 v

d

s Kp(di+d), 0<tx 7,

an
¢
S(a ¥ v(s)v(s))ds

for every o = V, the problem

i) w (8) +ax Au(t) + b% Bu(t)=af(t), t20

(2.11) i) # (0) = u,

has a solution u in the sense

(2.12) 1 € L ([0,0); V) C ([0, 0); H),
¢
(2.13) w,{ Au (s)ds < L, ([0.0)3 H),
L]
(2.14) w’ & Ly ([0,00); V),
There is a y € L. ([0, 0); H), with y (t) € Bu (1),
(2.15) a.e. t > 0, such that the equality
\ W (1) + @ % Au(t) + b % yt) =F @)
holds in H (V') for almost all (all) t > 0.

weakened. Specifically, let

(2.16) lim o (1) = o,

: 1fuj[ >0
(2.17) B=3a, ($  H>(—w,0)); D(B)D V;
(2.18)
We have

In the case when @« = b and B is the subdifferential of a 1.s.c., con-
vex, proper function it turns out that Conditions (2.5} and (2.6) can be

B® maps bounded subsets of ¥V into bounded subsets of H.
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Theorem 2. Let the assumptions (2.1} — (2.4), (2.7), (2.8) und (2.1 ’ ) ;
be fulfilled. Suppose, in addition that (2.16) — (2.18) hold. Then for eag(s.6) g (At (3) 25 | A ()17 ds < Cp
u, € V, equation 2
(2.19) wWty+ax (4 +Bu(t)ys f{t), t20; u(0) = u,, Calling on (3.4), (3.5), (2.5) and (2.1) and invoking the Ascoli thcorem we
has a solution satisfying (2.12) — (2.15). . o , can assume that . - ‘ ’
Remark 2.3. If B is single-valued the above result can be obtamed v (3.7} s = 1 (e 0°) in C([0, T']: ) for cach T > 0.
[1, Remark 2.5], taking note of the fact that in this case A + B is mg L
. ; 2 3 - ; (Conscrpuentiy.
ximal monotone from ¥~ to V' and satisfies (2.2) —(2.4) and (2.16) {(wh By, -» B, in C ([0, T]; H), VT > 0.
A, @ ave replaced by A4 4 B and 9 + ¢ respeetively). ’ o e k L J
3. Proof. of Theorem 1. First define’ The maximality of Ay, (3.6) and (3.7) imply
dgr = Adwe, v € D(dy)={rv sV, de € . ol Ay = o, and Ll — Aty weakly in L2(0 T:1), vT >0

Finally (3.5) viclds

| W — 1, , weakly in L2 (0, T'; H), v = 0.

Letting g — 07 in (3.3) we obtain

[ w, (8) + i-"u”;. (£) 4 a % Ay, (1) + b3 By () — f(1), 1> 0.

1 (i) w, (0) = #,.

i Now our aim is to establish bounds on wu, , as » — 0", 'Lct T >0 be
fixed and pick any £, € (0, T]. Then, ~multiplying (3.8)i) by Ayu, (1),
intcgrating over Jo,t[, t = [0, &,] and using (8.8) (ii), {2.9)and " (2.10) gives

It is easily seen that Ay is maximal monotone in H and

(8.1) Ay = éon,
where B

[ (), v eV,

| +o0, 2 H\ V. _
Denste by A, , B, (¢, 2 > 0) the Yosida approximations of «f, and B
pectively. In view of (3.1}, onc has . 3

(8.2) A, 39, g (@) =min {py(y) 4 (2e)7 |y —a|*; y S H}

on (2) = 1.8

i 3
fSee (0, Prop. &1 for the propstin o ). 2 o, 00+ 2§t 0 {0 ¢ @), s 6 o
) ' o 0 o

() w'p (1) F Mty (1) 4~ @ ¥ g () + b % Bag (8 =
(3.3) =f{t), t>0; »e>0
(i} ug (0) = U, : :

By [+, Lemma 2.1] it follows that (3.3) has a unique solution

{

I (b3 B, (1‘),\- Ay, (s)ds) R (b % Byu, (-9))’& Ayt (7)d7) ds -
: \ . _ :

(3.9)

o 0

ug : [0, 00) = I satisfymg ! : :
o : : - a{o) + ({0 { At () ds) — J0r o0, § s () ) ds,
Uy € C ([0! CO) H II)! 'U;;._ = LI:Jc ([0, C'O) ; II)- . B -

The first step is to let e-» 0* in (3.3) with % > 0 fixed. This can
easily done without involving Ilypotheses (2.4) and (2.6). The idea is
inner-product (3.3)(i) with each of A ng, (2) and g (f) and integrate
results over 10,4[, 0 < ¢t < T (for an arbitrary T = 0). Employing {
{3, Lemma 3.3}, (2.7} — (2.10) and recaliing that B, is Lipschitz, one fi
a constant C, > 0, independent of e, such that for ¢t = |0, T'],

ogtst, s T

By virtue of (2.3), (2.9), (2.10), from (3.9) it follows :

&

!

t
Ellw, (031242 & | Aty (8) 17 ds + \ (a £ Ay, (5), Ayt (s)) ds
A .

(3.4) Lo (o ()| + | us (6 < Cp (3.10) !
t 3 ¢

{3.5) ‘ u, (8)|2ds = Cy, Sk oo+ City T) ;ncz:)‘(‘ SA,,ul (<) dri , 0t
5 0
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WG - re bounded in L (0, T'; H).
[nasmuch as (sce (2.7))
C(nt, . T) = max |f() +S!f'(s) ds . , )
ogtgT
(3.11) 0 ! a -+ Ag () = a(0) S Ayt (s) ds S a’ (t —s)SA,,ul (=) d=ds,
T f g ; ;
+ (max | b{8)] + 15(0) +S b (s)lds)S B, (s) | ds. ¢ follows
ogteT

(3_17} fa = Ay ()50 > 0} is bounded in L~ (0, T ; H).

0 0

Since | Byu| < | Bu |, u & D(B), Condition (2.6}, (3.10) and (3.11)

imply
!

4
kliw (012 4+ 2 S | Agu, (s) 12 ds + S (a 5= Ay, (), Ayt (8)) ds
o

- 0 (3.19) { B,uy ; » > 0} is bounded in L~ (0, T ; H).
. ’ .
! cnallv. cmploying (3.17) — 3.19) in (3.8)(i) vields
< C4+ 0+ R 1, (s) || ds) max SA’fn”/a.(T) drl, SeIrT Finally. cmpio} '( 7) — - ) in (3.8)(i) yields
. 0 <t ! (3.20) {a5 5 % > 0} is bounded in L2(0, T'; I).

L] o
. . . e Remark. Estimates (3.15) — (3.20) hold for each T >0
Here and in the sequel €y, C,, .., cte, denote various finite positive confy. . v virt of the o AT . o [ .
tants depending on T (but not on A, t,). Now, by virtue he compactness condition (2.1), (3.15) and (3.20) we

Invoking (2.8) (where T > K, can be assumed nondecreasing

(3.12) yields 3.21) w,—>u(r—>07) strongly in C ([0, T]; H) and weakly-star

t 4 in L~ (0, T; V), YT > 0.
(3.13) \R A, (s)ds{ € C, (1 + \ Il wx {s) | ds) 0t h, {3.22) w, — w', weakly in L2(0, T; H), ¥T > 0.
and o ’ Since B is maximal monotone in H, (3.19) and (3.21) lead to
t B R {3.28) B,u, - y = Bu, weakly-star in L= (0, T ; H), VT > 0.
@.18) | (@ dums (0) Ao (1) | < o1+ {1 enas) ), Bomequenty.

0 0

(8.24) b By, (1) = b == y(t), weakly-star in
L (0, T; H), vT > 0.

o<t<t,.

Now use (3.18), (3.14) in (8,12) to obtain
By (8.18) onc has

| 8.25) Ay, > 0 in Lz(0, T; H), VT > 0.

t
2
kmmmw$a+C{v+nmwm@}osusﬂ

0 Condition (2.4) comes now into play and enables us to conclude from (3.21)

and (3.22) that
3.28) Aty = Aun, weakly-star in L~ (0, T; V'), YT > 0.
Combining (3.16), (3.17) and (3.26) gives

Applying Gronwall's inequality, one has

(3.15) {w ;> 0} is bounded in L= (0, T; V).
Then, from (3.13) — (8.15) we deduce that

1

L
8.27) Rriﬁ-‘tl (s) ds = g Au (s) ds, weakly-star in L= (0, T'; H), ¥vT> 0.
‘0

Q

(3.16){8,4‘,%‘ (s)ds; A > o} and {g(a% Aytes(3), A,,,u},(s))ds;lzvo}
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(8.28) a ¥ Ay, () -» a < Au (t), weakly-star in L (0, T : H), VT > i ‘ :
i . S v {s) Fds S(a s (a)oan s ds = C'.max 5 v {7)d= .0 gigT.
Because of (8.8) and (3.21) — (3.28) we finally obtain (2.11) —(2.15) up 0gs gt
passage to the limit as »—> 0°. (The verification of (2.14) is perform | o g
by differentiating (2.11) (i} in V7). The proof is thereby complete. |y o in view of condition (2.8), one infers
4. Proof of Theorem 2. We start by considering the approximati ' '
equation )
. -
(i) w5 (0 + 2 (cd + Bo) 1, () + @t (i + B (t) = ) \ (a)ls|.€ Oy, O €U T 2> 0,
(+.1) —f{), t >0, ) >0. ’
(1) wu, (0} = uy. !
. . . . ! S a-p {s) v (shds|l =« C;, 0t T, n>0
Inasmuch as A, 4 By = @ (oy + §,), it follows (cf. [+ Theorem 2]} t (+) i ( (), (5] | !
(4.1) has a solution w, which satisfics o
!
w, ,u, = LX ([0,00); H), (Ady -+ B w, = L2 (j0, )3 ).
L v MR oo ([ ) M) (Ay A e (1 )3 1) (4.5) )\S |ty (¢) 2ds € Cyo W =0, 05t T,

Form the inner product of (4.1)(i) with v, (1) = (Ay + By n, (t) andj

tegrate over (0.1), 0 <t < T (for any T > 0), to obtain

] [
(0 + 9 0 @) + 210 2 +| (@ % v (), (o) ds<
(4.2) ¢ t t
<o+ o)+ 150 (mwas| | re|{ae e
sig T

Since ¢ is bounded below by an affinc function, i.e.,
G{u) = (v, u) + T, W E H, for somce x, ., v, = I,
we may always assumc that 9 (1) 2 0, n e H. Otherwise, we sct
3 () = ¥ (u) — (@, 0) — s,
and replace {2.19) by
W)+ a¥ (4 + e utys (), 120,

where
1

b= — g fi () =) — {1, s a (s) ds).

Consequently, from (£.2) we have {use also (2.10) and (2.16))

0

Using (4.3), (4.4) in (£.2) vields

(4.6) (p + V(M) Cy >0, 08T,
Calline on (2.16) again, {(1.6) implics
(4.7) {1t ; 3 > 0} Is bounded in L= (0,7 ; V).

In virtuc of (2.18), it follows from (1.7) that
(4.8) {B,u, ; ». > 0} is bounded in L~ (0, T H).

Next ohserve that
!

! »
o e vy (£) = a(0) & v, (s)ds + \ a' (t — s) \ v {7) d=ds.

1] 1] 0

Henee, by (£.3)
(4.9} ta -1, 10 = 0 is hounded in Lo (0, T ; H).
Then use {(t.1)(i), (£.3), (+.9) in conjunction wilh (2.10] to dernve
{1.10) fu, ; & > 0} is bounded in L2 (0, T, H).

Taking into account (4.3}, (+.7)— (+10} we can now conelude the proof
- by the samce argument as in Scction 3.

5. An Example. For simplicity. we confine our attention to the one-
dimensional case. Using standard notations for the Sobolev spaces we set

(5.1) V=2 0,1), H=1L:(0,1), V' =TI""(0,1).

Let p = [2, ), W = W? (0,1) and observe that the imbedding theo-
rems imply :
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(5.2) I'c WcH,
with dense and compact injections.
Define A, : V= V'and 4, 1W— 17" = W7(0, 1), ! —i—l = 1]
Poq /
hy
du
dr

P2
‘_’“) Cwe W, e e(0,1).

(5.3) =

4
_;l_ﬂ’,,;; 1" A = d(
drt dr

Here diu/dr denotes the distributional derivative of w.

It is easy to see that ., = ip,. A = (e, where
1 | 1
10| du 2 1()du »
3.4 ) = -\l —— ()} dr,ues 1y p(u)= ‘ ()| dr,ue= W,
(5.8) wln) 28 @) = @]

P.
o

0

We then define .f - VV— 17 by
(5.5) d=d,+ A,.

In view of (5.1 —(5.5) we deducc that the assumptions (2.1) — (2.3) and
(2.5) hold (note that 3 = %, + 9.). Invoking Remark 2.1, (5.2), [3. Thm,
5.1, Ch. 1] and the demicontinuity of A, from W to H” we can also ve-
rify (2.4).
Remark. Tustead of (5.5) one could take Au = A 4 B(u), v eV,
with 8 : R — R satisfving
Bel(
|a(ry < k(r*r+1), reR, k>0
Next let g - R — R satisfy

o, @), B (0) = 0, B nondecreasing,

p=l

) g = C (— oo, ),
(3.7) 220 g s (el +1),
{5.8) rg(r) = ko (a? — 1),

for some »,, », > 0 and any x € R.
Conscquently. the operator B given by

e
dx d.z) '

e D(B) = l\ne H(0, 1) ; dig (?‘] e L (0, 1)}
T

i

Bu =
(5.9)

is maximal monotone in H. Moreover

11 A CLASS (_:F_-I"-'\_f:'ll:f'-('rl'{ﬂ--[_T.f"I"RﬂF:N'l"I.".l’. E‘.QUATIONIS 123
dn
dr”
& R 4 (s) d.s‘) de, w e H(0,1).
(5.10) B=cép w)=14 g
oo, o= L0, 1) HL (0, 1),
- From (3.6) —(5.10) 1t then follows that B flfills (2.17), (2.18). If (5.7)

is strcngthcncd to

- (5.11)
! then Condition (2.6) also holds.

0y <M <ce,

Finally et f:[0,00) = L7 (0. 1) verily
P (5. fife € LL (Jo.co): L2 (0, 1))

Thus all the assumptions of Theorem 1 (Theorem 2) hold provided o, )
satislv (2.7) — (2.9). Accordingly. we abtain the following

Corollary (i) Let Hypotheses (5.1) — (5.6) and (5.8) — (5.12) be sa-
tisfied. Further assume that (2.7) — (2.9) hold. Then for every u, € H§ (0, 1)
there eaists at least one solution w(t, ¥)(tz 0, 0 <& < 1) to the problem

12)

t

S e _S)'é’u __ € (

Vet

lew P 2en
(b ) + L) )) s
o [t
]

‘ :

_-Sb(t —8) (g ({5, )y ds = f{t, ), 20,0 <2<,
1]

W (0, r) == g (2), 1w (f,0) = u (t, 1) = 1,(f, 0) = u, (£,1)= 0,120,

such that

{5.13) w o= L ([0, ) HE (0. 1)) A C(]0, ) ; L2 (0, 1)),
(514) ey = I‘]T,c ([0! GO) + L: (O~ ]))a

{5.15) w, € L} ([0, 00); H™ (0, 1)).

(ii) If Conditions {3.1) — (5.10), (5.12) and (2.7}, (2.8) hold, the cqu-

ation
- .
ol d
O~
oxt o

=f(wr), 120 0<r <1,

cu

cr

u, (1, 1) + Sa (t

Q

ou
g[—

o |

"’H?u) d

o

) (¢, x)ds =

oty
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with the boundary and initial conditions
u(t, 0) = n(f, 1) = 1,1, O) = w, (1) =0, 2 0;u {0, 1)

has a solution which satisfies (5.13) — (5.15).
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TIME OPTIMAL CONTROL FOR CONTINGENT EQUATIONS IN
HILBERT SPACES

BY

10AN 1. VRADIE

Introduction. The time-optimal control problem has been studied by
many authors under various assumptions ; and the most important results in
the arca above are those of Balakris hnan [1], {2], Bellman,
Glicksberg, Gross [3], Blagodatskih [4], Conti [8]
Fatbly], Fattorini [10], Fricdman [11}, Halkin [13}
Kikuchi [16], [17], La Sallc [18], Ma rkus [21].

The importance of contingent equations for control problems was poin-
ted out by the remark that in an optimal control problem with control
region: constant, the Pontrjagin’s Maximum Prineiple may be put in the
form ol a two-point boundary value problem for a contingent equation with
upper semicontinuous right hand-side. See for instance Cellina [6].

] IL is also obvious that the equation: a(t)== f(t, a(1)), u{t)) a.c. on [0, T,
2(0) — 2. where w: [0, T}— U is a measurable function {under suitable
regularity assumptions), is equivalent to the contingent equation: &
e I (1, v (1) a.e. on [0, T'], ¢ (0) = &y, where P a2y = U Sz u).

wel

The problem of existence of solutions of such equations has been stu-
died by Ccllina [7). Hermes [14] (the finite dimensional case)
Castaingand Valadier [3] (the infinite dimensional case) and the
eonditions uscd (upper semicontinuity) may be derived from our conditi-
ons {conlinuity in the Hausdorff metric).

We wonld like to point out that we consider the infinite dimensional
case, hecatse this case arises in the treatement of several types of partial
differential equations (see L ions [19]) and functional differential equa-
tions as dilferential equations of retarded type (see Hale [12]). We recall
‘that Il 2 le¢ was the first who observed that every differential equation
of retarded type may be rewritten as an infinite dimensional Cauchy Pro-
lem and this is the most appropriate method to study such kind of prob-
lems (sce for instance [12])

Our main result, that in the finite dimensional case is very much in
the spirit of K ik ueh’s works {16], [17], (sce also Va ladier [24]),
ay be formulated as follows :

Let " H C V' be three real Hilbert spaces with the norms [. |,
ol || 1° and suppose that I includes V algebraically and topologically

S



