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oN THE EXISTENCE AND ASYMPTOTIC BEHAVIOUR OF THE
SOLUTION OF A BOUNDARY VALUE PROBLEM

BY

N. CALISTRU

1. Introduction. We consider the problem

a | ou an
Lu = ) — | -+ g{ey— = f(f, >, u, uy, Uy Ny, Ugy)s
" [P R a0 = e
(2) % (0, ) = u, (), 0T a
(8) st (£,0) + B, (1,0) = 0, e (t, @) - Bau (f,a) =0, t20,

where #, ¢ are independent variables ; ¥ = u(¢, @) is the unknown function,
Uy, Uz s Uy ave the partial derivatives of w; p, g, f, u, arc given func-
tions and a;, ., B, B, are real constants which satisfy the condition

(Tor ]+ Bal)(fee! +1[Be]) >0,
In an carlier note, [+], we have proved an existence and uniqueness

theorem for (1) — (3).

In this paper we shall give an existence and global uniqueness theo-
‘rem for the solution of problem (1) — (8}, in which the behaviour of the
“solution for {— -+ oo is a priori given, Among the first results in this
way have been stated and proved two decades ago, in conncction with

the Cauchy Problem for ordinary differential equations [1], [2], and for

Pfaff’s systems [3).

2. Existence, uniqueness and asympiotic behaviour of the solution of
roblem (1) —(3).

First, we specifv some notations and hypotheses which will he used

hroughout this paper. We note by « and = two positive numbers, the
irst is arbitrarily fixed (but finite), the sccond is arbitrary, finite or not.
¥y R* we denote the 5-dimensional Euclidian space, endowed with the

orm || .|| = |.[; defined by |z|; = ﬁ |z ], for every =z = (2, %2 2
il

y za) s R,
For every function o (¢ @) continuous together with its partial de-

vatives o, , @,, Qu, Pz, We denote
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ot a)lly =1 9t @)1 4 Lol @} | - Loty @) 3= [ 2 (b bt 40 e (B @) | dpoids. for & S [0, a] and =+ w. _ ‘
Proof. Let 8, () be the set of functions 5, 2./ — R, continuous

for cvery () fixed. Finally, with 4 and B we dengte thegscts, together with their partial devivatives o0 %, . 2,0, 2. . and satisfv the
A={0gt <1, 0 0vsa and B = 4R Ircl"“”" {5

Now, we consider the problem (1) (3) under the following hypotheses . '(7) j o (8, ) Iy =60 (cxp (x S 2 (s) ﬁ’x]} .
(L) a. p = C ([0, al), g < C([0, al}, wta = C2([0, a]) and ' '

[\]

. ) . , d el o= [0,a] and £ o> <
ity (0) - Bty (0) = 0, 2qtty (@) + Butty (@) = 0, ( h ,_1_1)’ " l’l‘h(‘ set 8, (1) is a linear space. As in [2], we eonsider the norm
b. The problem [
d dy 8) 9 == sap { p{f. v} |y exp ( —x S bos)ds )} .
+ W= —ple)=|-| gy =0, ( Y- )
(+) Qy an () 2N+ g1y o )
{5) oy {0) -F By (0) =0, wuy(a) + By’ {a) =0 It is easy to verily thal S, (.f) is a Banach space. We have shown,

(see [+ that problem (1) —(3) is cquivalent to the problem of finding
contintous solutions 2 {¢, 1} which admit partial derivatives e, w1y
continuous, of the integro-differential equation

has only the trivial solution, and the operator @ subject to the conditions,

(3), admits a Green’s function G (z; &) for &, £ = [0, a]. 1
T

. p@zPe>0, [pla)l< P, [q(@)]<Q, ; ‘
Gr;&) i< H, |G, (v;8)<H, () R N R R A VA CE AT ERE LS

or all , £ = {0, al. (P, P,, Q., I arc nonnegative constants).
(H,) f = C(8) and furthermore :
a. There exists a nonnegative and continuous funetion A (s) defined

on [0, - a), such that

- where
Forow(t,a)) = ot ma(lor) u {t, w), v (L) (i tn). e (1 0),

Now, we consider the operator 77 defined by

| f(tx,2) —f(t, ""az)l < Mt a) = Hzlils o !
for all z, = = R _ ) (Tar(n ) =)+ \ G\ P s e sz,
b. Thereexist threereal numbersa > o, K2 0and 7,0 = T < = b q, o )

for every = = 8§, (1), and we shalt show that all hypotheses off Banach’s
fixed point theorem hold.

First, we shall prove that & maps S, () into S, (1), Let o = .5, ()
and let @ (1, 2) = ("To)(f, ») be the corresponding image, ic.

such that

[+

Lf (6@ 0) € KA{t+ @) exp = S » (5) d.s'),

\

for everv @ = [0, a] and ¢ = 1. (5 is a real constant which will be defined ; . ) ’ e L . -
from below by the rclation {21)). 11) Dt x) = wa (&) - g(r (v:Z) gl' . & 2 (754)) d=ds.
Theorem. If the hypotheses (11,), (1).) are satisfied, then there cuxish B N

a unique function o(f, ¥) continuous, with partial dertvatives ©,, ©,, Paus
Przs Qe continuous for (¢ @) € A, which fulfils (1) —(3). In addition,
the estimation

At every (£, #) & ., the Function O (£, r) is continuous together with
$ partial derivatives :

(6) ot @)l =0 (exv( «{ 240 d-s-)) : o0 =\Guaree e,
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4 :
a t for all @ = [0, a], there exist constants L,, L., 0 < L,, L, < 4+ oo,
e et ng(T; E)S F(rE p(5§)drds, such that g. (1) <Ly, At ay< Ls, for £tz 0, = [0, a].
5 . I'inally, because of
" ' 1z
c ot v, oft, ¥ € MR ) et a) 4+ KNE+ o) expla S nis)yds| <
14 (1).1 t; u = Gz 5 E F I(f: T, -?(f ?))l <
(14) o ={aearaeea, 0
’ ‘ i+
" 1 -
(15) D, (4, ) = ul (2) 4 SF(:, 2, 9 (v 2)) dx — <ol +K) 2+ ) exp(at S 3 (s) ds)
pl). )
t for every (f, x) € A, we have:
4z

__S“ p'(2)G. (x5 E) + q ()G (v E)
p ()

=

0

By virtue of hypothesis (H,), we have

(16) 1O (1, 2) [l = | wo(a) s + 2H S LF(t, , o(t, £)) | dE +

+ H (2 + Py (P + Q) SlF(r, £ 7 (+, £)) | d=dk +

»

St

I
L Png F(s, 05, 2)| dr,
0

for every (t,x) € 4 fixed

For the estimation of integrals from (16), we shall use (8), hypothesis

{(H;) and the functions g, (1), g.(t), & (¢, z) defined by

[ t+a

g () = exp (a:g 2 (s) ds), g2 (t) = exp (oc g A (s) d’s) —1,

ht, &) = gcxp (atgal (s) ds) dE,

t+2

for tz 0, r s [0, @]. Evidently, g,(t) is continuous, nonnegative al
nondecreasing for ¢ > 0, g.(f) and k(¢ 2) are continuous and nonne

tive for ¢t > 0, = [0, a]. Since

lim g,(t) =0 and limA(t, ) =a

et Y-

SF (=, & o (= £)) drdZ.

a {1Fe g e 01 dz L”—‘*’M exp(ms " (5) ds] ,
l: K t+z
i (1P oo a)lds Jei el exp(:x RCL
al : _ K f+x
(19) SS | F (z, & o (5, &) | ded’ < L, - ﬁ’—ai—ﬂ exp(a S 2 (s) a's) .

The last three relations permit to cstimate the right-hand part of

(16) in the following form .

f o 1econs (n wl+ el + K)) exp(a | o) a’s) :
. L]

for every (t, ) € 4, where o is the constant defined by

(21) o = 2H (L, - L) + Pgt (1 + HL, (P: + Q) )-

(This is the constant which appears in hypothesis (H,)). The rela-
tions (11) — (13) and (20} show that & =5, (4). .

~ The proof will be finished il we show that the opprator"C is a
contraction. Indeed, let @, & = 8, (4), and ® = Te, ¥ =Ty Then,

a

1@ a) —W(t, 2l < QHS |F(t, % 0@ EN—F(LE¢(E)Id+

0

¢
[

f

+PJ’SIF(1, v o(na) —F(nzd(ma)de+
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)

¢

J II (2 S F o) E.’ ?: (7’ E;)) - I" (‘.‘, E,
0

Pyl (£y 4 Q) 4

& ey

[+ q l:l’ N
<%l — 9l exp(a. { 7o s).
x . }

(1]

-

=

Hence, for every ¢ 2 0, @ = {0, o],

t
IS

| Dt x) =W 2) ], < exp ( — %

L 4

(=, 2))  d=df g
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MAJORANT PROPERTIES OF SOLUTIONS OF
DIFFERENCE EQUATIONS

oy

5.B. JAIYESIMI

¥ e
6 : |
and by, (5) |. Introduetion. Consider the (r 4 1} order equations
a (1.1) i {2) = 1B, (1), 120, 4, (0) = C, yo (»)=11(3), » a parameter.
D, ) Vg 2 |lms—2 5 | ‘ . ‘
v = * Bl \ purcly analvtic solution of this equation has been found {1].
i i A rapidly convergent computational techniques was developed, transfor-
Since 2 > o, 'C is a contraction. o e given squation (1.1) to
40 R . .
(1.2) ayke, =Bt rz 0, k2L
e In order to generalize the results it 1s desiml)lc,.firsl to discu:r;ss the
characteristics of certain majorant cquations and their solutions, We the-
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Sur Uevistence ef le comporicinent asymptotique dos solulfons d'une

Asupra evistenfei in meare a solufitlor sistemetor de cewatii Pfoff complet
integrabile si a comportdrit lor asimptotice. Studii si Coveeliri wlifntifice, Tasi

consider an arbitrarilv high order equation, which is a generalized
form of (1.1}, given by

o

Yul2) — i i () Y i (1) = 2lfutr {2},

—_.’f()\).

1), in general, is a majo-

F>0, n2 0, y,(0) =C, yo(2)

We proceed to show that the solution of (1.
rant of that of (1.3} ) )
2. Majorized equations. We again consider an (m -+ ) order diffe-
rence equation in o more general form but with a single parameter X. This

is of the form (1.3). Suppose 3 constants w; > 0 wn) € iy 1S oS m
Then we ean write

M

2.1) g =y py®, = s, r>0, 220
jml

For j 1,2,....m —1, let

(2‘)! 1)1 > 0, IS — 0,

We note that, since all quantities are non-negative,
SV C T = | T

0 ]1 < 0.

»

)y



