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;s_\].\"l‘-VENA‘.\'T’S PROBLEM ¥OR NONLOCAL ELASTIC SOLIDS

BY
. CHIRITA

{. Introduction. The basic equations in the linear nonlocal theory of

elasticity was presented in various papers (see e.g. Kroner [1], Erin-

en [2])}. Some boundary value problems concerning this theory are con-
sidered by Eringen (8], E delen [4], Chirita (3]

In this paper, we consider Saint-Venant’s problem in nonlocal
theory of elasticity and we extend the results obtained in the classical
elasticity by Tesan [6]. Firstly, we define the plane strain and we prove
the existence theorem for a plane boundary value problem. With the help
of four plane strain problems we solve Saint-Venant’s problem. In
the last part of the paper we study some special problems. In the first of
them it is interesting to note that the displacement distribution is the same
as in classical elasticity.

2. The basic equations of nonlocal elasticity. We consider a nonlocal
elastic inhomogeneous anisotropic medium occupying a region V of the
three-dimensional space. Suppose the region to be referred to a fixed rec-
tangular Cartesian coordinate system @y (k =1, 2, 8) and let us denote
by « the point (@5, s X3). Throughout this paper, unless otherwise speci-
fied, we shall employ the usual summation and differentiation conventions ;
we eniploy also the usual indicial notation, Latin and Greek subscripts
having the respective ranges (1, 2, 3) and (1, 2).

" In what follows, we consider the linear nonlocal static theory of
elasticity. Therefore, if u denote the components of the displacement vee-
tor, then the components of the strain tensor are given by

{2.1) €1y = ;(“u + t,4)-

The constitutive equations, which characterize the mechanical res-
onse of the nonloea! medium, are assumed as follows

tiy = Coyubut gctfjkl (x, 2)eq () dV(z),

v
ihere ¢, are the components of the stress tensor. The local elastic characteris-
$ Cyypy () and the nonlocal elastic characteristics Clpy (7,7) satisfy the
mmetry relations

8) Cig = Cuy = Cines C;jkl (z, 2) = Cii (2, @) = C}:ki (@, =)

2)
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it f, are the components of the body force vector, the equilibriug Thie plane strain problem consists n the determination of the funcliors
equalions are . ’ i (e T2} which satisfy the cquations (3.4), (3.6) on I and the boundary

i litions (3.7) on L.
2.4 t - f, =0, in V. cont ! ! . _
£ s i In what follows, we suppose the functions fi ¢, Ci and Gy, to
Let us assume that on the surface &V of the region V, we have thi pelons to C~. We assume that the domain X is C--smooth (Fichera
boundary conditions 7)) Using the notations
{2.5) Lyng =1,

w = (), f={fi) Auw = (Lpg,
where £, are prescribed  functions on &V, and ny arc the dircetion cosin 0 _ é éuyy O f = TH ,
of the cxtcrilor normal to ¢V at a. (3-8 Ape = A [Cizka E_;} " an \szx-a (@', = )7,' do (27},
3. The plane strain. Auxiliary plane strain problems. In the remaing e sl s s
of this paper, V denotes the interior of a right eylinder of the length I wi
the generic cross-section X and the lateral surface B. We denote by L th
Loundary of the generic cross-section X.
We assume that the ay — axis is paraliel to the generators of V agf
r.@, - plane contains one of terminal sections. Let V' be oceupicd by g
inhomogeneous and anisotropic nonlocal elastic material for which th
clastic coefficients are so that (sce Iesan [6], Kringen [3])

Ci = Cijy ('),
Cir (2, 2) = Gy (2, 2) S(ay — =) @ = (@, @)y 3= (2 %),

the equilibrinm cquations can he written in the form
(3.9) Aw = f, on X.

It £ = (), 1du) =t = (t:), then the boundary conditions
| (3.7) become

(8.10) t(w)={, on L.

(8.1} The tolal energy

where § is the Dirac measure. In view of these assumptions, the constitutive
equations become ;

(3.2) i‘j — C(ﬂ‘-‘ (J}') [4Y] + S (!‘”“ (J.”, z’) [49] (3', -'1’3) dO' (Z') .
p

W(u)= le e do = g Crup €ix €ip do -
> b

- (311}
-4- R RGMB (', 2') €y (2) €45 (2') do (') d55 (27),
Tz
We define the slate of plane strain of the considered cylinder to be
that state in which
(8.3) = ugfe’).

consists of Lwo parts : one is duc to local cffects and another to nonlocal
effcets. As in classical theory of clasticity we assumc that the internal
energy density duc to local effcets is a positive definite quadratic form, i.c.

i
\With this in mind, the constitulive equations (3.2) takc the for (312) Cigks Con €3 > Cofix Crzy (€0 == cONSL., € > 0)
At Tk x =k = fx Vix . Fley .

(8.4) tie = Cip trp + RGMG (', z“)(—;"—" do (z'), Morcover we assume that the global energy duc to nonlocal effects is positive.
. Zg In view of the relations (2.3}, (3.8) —(8.10) and using the divergence
£ . theorcm, we deduce
U,
3.5 by = Cupn Uy }—\G.. a e, o “Tda (¥), !
(8.5) - 2 SR e ) iz (=) (8.13) Sv;luds = 2W (n, v)——th(rL) ds,
‘-1' " » L3
b L
so that ¢;, are functions only on 2, and .. The equilibrium equations become )
(3.6) teew +fi=0, on %, S(v.-hc. — udv)de = \(ut(v) — vt (u)) ds,
and the boundary conditions on B, take the form z “
(3.7) b, Ny =f,, on L.

2W (1, v)= gtw (1) ey, (v} do.

«
-

From (3.6), (8.7) it follows that the functions f; and f, must be independ
of x,.
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If «0 is the solution of the homogencous boundary value problen
(3.9), (8.10) from (3.13), (8.15) and the above hypotheses it follows thay

(3.16)

where, a;, b are arbitrary constants.
Let us consider that we have reduced the boundary condition
(3.10) to the homogencous condition

{3.17) t(u) =0 on L.

To prove the cxistence theorem for the boundary value proble
(3.9), (3.17), as in [7], we consider the system

(8.18)

W = a, b bry, 0§ = @ —bay, 3 =qy,

A - pote = f,

where p, is any positive constant. We consider the problem (8.18), (8.17
and we denote by H,(Z) the function space obtained by the functiona|

completion of C* (Z) with respect to the scalar product

(4, o1 —-SI)"u Drvds, (0 € s < 1).
T

It is easily seen that the inequality to be proven in this case is the following
(Chirita [5]):

Rciaka €10 (V) &xp (V) do -t
(3.19)"

§ {Guales ) eu (ot o) date Yot f

£E

+Pogvivtd5 2clvi|t, Vo= H(Z)
E

If we use the second Korn inequality

(3.20) Seaa (09) €0y (09) dor + {0 2 do > 2|0 I, V= (03, 0, O)
T r
and the inequality

(8.21) Reaz (v'¥) e, (V') do + Rvg do > i]l o |3, viP=(0, O, v,), 4
5 % ‘

from (3.12) it follows (3.19). Thus, the boundary value problem (3.182;
(3.17) has only one solution which is €= in £ (Chirita [5]). The ope:
rator (3.8) is formally seclf-adjoint, so that a C=-solution in Z of th
following system
(3.22) Au + pu —ru=f,

with the boundary condition (8.17) exists if and only if
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(3.23) R.f.- pi do = 0,
T

where s, is any solution belonging to C~ (£) of the problem (3.22), (3.17)
with f= 0. In particular case, when A = pg, the only C= (X) solution of
{he homogencous system is (3.16), so that the boundary valuc problem
(3.9), (3.17) has solutions belonging to €= (X) if and only if

Rf‘dcr = 0, S €3an T fo 40 = 0,

b3 =
where g5 18 the alternating symbol. N

It is casy to show that, in the casc of inhomogeneous conditions
(3.10), the conditions (3.24) are replaced by

(3.25) Rf‘ dO’ - g 'Z.‘ ds = 0, gsﬂaﬁ "Olfﬁ do “}—R E3ap ‘ra-{ﬂ d.S‘ = 0.

.

(3.21)

b 5 b

Thus, the boundary value problem (3.9), (3.10) has solutions belonging
to C* (£), if and only if the conditions (8.25) are satisfied.

In what follows, we will use four special problems P® (s = 1,2, 3, 4)
of plane strain, characterized by the equations

Sy (2] P! {f)
(3.26)  off = Ciug 5 + RGMB (o, ) da ('), (s=1, 2,3,4),
(jd’ﬁ i BZB
(B) 9 ’ ¢
(3.27) O'ai,u + (C!gmlrﬁ)ya + -57 Gi»zaa (ﬂ, » ~ )ZB dG (Z ) = 0,
(L) =
(8.28) i + Coma + 2= | Cuan (@ ) d0 () =0,
a 1 r * ’ .
(3'29) co(ldi:u.“"_ 53%5{ (Ciz).:; ‘Ta)m + ‘a?g(lia).a ("E » 3 ) Zg do (Z )} = 0’ on L,
“E

and the boundary conditions

{3.30) 6 n, = — Cun 25 e — nagGi,ga (v, ')z do ('),
(8.31) @ n, = — ComMa— na\G,m (@', ¥')ds (2'),

11

(832) of n, =

Enp fnm[C,am T +S Gios (', 2') %5 do (z‘)‘I , on L.

z
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Obviously, the necessary and sufficient conditions (3.25)} for the existence We try to solve this problem assunimg it
of the displacements v'” in the problem P are satisfied. Thus, we can . 5 1 '
g 1 e (%) . s ) o fp "
consider that the functions v{" and ¢} are determined., ISR . S -—-(.’n - f‘l-T':.)E:-,,,q g Tt Y (Bt earg el A, (i Ta),
If we use the notalions E A j & ae1
b % ! ? by by e by l(c' T NP B PN I -
rﬁ'” - Cc‘;:m g -+ Cu:r;(-lf s 2 )33 da (-‘5 ) + O':J-’ ), (}_7) Mg (11 Po=in Ozl LT R S frfia s 3} g

4

-]'- E (hc i- “"r.'l) E.:.!l‘l : 7"3('1‘1: J‘:),

19 = Cum 7+ \Gim (¥, ') do (') -+ o}, oyl

(3.88)

[y R S P

where 147 are the components of the displaceient veetors from the auxi-
! Gl N gy . . 8
ane strain problems, be cos — 1,2 B £) are unknown constants

fiary 1) .
1 = £ ]Ci,_. - ‘G sty ') 2 da (2 1 4 oih 1o, (. a2)arc unknown funelions, ) .
N 3131 n e e )z do ( )[ v B \(\'i;h the use of (2.1), (3.2) and (4.7) and reealling (3.33) we obtain
b
4
then, in view of the relations (3.26) — (3.32), we cbtain (+8) 1,y = wig - X {De b cary) 15 i
(‘.) _ E =1
(3.34‘) rm.u 0? on ’ “'h(‘l'C LN
(8.35) p, =0, on L, (s=1,2 8 4). (89) s G W &(;, il :.']“f da (=),
Using the relations (3.84), (3.35) we get ) —

(3.36) Rtf.,‘; ds = 0.
|

z

4
(']'.10) ]}rn — Z o 1 C":L': 1'1:; R CU“‘- { ]J? ;r) T;-‘” (:’) dos (",)
y =1 '
4. Saint-Venant's problem. Wec suppose that body forces are aly sent

With the help of (3.34), the cquilibrium equations reduce to
and the lateral surface is free of applied tractions. Thus, the equilibrium

equations become .(4_1]) mpie =0, o

(4‘-1) t}l',j — 0, “'ht'l‘t‘- )

and the boundary conditions on B are (4.12) Foom b, + % eds.
rel

(4.2) bpity = 0.

Taking inte account the relation (3.33). the houndary conditions
Let thc loading applicd on the end a, = 0, be statically equivalent (4.2) beeotiie
to a force B (R,) and a moment M (M;). On the end 2, = 1 there are applied
tractions in a way which fulfills the equilibrium conditions of a rigid body.

{4.13) T By = P ON L, {+.14) Pi — fng.
Thus, for @, — 0, we have the following conditions :

Thus. the functions v; are the components of the displacement veclor

43

i i 5 LSy suffi-
— in the planc strain problem (4.9), (£.11). (L13). The neeessary and su
i Rtam s (4.4) ‘tﬁ do = — Ry, gient conditions to solve the above problem are
(415) SI",-ric - Rp,ds = 0, gahﬁ r, Foods \53,5 T, g ds = 0.
{4.5) RT“ L do == € My, (4.6) g €305 To bag do = — M. J . - .
® po

Using the relations (3.36). (4.12) and (4.14), it follows that the first
wo conditions (4.153) are identically satisfied, while from the remaming

Our aim is to find the solution of the problem consisting of the equa- Lo
onditions we get

tions (2.1), (8.2), (4+.1) and of the conditions (+.2) (1.G).
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(4.16)

From (4.3) we deduce

4
Y Ruee=0. (r=3, 1)

L

4

(4.17) Y Kpea= —R,,
a=1

where

~

(4’18) I{I"' s \ Ty t:(!?i] (]O', ‘r(:!s = “ i:(l;) (1‘0', Kq' — g EJT..'.'! J'n ﬂl.& (IG‘.

.
- a v

As in [6] we can prove that det (K.) # 0, so that lhe svstem (4.16), (4.3
determine umiquely the constants eq{s = 1, 2, 3, 4). Thus the conditiop
{+.13) arc satisfied and in what follows we assume that the functions ¢
are known.

From the conditions (+.4) — (+.6) and using the relation (4.8). we gy

(4.19) i Kobs=g, (r=1,2 3, 1),
where o
8, = —R.’l:“ (=n + hyg) do | g4, Mg,
(4.20) z
g = —\(fnthn) do— Ry, g = g €ag s (Tag + Mg} do — My,

=
= z

The system (4.19) determine uniquely the constants b.. Thus, the problem
is solved.
As an illustration of these results, we consider some special problems,
a. Extension and bending. Let the loading applied on v, = 0, be
statically equivalent to a force R (0, 0, B;) and a moment M (M,, M,, 0}
Thus, the conditions (4.3), (4.6} become

(4.21)

gth do = 0, g €3,0 Ty f3g do = 0.

E b5

Let us suppose that the material occupyving the evlinder is isotropic and
homogeneous. In this casc the constitutive cquations (3.2) can be written
in the form ]

tu=7-°’rr3u+2wu+g DI =2 e (2, a5) 8+

1
-

ol (la — 2 ) ey (=) )} do ().
On account of the hypotheses just made, our problem consists i
determining a solution of the equations {2.1), (+.22), (4.1} with the con

tions (4.2), (4.21), (4.4}, (+.5). We study the case when the nonlocal elas
coefficients have the form (lidelen [4])

(4.22)
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bl =) = WK (2 =2 ! (Ff — 3 )= pR(2 =2

| ispl: () (g ==1, 2, 3,
In this ease we can determine the displacements vy {s ‘ Ltl _. ti_HL)
o the auxiliary plane strain problems. It is not difficult to sece that the
] ih 4 N iy . -
wolutions of the problems Py oare

(£.23)

A

- _ ; L o
) = — 1y = a3), 7'5”"—" - - Ty g, PN=0,
R A 2(n+ )
2 - .
e o) = (- ad), =0,
(F 2(h 4+ 1) HH 4 )
i = WL v, @ =0 =0 i = o (o, T2
2.4 1)

where o is the solution of the houndary value problem

= o b Ay LD o
pLAD - --c—(u.' {(ir" =31 (’“'j de{z)4- - - g 't e’ — 23"} -—:-(!0'(,_ ) =
Ty {2y s £y
(4.23) . . 1
= g w (e —z" 1)z — ﬁ’ (| @ ——:’|)~1] do {z’), on I,
Jery ady
i g R ' fla—z )ln1 (.r’)-f—1> -i—rag(art’)_—?] do (2"} =m0, — &1ty T
o €34 0%y
z
(4.26) ‘ ’ .
i S[.L'( 2 ) ) ze — e (@) 1] do (37), on L

v

S M o - r y , v

Making use of these vesitlls m the selution of Saint-Venant's problem, we
easilv {ind that

{'::0; (5' = ];2133'1‘): Uy = Os bd o Oa I{ll = 0! Ty = 0! tﬂﬂ = !31 = 0’

(R W TG ) PR AT Y gK( &' — 2 [)(bsz1+bazs -+ br)do (:')] ,
A

so that the solution takes the form

b5

{4.28) U, = ——}—)hm 1§+ b, Uy = bty + bas + bs,

where ¢ are given by (+.24). The constants b, are determined from the
svstem
(4.2 Koby=t5g My ,

where, in this case, from (4.18) we deduce

Kb, = — Ry,
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1 . ! L] ‘ Fory i o
I K, =\urrgde + F )y zada ('Y ds (27),
1. (. - |
(4.30) E Ky = \y do K| @' — =" |) wy do (') do (2'),

14
LA

- . TH XA SRLE:
] K-’”-‘-"Rd" R SI‘ (&' =2 |)da(a)ds(2'); I == ) .

We remark in eonelusion that the solution of the problem of extension
and bending has the same form as the corresponding solulion in clagsical
elasticily.

b. Torsion. Making R, = M, — 0 in the Saint-Venant's problem we
obtain the solution of the probleny of torsion. Thus, the solution  {+.7) for
an isotropic and homogeneous material, takes the form

(14.31) Uy Dorary, s = byryvg wy

bl? (?‘19 'T:):

where the torsion function = is the solution of (he boundary
problem {4.25), (1.26). For the constant &, we get

value

Diby = — M,
where
D= K =p\[ri (9. ) R rit)da -
+R g;y( PR )[.rl[(j? + z.)—.r, Joc :EJ]dc(:')dc[e,’),
S [ [N

is the torsional rigidity of the cylinder.
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UNIQUENESS OF WEAK SOLUTIONS OF THE
MICROPOLAR FLUID FQUATIONS
BY

VALFRIU AL SAVA

i y sain with otational conventions which will

1. Notation. We begin with some n Jtd.l R e e e ol

pe in effect thronghout this paper. The smmbol 1 denotes a dony \(\'
onen, connected set), in R, with sufficiently smooth boundary Q. Ve
n«Lc I,P =12 (Q),1<p <>, to denote the usual Banach space of . p-in-

teornble” funetions from Q into R® endowed with the norm
>

(1.1) et il = (g wy) ¥ a'.t-)w ,

0

where is the norm in B%. Cg s the set of ['unctimw_['ron_\ Q into R», ha-

¢ine continuous derivatives of all orders, and vanishing in a neighbour-
- > i 1 1 P o 1 N TviAaT . G bede_

hood of ¢Q. The set of functions in Cs that are free din mgcme mll‘a .

poted by @y . The spaces Hy* and Fi¢ are the completions of Cy an

@, , vespectively, in the Dirichiet norm

1/2
{1.2) all = (S Viu * d;r) .
- n

We denote the space of all measurable functions :(0, T)—> B, with p-in-
teora e norm by L? (0, T ; B). This space 1s endowed with the norm

A
M 1'p

(1.3) || llpn = (S |2 (4) 1|5 dt) , 1€ p<oo.
L))

This paper will be conecerned with the uniqueness of lwc:ak solution
of the equati>ns which govern the flow of m]cropolzfr fluids. .

2. Preliminary results. As it is well known, the r‘mc_ropolar fluid equai-
tions have been introduced for the first time by Eringen [1]. Such
equalions, in the incompressible case, are given by [11,

(w -+ k) Vo + kVXy —Vp + of = o0,



