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with the boundary and initial conditions
u(t, 0) = u(t, 1) = w{f, 0) = w1, 1) =0, 12 0;u(0,7)

has a solution which satisfies (3.13) — (3.15).

un (1) < 15 (0.
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Introduction. The time-optimal control problem has been studied by

authors under various assumptions ; and the most important results in
the area above are those of Balakrishnan 1], [2], Be iIman,
Glickshberg, Gross [3] Blagodatskih [4], Conti [8)]
Falb|y], Fattorini [10], Fric dman |11}, Halkin 3],
Kikuchi [16], [17], La Sallc [18] Markus [21]

Ihe importance of contingent equations for control problems was poin-
ted out by the remark that in wn optimal control problem with control
region ronstant, the Pontrjagin’s Maximum Prineiple may be put in the
form of a two-point houndary value problem for a contingent equation with
upper semicontinuous right hand-side. Sec for instance Cellina [6].

, I is also obvious that the equation: 2(t)= f(¢, 2()}, u(t)) a.c. on fo, 7'\,
x(0) where w: [0, T} — U isa measurable function {(under suitz_xble
regularily assumptions), is equivalent to the contingent equation: & €
e F (1. v (1) a.e. on [0, T, ¢ (0) = &y, where P, )y = U S, u).

wEU

The problem of existence of solutions of such equations has been stu-
died by Cellina |7 Hermes [14] (the finite dimensional  case)
Castaing and Valadier [5] (the infinite dimensional case) and the
conditions uscd {upper semicontinuity) may be derived from our conditi-
ons (conlinuity in the Hausdorfl metric).

. We would like to point out that we consider the infinite dimensional
ease, heeuuse this case arises in the treatement of several types of partial
differential equations (see Lions [19]) and functional differential equa-
tions as diffcrential equations of retarded type (see Hale [12]). We recall
that 1 2 1 ¢ was the first who observed that every differential equation
f retarded type may be rewritten as an infinite dimensional Cauchy Pro-
lem and this is the most appropriate method to study such kind of prob-
ems (sce for instance [12]).

Our main result, that in the finite dimensional case is very much in
1e spirit of K ikuehi's works [16], [17], (sce also Vala dier [24]),
ay be formulated as follows :

let " I C V' be three real Hilbert spaces with the norms { . |,
|, 1. |" and suppose that I includes ¥ algebraically and topologically

many

P
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and the inelusion V' C I is dense and continuous. Suppose further thay
7 is in pairing with 17 under the bilinear form < ., . >, such that the res.
triction of < ... >, to H x I is the inner product in .
Let 7 be a function defined on [0, 7] x 17, valued in the class of g
nonempty, closed and bounded sets in V' and let Mo, M, be two nonempty
closed and bounded sets of 1. K
Consider the equation :

(1) a(f)e F(t a)ae on [0, T}

A solution of (Eq. 1) is a function @ € L* (0, T ; V), absolutely conf

1
W I

tinuous from [0, 7] to ¥’ and so that @ € L2(0. T: V).

Then, under suitable continuity assumptions on F, we can assert thgf
every solution of (q. 1) that transfers M, in M, in the minimal time 7.8

must necessarely satisfy the equation :
(2) x(t) € 8F (1, 2 (1)) a.e. on [0, T\,

where &8 (¢, @ (1)) is the boundary of F (£, & (1)).

We shall use the following notations : [0, T,], [0, T,] ~ closed i
tervals on the rveal line: V, I, V', U — real Hilbert spaces; if -l is as
in a Hilbert space denote by - 4 — the closure of 4 ; int 4 — the interi
of A ; ext o — the exterior of 4 ; §4 — the boundary of 4 ; co A the e
vex hull of 4 ; if a, y are elements of a Hilbert space denote by @ 5 (2,4
— the open ball with center » and radius d; B(r,d) — the closed ha
with center » and radius d ; d (. y) — the usual distance between 2 an
y; d{xr, A) the usual distance between o and o ; if K is a set in [0, T
denote by mes ¥ — the Lebesgue measure of [

§2. Preliminary results. Let H be a real Hilbert space and let Q(H
he the set:

Q(H)y={K; KCH, 3M;>0, KCS(0,M,), K=K # &}
Denote by 0 (Ff) the set :
Qo (Hy={K: K « Q(H), K = coK]}.

For each A, B & Q(H) we put g (4, B) =inf{d; A C S,(B), BC

C 8, (4)} where for each € € Q(H)S, (C) = {J S (v, d). Itiswell knot
rel
that g is a metric on Q (H) called the Hausdorff metric.

Lemma 2.1. The mapping & Q0 (H — Q (), defined by A4 - 4
Lipschitz continuous on Q° (H) with the Lipschitz constant 1.

Proof : Let A, B be two clements of Q¢ (H). Denote by A, (respet
vely by ) the set of all points of i1 (respectively of ¢ B} for which the
exists a supporting hyperplane to A (respectively to B). Then by Bis hol
— Phelps Theorem (see [15], p. 166) it follows that 4, = ¢4 and B,
= ¢B. Consider the following sets : '
P(A, By={d; ACSy(B), BCS, (A}, Q(A, By={d; 4,C 8, (¢B), B,C o 4]
Let us remark that for proving Lemma 2.1. it is sufficient to prove the
clusion : P (4, B) C Q (4, B).

=a R
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Suppose that P (4, B) ¢ @ (4, B). We argue from this to a contra-
diction. P (A, B) ¢ Q (4, B) iff one of the two relations :
(i) there exist d = P (A, B) and @, € 4,, such that @, — ¥
all y = 0B
(it) there exist b € P (4, B) and y, & B,, such that |y,
all rie A, holds.

Suppose that (i) holds. Then for x, we distinguish three cases.

Pirst case. v, © ext B. From a well known result, we may assert :
d (2o B) = d (20, IB).

We must only remark that d = P (4, B) implies d (2, B) < d and
this last relation is in contradiction with (i) and thus a, € ext B cannot

old.
b Second case. 2, € éB. This condition cannot be fuifiled since d > 0
and . satisfies the supposition (i)

Third case. v, € int B. As ry © A4, it follows that there exists a
supporting hyperplane IT to 4 at @,. Then, Il divides H in two halfspaces
H, and H, so that 4 C H,and B NH,# . Let y, he the point in which
the normal to I at a, intersects ¢B n H,. Then : d{ry yo) = d (-, yo).
But {i) and the last relation imply B (yo d)n 4 = &. Now let us remark
that 4 & P (4, B) and the condition above are in contradiction,

If we suppose that (ii) holds, we argue to the same contradiction
using @ similar proof. Thus nor (i) nor (i) can hold and this completes the

roof.
g Remark 2.1. The mapping ¢ : Q (H)— Q (H) defined by 4 - d4
is not Lipschitz continuous, as we can state from the following exemple :

Exemple 2.1. Let us consider in the two dimensional Fuclidean space
the sets .4 =B (0, 1), B=ANS (0) where § (0) is any cireular sectorof A4
with angle 0,

Then, for 8 € (0, ©/2), one has : g (4, B) = sin? and g(¢d, ¢B) =

> d for

x| > b for

But, for all 6 = (0, =/2), ¢ (4, B) < ¢ (é-, 8B). Thus, we have proved that
Lemma 2.1. cannot be extended nor in the finite dimensional case.

§3. Approximate continuity. Let H,, I, be two real Hilbert spaces
with the norms || . |, and || . ||.. Let Q (H,) be topologized with the Haus-
dorf[ metric.

Lemma 3.1. Let F:[0,T] x H,—» Q(H,) be a function that satis-
fies the conditions .

(8) For cach bounded set M C H,, the families {F (., )}:exu and {6F (., )}cen
are equicontinuous at t, € [0, T];

(b) The functions @« — F (1o, ¥) and 2 — 3F (1,. ¥) are continuous on H,.
Suppose that there exist @y, € H, and y < H, with the property : y <
€ int F {t,, &r,).

~ Then, there cxist ¢ > 0, 8,>0and 8, > 0 that verify together - 8 (y, ¢)C
CintFit,2) for all t € [0, T], |t =1, < & and for all 2 € H, with
|:T Ayl < 82.

k. Proof : Since y = int F (1, x,) it follows that there exists ¢ > 0 so
a
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3) d(y, i F Ly, 2y) > e, and 8 (y, 2/3) C F (£, @)

The conditions {a) and (b) imply that there exist 8, > 0 and 8, >0
which for one has -

{4) Pt ) C Sou (F 2y F (G 2y) C© Sen (0F (L)) and
{3) Bt ) Sea (Bt wa)) i 600 (1 2)C Seys (08 (L, @),
for all t = [0, T). 't t,| < & and for all » = I, with [[& — @, |[; < 8,

Suppose that there exists a pair (¢, 2) which for (4) ~ (53) hold ang
there exists ¢ = II, |
s0 that -

(6) ¥ oyl < gyfsand ' & F (L, @) hold. 5

- Hilbert spaces with the norms | .
mentioned in Introduction. Let £ : [0, T'] X V — Q (V') be any given func-

We argue from this to a contradiction. From (4) it follows that there §
exists y” = F (1, &) so that || 7 — y" |l. < &/3. Since F' (¢, x) is hounded '
the last assertion is cquivalent Lo g =ext I (f. @) and rom the relations
above one has: d(y'. ¢ {1, 1)) < /3. Then, it follows that there exists
Yo € éF (L oa)so that |y — iy |la < /3. From (3) one may state that there
exists g, € dF (fy, »,) with the property |y — y, |l: < /8. Now, from
the last relations it follows

(7) y

where y, & ¢F (f, w,). But (3) and (7) are in contradietion.

Thus. we have proved that the initial supposition is false and now
one may conclude that for every f and @ for which one has (+) and (5), and
for every i & H, with |y — i’ [ < /3, the relation y € F (4, x} holds,
As the condition above is equivalent to the assertion : 8 (y, &/3) C int
F ot ) for all f €0, T}, 't —t,| <3 and for all @ € I, with ||z -

Yrolla < €g/B - £4f3,

— 2,1, < 8, the last relation completes the proof.
Let 72 [0, T'] be any measurable sct.
Definition 2.1. ¢, = [0, T') is a density point of E if :
oomes (K ! 3, 1, + 38
(8) Tl Al o+ 8D

28

3.0

. Theorem 3.1. Almost evcry point of a measurable set E is a densily
point of K ([22] p. 229 —231). 3
. Let f: [0, T|— H be any function and t, € [0, T'].

Definition 8.2. The function f is approvimately continwous at t, if thet
exists a measurable set £ C [0, T|, so that t, is a density point of I and th
restriction of f to K is continuous ab f,. ;

Theorem 3.2. Let f: [0. '}~ II be any measwrable function who 1
addition is almost cverywchere finite. Then f s almost everywhere approxima
tely continuous on 0, T)].

Let us vemark that Luzin’s Theorem holds even for measurable an
almost everywhere finite (in the norm) functions from [0, T') to any 1€
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plitbert space I (see [23] Theorem 2.1.). Then, the proof of Theorem 8.2,
is similar to the proof of Theorem 2 from (22] p. 220 —231.

Now, we are able to prove the main result of this paper, the Theorem
4.1,

§4. Time optimal control problem. Let ¥ H C V' be three real
I, | .1, Il .|| that satisfy all the properties

tion and let M,, M, be two closed, bounded and nonempty sets of V.

Definition 4.1. A time-optimal solution of (Eq. 1) that transfers M, in
M, is a solution x: [0, T.]| -V that satisfies :

(0} z(0) € My, «(T,) € M,

and so that, for every 0 < Ty < T, and for every solution y: [0, T\ ] V of
(Eq. 1), oné has -

(10) y(0) & M, or y(T,) &€ M,

Definition 4.2, We say that the system defined by (Eq. 1) is normal
if the Sollowing condition is fulfiled :
(Ny If @ : [0, T,]— V is the time-optimal solution that transfers M, in M,
then for each t € (0, T,), the restriction of x to [0, t] is the time-optimal solu-
tion that transfers M, in {x (t)}.

Remark 4.1, Tt is obvious that cvery autonomous system is normal,
but the class of all normal systems contains also non-autonomous systems.

Theorem 4.1. Suppose that the system given by (Eq. 1) is normal and
the folowing conditions hold :

{a) For each bounded set M V, the families {F (-, 2)}cen and
{6F (-, 2)}.ex are equicontinuous on [0, T,].

(b) The functions @~ dF (1, x), - OF (1, 2) are continuous on V.

Let a:[0, T,] = V be the time-optimal solution of (Eq.1) that trans-
fers M, in M, Then:

(11) @ (t) = oF (t, z (t)) a.e. on [0, T,).

Proof : Denote by A4, theset : 4, = {t; t = [0, T}, z(t)eintF (¢, x
())}. We shal prove that 4, is measurable and : mes 4, = 0. Denote A4,
the sct: A, = {t; t=[0, T,), a(.) is approximately continuous at .
Since w = L2 (0, T,; V) it follows from the Theorem 3.2 that: mes A4, =
=T, Let 4, be the set : A, = {t; t = [0, T, there exists lim [@ (¢') —

1Y

—ax{f)] (' —¢t) in V'L

Now, one may casy statc that:

mes (A4, A;) = T,.

Let B be the set of all density points of the set 4,4, belonging
t0 4,1 A, Then, from the Theorem 3.1 it follows :

18)

12)

mes B = T,.

= Matematich
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Let £, be any point of B. We shall prove that ¢, cannot belong to 4,
and thus, mes 4, = 0.
Suppose that t, € A,. We argue from this to a contradiction. If ¢, &

e d4,, then ¢, satisfies simultancously : @ (&) € int F (&) @ (t,)), lim [@ (1)~
it

—x (L)) —t,} = # (&) in V' and there exists a measurable “set d,.ch

C {o, Tol], so that f, is a density point of 4, and the restriction of x at 4,
is continuous at f,.

Let us remark that the first relation above is equivalent to the existence}

of g, > 0 for which one has : § (a,; (o), €4/3) C int F' (4, x(1,)). On the othe
hand, the econdition {b) and Lemma 3.1 imply that there exist 3, > 0 and
8, > 0so that:

(14) S (7 (1), &/3) C intF (1, x (1)),

forallt € [0, To), |t —t,| < and foralle & Vwith]le —2 ()] < 8,

Since {; = A, A, using (12) one may assert that there exists ¢, >
>t s0 that: |4, —& | < &. @ () —a(t) |l < & and [x(t) — 2 ()], (4~
t) € S (& (t), €f3). From the last relations it follows :

S (‘T" (to)’ 80/3) C F (tla €T (tl))'

Denote by W the st : IV = § (x (t,), &/3). Then, (13) may be e
written as follows : W C int F (¢, « (8,)).
Let us consider the problem :

(15)

(16) { y(t) & W a.e. on [t, 1],
ylty) = a ty)
Let y,: [tt,] = V. be the function :
t — 1 t —1¢
(7) 7 (1) = [1 ——-——“] v () ++= 2 ).
tl_ tO tl_ 0
Then y, is a solution of (16) and y, ({;) = x (,).
Le us remark that
(18) |Ea {t) — @) () —a (t.,)'*= [t:—t, . i’c (t) — 2 (L))"
-’ t, — to s~ 1, ty—ts

Then, from (13) and (18) it follows that there exists ¢, <#, < {, su
that :
z () — a () e W,

19
(19) P—
Let y.: [t 1.] = V be the function defined by :
i —~1 t —
(20) b0 = (1= e )+ = e )
t;— i, t:"'"‘ [

fers
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As 3. Is a solution of the problem (16) on f#, f.], as || 2 (£;) —y. (¢) || <
< 3,. the condition (14) implies that . is a solution of (Eq. 1) on [, ¢,].
Now, let us remark that the existence of y, is in contradiction with the nor-
mality of the system defined by (Iiq. 1). Indeed, one may conclude that
yo Is 0 solution of (Eq. 1} that transfers @ (#) in x (£,) on [t, ¢,]}, where ¢, <
< t,. Thus, it follows that the supposition #, € 4, is false and consequen-

vy mes A, = 0 holds, as claimed.

Theorem 4.2. Let F: [0, T] x V- Q* (V') be any given function.

Suppose that the system given by the (Fq. 1) is normal and the following
conditions hold :

(a') For each bounded set M C V, the family {F (., 2)}:ex is equicon-
tinwous on [0, T'y).

(b"y The function x— F (8, ) is continuous on V for all t € [0, T,]
Let 2 : [0, T\] =V be the time-optimal solution of the (Eq. 1) that trans-
M, in M,

Then x satisfies the (Eq. 11).

Proof : As F satisfies (a’) and (b’) it follows from Lemma 2.1. that
F satisfies all the hypothesis of the Theorem 4.1.

Now, we are able to give a Theorem that improves the Theorem 4.1.

Theorem 4.3. Let Fy: [0, T,) x V> Q(V'), i =1, 2, be two given
functions. Suppose that the system : z (1) = Fi(t, © (£)) is normal and the follo-
wing conditions hold :

(a") F, satisfies all the conditions of the Theorem 4.1.

(b"y Fo(t,2) C intF,(t, ) for all t = [0, T] and =z = V.

Let @ : [0, Ty] — V be the time-optimal solution of the equation : z {1} <
e F, (¢ x(t)) ae. on [0, T,] that transfers M, in M,.

Then x s also the time-optimal solution of the equation :

z(t) = F, (t, x (1)\F: (1, 2 (1)) a.e. on [0, T,] that transfers M, in M,.

The proof being very simple is left to the reader.

Remark 4.2. Now, it is obvious that the conditions (a) and (b) in the
Theorem 4.1. may be substituted by the following conditions: “the
exterior boundary“ of F (., x) is continuous on [0, T;] uniformely
on every hounded set M C V and "the exterior boundary* of
(t, .} is continuous on V¥ for all t [0, T'].

§5. Time optimal control for evolution equations in Hilbert spaces.
et ¥ be a real Hilbert space with the norm | .| and U another real Hil-
ert space with the norm | . [Jy. Denote by L (V, ') the class of all linear,
ntinuous operators from V to V', Let U, = Q (U) be any given set and
nsider the equation :

1) 2 () + 4 ()z (1) = BU, ae. on [0, T

ere: 4 (1) € L (V, V'), while B is a linear, continuous, surjective and
ertible operator from U to V' whose inverse is continuous.
Suppose that 4 (¢) satisfies the conditions :

) i~ A (1) is continuous in the topology of L (V, V') on [0, T,].
J A" < 4|zl for all @ € V, where A > 0 is independent of L.
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Consider the equalion :

(24) 2 () + A (e () = Bu () ae on [0, T.],

where % may be any measurable function from [0, T,] to U,

‘Theorem 5.1, Let the system defined by the (Eq. 21) be normal und sy
pose that U is separable and A (1) verifies (22)~(23).

Let @ : [0, Ty] — V be the time-optimal solution of the (lig. 21) thal tran
fers M, in M,. Then :

(i) There exists a measurable Junction w:
(@, 1) verifies the ((Fq. 24) and :
(ii) u (¢) € ¢Uy ae. on [0, T,

P'roof : (i) As U is separable and - (1) satisfies (22) ~ (23), one m
use the Theorem 2.2. from [20] and we state that (i) is a direct conseque
of the above Theorem. (ii) From the Theorem L.1. it follows: w (t)
e o {— Az BU,) a.c. on [0, T,]. But the last relation is equivg
lent to:

 +.
i

[0, T,| = U, such that the pg

(i}

7.

a () = BU, - A () (t) a.c. on [0, T,

Now, it is easy to sec that (25) implies (ii) and this completes the pr

Exemple 5.1. Let Q be any open and bounded set in B* with suff
cient smooth boundary I' and take V =11, (Q). [ = L* Q). V= H
and A ({) = — A (the notations heing those of Lions [19]).

It is well known that — A : H} (Q) - 11 (Q) is the natural g
morphism between Hf (Q) and H™ (Q). Let U, C H () be any bound
and elosed set with nonempty interior and consider the problem

[ a (1)

"

! |
—dr(t) € U, a.e. on [0, Ty,
it
I €& (O$ E) = ¥y (E)a & (7‘0! E) -
€ (t! &) !l." = 0.
Let 2 be the time-optimal solution of 26) that transfers in

[0, T',]. Then there exists a measurable function u : [0, T')]— ¢U, su
that the pair (2, %) verifies :

o (t)

= A ()= u (1) a.e. on [0, T},
7]

(0, 8) = ay (&), ¥ (T, &) = {2),
€T (f. E) '11 = 0.
IPor similar results in the case in which U, is in I see for instance [
and [19] Ch. 3 §17.3, pp. 273 ~280.
'The most part of the results of this paper have been anounced with
proof in [25].
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