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Do (2) et (3), il résultr D'existence du chemin v fs, 7 o] o contra-
diction avee (1), ¢t le lemime est démonird.

Théordme 1. 8% le digraphe G est semi-furtement connexe,
séde un chemin pré-hamiltonien.

Démonstrativn. Nous allons maintenant faire  usage du lemme 2,

Soit n; un sommet de @ dont tous les sommets de @7 sont des
deseendants. Soit 2, un sommet de X e, b dont tous les sommets de
3 ~ {n,} sont des desecendants, cte. On ohtient alusi wun classement n,
ny, des sonunets de ¢, pour loquel ng,, est un descendant

1,2, ..,p — 1. 1 existe done un chemin allant de ny, 4

My, 1,2, ... p — 1. La réunion de cos chemins  conslilue un
chemin pré-hamiltonien de G.

alors G pos-

-”"3 ) eeey H(P 1t
de n, ponr j
pour j

Théoréme 2. Un digraphe semi-fortement connexe peul éire rendu for.
tement conneve en lui ajoutant wn seul are.

Démonstration. Daprés le théoréme 1. si le digraphe & est semi
fortement connexe, il posséde un chemin pré-hamiltonien v, = [Py 4oy
Ry s ooy Rig_y s ooy Ny, ). En lui ajoutant lare <ng, ., 1, >, le chemin g
devient un circuit pré-hamiltonien, ef, d’aprées le lemme 1, le digraphe
G est rendu fortement-connexe,
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\SSIGNMENT PROBLEM WITH SOME COMPATIBLE JOBS
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1. In the clussical assignment  problem [0}, M Jjobs arc to be assigned
to N machinss, cach job must be assigned 1o exactly one machine and no
pwo jobe may be assigned to the same machine. The objective 1s to mint-
mize the sum of the processing costs for all jobs, In the generalization stu-
died in this note, it is assumed that some, but uswally not all, paivs of jobsmay
be assigned to the same machine ; the other assumptions are the same as
those of the assignment prohlem. Tt is shown that the problem so defined
is N P-complete. An algorithm which combines th:: hungarian method with
a Lagrangian relaration approach is presented. Computational expericnce
is 1‘cpnrl‘e(] On. )

2. The problem just stated may he expressed mathematically as
follows

M N
(1) Minimize 2= _Zl '21 RATE
f=1 j-

subject to the constraints

-
(2) 2 ry =1 i=1, 2 . M,

=
{3) s+ by €2 —byp, 1€ M <0< M:j=1,12 .., N,
(4) ay = {01} 121, 2, M:j=1,12 .. N

where ¢,, denotes the processing cost of job i un machine j, &y o boolean
variable equal to 1 if job 4 is assigned to machine j and equal to 0 otherwise
and ¥,, a constant equal to 1 if the jobs m and # may not be assigned to
the same machine and equal to 0 otherwise.

An algorithm for o combinatorial probiem is suid to work in poly-
nomial fime it the number of operations it requires is bounded by a poly-
nomial in the numbers of variables and of constraints of the problem. S.
Cook [+] and R. Kavp [7] [8] have shown that a large class of difficult
eombinatorial problems are equivalent in that no polynomial time algo-
Tithm is known for any of them and the existence of a polynomial time
algorithmn for one of them would imply the existence of such algorithms
for all of then. Problems in this class are called N P-complete, and include
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linear 0-1 prograuuing. the chromatic number of a graph problem and many X PP ¥
others. (5) Minimize =’ ¥ E Cig iy — Z ¥y E 2 Bontaunil1— Tmz— Tny)
Theorem. The problem (1) — () & N P-complete. (b Kol ne Bl o, €V ry €1y

Proof. a) As the problem (1) — (4) is a particular linear 0 —1 pro- | . hject to the constraints (2) and (4) as well as the constraints (3) which

grram, o |_)oij:.’nmniul Ellgt)]'it}‘illl for lincar 0 —1 programming would allow e primary and where the ey are non-nepative, For griven values of the
to solve it in polynomial time. b s problem (3), (2)—(4) decomposes into P rectangular assignment
b} Let G = (V, E) denote a graph? (cf. C. Berge [2]) with verlez oblems corresponding to the sets V., k=1,2, ., P and with the const-
set 1 and edge sct 1o Associate to G a problem (1) —(4) with B = (b} | raints (2) for z, & Vi and the primary constraints (3) for v, € Vy, v €
equal to the adjacency matriv of G, i.c. buy=11l v, and ¢, arc adjacent in | e V7. These subproblems may be solved casily by a variant of the hun-
G and by, = 0 otherwise, and with ¢ = ¢; for all i =1, 2, oy M and each | garian method [10]. It follows from a result of A. Geo ffrion [5]that
§=1,2 N and ¢j,, = Me;forj =1, 2, .. N — 1. Clearly, in any opti- | the value ='* of the optimal solution of (3), (2) —(4) is a lower hound on the
mal solution X*of the problem so defined the j; = 1 for each j correspond Optimal values z* of (1) —(#); this bound can be made sharp by choosing
to stable sets of G and the larzest 4 such that, for some i, aj; = 1 is cqual | gdequate values for the A, As the best values are unknown a priori, a me-
to the chromatic number of G. Thus any polynomial algorithm for pro- | thod of siceessive approximations is used (cf. M, Held, Ph. Wolfe and
blem (1) —(4) would allow to solve the chromatic number problem, which § §. Crow der [6]). The precise rules of the algorithm are the following :
is N P-complete, n polynomial time. a) Initialisation. Construct the Lagrangian relaxation (3), (2)—(4)

The prool of this theorem suggests an alternate interpretation of pro- | of problem (1) —(4). Sct the 2,y = 0 for all m, n and j with b,, = 1. Set
blem (1) —(4). It may be considered as the problem of assigning colors to | 4., = L, an arbitrarily large value. Free all variables @,

vty . ' SN " bR a0 v iy ey . . ~ .
the vertices qf a g{(t})i: (G at mninun wsf,_ihc cost of each color and vertex | b) Feasibility and optimality test. Solve the P rectangular assignment
pair being given, in such 2 way that no pair of adjacent vertices are assigned | problems corresponding to (3), (2) —(4), taking the values of the fixed varia-

the same color. - bles, if any, into account. Let Xj denote the optimal solution of problem k&
Applications of problem (1) —(+4) are casy to find; M.P. Antoine | and = its value, &k =1, 2, .., 7. If one of the assignment problems is infea-
[1] deseribes such an application to the scheduline of university examing:
tions. The ,jobs™ considered are the examinations 1o he passed, the ,ma-
chines™ correspond to the available periods and the cocflicients ¢;, repre
sent the weighted sum of the disutilities, subjectively expressed by the
professors andfor students, for the assignment of examination ¢ to period -
j. Il at least onc student takes both the examinations m and n they are
considered as incompatible, 1.c. cannot take place in the same period.
3. As problem (1) —(t) is N P-complete, o branch-and-bound algorithm
seems adequate to solve it Such an algorithm will be efficient only if it uses
tight bounds. To obtain such bounds we construct a Lagrangian relavation
of (1)—(4). Let & — (V. E) denote the complementary graph of the graph
G = (1, ) the adjaceney matrix of which is B = (b,.). Let us color the
vertices of G with an exact or a heuristie ealoring algorithm {e.g. by ran-
king the verticesin the order proposed by R. Brown [3] and applyinga simple
sequencial coloration procedure [117}). Let V. k=12, .., 70 denote the sets
of vertices of color /. Then partition the set of constraints {3) into thosé
which correspond to pairs of vertices in the same Vi (primary constraints)
and those which correspond to pairs of vertices in different V' (liaison cotiz
straints). Introducing the liaison constraints into the objective funchi
vields the problem:

i
gble or if 2" = ¥ %— Y R 2 Zame 8O 1O f).
k=1 TR

¢) Modification of the hua). If there is no liaison constraint @, + & <
< 1 which is violated, go to d). I the ks have been modified more than
5 times sinee the last branching or backtracking go to e). Otherwise, if
sy O seb hpny 1 = 2hmny if *T:nj S ;j =1 and A _:ll“) hun) if m;ni =
=a5; = 0. If Apay = 0 and ), = a; = 1 with v, < V,, v, & ¥, compute
by post-optimality analysis the increments J; and @, given to = and to 2}
by imposing @y, = 0 and @, = 0; set kuny = 1/2 (8, + @,) Return to b).

I

d) Resolution test. Sct zp = Yoo Y hm Nop=X" union of the

k=1 myyd

olutions Xj for k=1, 2, .. P. Go to f).

¢) Branching. Consider the violated linison constraint @y, + Tny <
<1 with v, € Vi, v, € V, for which max (&, ¢,) is largest.
Set @y, = 0 il 8, < &, and &, =0 olherwise. Return to b).
E Backtracking. Consider the last variable @y, (or @,;) fixed at 0 du-
ing branching step ; if no such variable remains, stop. Otherwise free all
ariables fixed at 1 after that variable was fixed, fix @, = 1 and oy, =0
orz,, — 1 and @,; = O} Return to b).
4. Let us consider a problem with 5 jobs and 3 machines, the data
f which are the following :

I Recall that a sel 4 © 17 of verlices of (7 is stable iff vy, vy =4 fv), ) & je.no t
vertices of .1 arc djacent and that the chromatic number of G is the smallest number of sta
sets in a partition of 7 into stable sets.

= Matein cd
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Q W B 01 0 0 7 SUR LINTERSECTION DES LANGAGES ALGEBRIQUES
302 0 1 0 0 1 0 B PAR
a) Two assignmes:!| probicns, ('r:l‘!-;':«ppn-f.ing to the 3 first and 2 lag VLADIMIR V. TOPENTCHAROV, ROUMEN L. LOZANOV
lines of € are obtained : the Baison eonslraints ave a,, + 7y € 1 and @,;.4

+a,<lj=1 23 By Ay == e = gy = 1 and =71 W =7 ¥g =4

nd 2 == 5. ¢) The constrain! 7o, doa. < 1 s viclated. ¢, - 3. =2 ) )

f)l\ ' 5 hczaco 95 is added to ; f.nd G ey €) A = aty =1} Nous nous proposons dans cette note de démontrer qu’ étant donné
- 2.0, - 5 ' Lo e L AP § B 3 g 3

Pk ST . g B Coal e ; Sa T T A ey langages Ly et 1. des formes sentencielles de deux grammaires algé-
2= 0.5 A= dn = 1. o = 7. d) The optimal  solution 18 @y = Tp = ) 1(:? v biouss. il existe d . loébri

= = =1, {he other o = 0, 3, = 03 +7 — 9.5 = 14, v priques G et G, non am igués, il existe deux grammaires alg riques non

..i“ FORTRAY ambigues G et G, et deux morphismes F; et F; tels que, si L,n L, est

5. The algorithm of seetion 2 has been programmed ! : i g
qussi un langage de formes sentenciclles algébrique et non ambigu alors

IV and tested on a CDC 6 300 compuier. v scries of Losh problems have been g s

solved with 30 jobs and 30 constramts, integer ¢’s randomly chosen with i
equal probabilily in the range [1, 307 snd a density for 8 (L.c. a ratio of T ambigue.
to number of off-dizgonal positions in ) between 0.0 and 0.6, Compu.
{ation times range from L2 to GH.G nee aeks and pise when the density o
B is larcer than 0.4, Sevaral series of similar probiens, with a density of
R
with variants of the alvorithm, e different initinl velues for the X, and
a few more or a few less iterations in cempuiing their tast valurs., Theove- | P
rall computinz time appears to he rather insensitive to these changes, and
is around 6 scconds for probiems with 30 jobs and 30 machines.

i

e 1

L(h) = L{FG) = L, ¢t L{G)) = L (FyG:) = L, et F,G, u F,G, soit non

Ia terminologie et les notions pour les catégories sont celles de [2]
et pour les langages formels — de [3}.

1. Soit C la catégorie dont les objets C, sont les grammaires algé-
priques et les fleches — les morphismes préservant strictement la longueur
des mots (morphismes lettre en lettre”); on démontre ([8]) que C est a
roduits. produits fibrés et sommes. Une grammaire algébrique (ou con-
text-free) est done un quadruplet & = <0, X, P,8§>, o O est Palpha-
bet total, X-Palphabet terminal, P.un sous-ensemble finj de (0 —
_ X)x 0", 0" étant le monoide libre des mots sur O et § ¢ 0—X est
Jensemble des symboles initiaux.

= and inercasing numbers of jobs apd machines have also heen solved
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