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ON INTEGRABILITY CONDITIONS ON A R SUBMANIKFOLD
BY
AUREL BEJIANCU

0. Introduction. The differential geometry of submanifolds in
almost Tlermitian spaces has heen intensively studied in the last decade.
There exist two classes of submanifolds with wery interesling properties :
complex submanifolds (scc [4] for a survey of results and references) and
totally real submanifolds which have been investigated by B.Y. Chen
[2], M. Kon [7). K. Ogiue [2), K. Yano [7] and others.

Both these classes are included as particular cases of IR submani-
folds. A CR submanifold is endowed with two distributions ; the first one
is complex (i.e. invariant to the almost complex structure on the ambient
space) and the sccond one, is totally real (i.c. anti-invariant to the
almost complex structure). If in particular, one of these distributions con-
tains only the null vector ficld, then one of the above classes of submani-
folds is obtained. We note that every real hypersurface of an almost Her-
mitian manifold is a CR submanifold.

CR suhmanifolds have been mostly investigated from the complex
analysis’ viewpoint. We initiated in [1] a study of CR submanifold from
the viewpoint of differential geometry.

The purpose of the present paper is to study further CR submanifolds
of an almost Hermitian manifold. The notion of (F, o, 1) - structure on
a manifold is introduced and its existence on a CR submanifold is proved.
Also, necessary and sufficient conditions for the integrability of both dis-
tributions are oltained.

1. (I, o, n)-structures on a manifold. Let A be a differentiable
manifold and & : 8 — M be a vector bundle over M. Throughout the paper,
the class of differentiability will be C=.

Suppose on M a nonmull tensor field of tvpe (1,1) and a n-valued
_gliffcrential 1-form arc given. The mapping @ — Ker F, (resp. @ — Ker w,)
is supposed to be a regular differentiable distribution (i.e. dim Ker I, is
eonstant for each @ = M) denoted by Ker I (resp. Ker w). The projee-
tors which define the distributions Ker F and Ker e arcdenoted by @ and P,
. Definition. An (F, w, n)-structure on a manifold M is determined
by a non-mull tensor field F of type (1, 1) on M and a n - valued differential
I-form on M which satisfy the following conditions

(1:1) F:= — 1+ Q,
(1.2) wolF =0,
where I is the identity transformation on TM.
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If in particular, the vector bundle n is the trivial vector bundle n:
"M x R — M, the distributions KerF and Kere are complementary
to each other, dim. Ker ¥ = I and there exists a vector ficld X on M such
that o(X) = 1, then the (F, w, n)structure hecomes the well-known
almost contact structure [5).

Of course, special investigations should be made on (F. o, x)-struc-
tures on a manifold. But our purposc in this paper is only to show that
an (F, », w)-structure appecars in a natural way on cvery CR submanifold,
and to study its propertics.

2. CR submanifolds in an almost Hermitian manifold. Let N be a Zn
dimensional differentiable manifold endowed with an almost Hermitian
structure (J, g) and M be an m-dimensional differentiable manifold
immersed in N.

The immersion of M into N is denoted by ¢. We identify for ecach
x € M, the tangent space T M with o, (1. M) C Ton N by means of .

Now, suppose on M two complementary distributions I and D) are
given. The distribution 1 is assumed to be of dimension 2p and invariant
ander the almost complex structure (i.c. J(D,) = D, for cach = < M.
The distribution D) is of dimension ¢ and anti-invariant under the almost
omplex structurc (i.e. J(D,) C v, for cach & = M), where v, is the nor-

mal space to M at x. This implies g < 2n — m. The distribution D (resp. D)
may be defined by a projector P (resp. Q) which satis{ly the conditions

(2.1) Pr—P, Q=@ PR=QP =0.

We shall call distribution D (resp. D) the horizontal (resp. vertical}
distribution on Al.

Definition. The submanifold M endowed with the above pair of dis-
tributions (D, D) is called a CR submanifold of N.

Theorem 2.1. On cvery CR-submanifold of an almost Hermitian
manifold there exists an (F, w, =) - structure.

Proof. The normal bundle to M is taken as the vector bundle =.
Define the tensor ficld F and the s-valued differential 1-form @ by

(2.2) FX — JPX and (2.3) wX = JQX

for any vector field X on M. It is casy to sec that KerF=1D and Ker o = D.
The relations (1. 1) — (1.3) follow by direct computations from (2. 2) and
(2. 3).

Since hereafter we consider only the (F, w, =) - structure whose exis-
tence has been proved in theorem 2.1 we shall call it the natural F-strue-
ture.

3. Integrability conditions on a CR submanifold. Let N be an al-
most Hermitian manifold and M be a CB submanifold in N. The integra-
bility of the natural structure F and the integrability of both distributions
D and D will be studied by means of the Nijenhuis tensors corresponding
to F and J, denoted by Ny and N,.
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For cach veetor field X on A we have

(3.1) JX = FX - 0.

If we make a computation for Ny and N, we obtain

(3.2) Ny X, V)= N, Y) —@X.Y]) —of[JA, Y14 [X,JY])
for all X, Y & D.

For each vector ficld Z on N denote by 7 the tangent part of Z and
by t1Z its normal part. Then from (3. 2) we have

Theorem 3.1. 4 necessary and sufficient condition for the horizontal
distribution lo be integrable is that

(3.3) INAX,Y) =N X, Y) forall X, ¥ & D.
Also, from (3.2) we have
(3.4) HNX,Y)=—oJX, Y]+ [X,JY])

for all vector fields X, Y = D.

Theorem 3.2. A necessary and sufficient condition for the horizonta
distribution fo be integrable is that the following conditions be satisfied
1. UNJ(X, V) =0 2. QN (X.Y)=0
for all veelor fields X, Y from D.
Proof. If the horizontal distribution is integrable, then the condi-
tion 1. follows from (3.4). For Ny we have

NuX,Y)=[JX,JY] —JP([JX, Y] + [X,JY]) — PIX, Y]
for all X, ¥ « . Thus N, (X, Y)= I} and the condition 2. is accompli-
shed. Conversely, from the condition 1. we have

QUJIX, Y]+ [X,JY])) =0 for all X, ¥ € D.
Henece QIN, (X, Y} = 0. From (3.2) we obtain
QIN, (X, Y) =QN X, Y) —Q([X, Y]), for all X, Y =D

Thus, the condition 2 implies Q({X, Y]) =0, that is, I is integrable.

Now, il we take X, Y from the vertical distribution, then we oblain
(3.5) NAX, V)= — P([X,Y])
Thus we have

_ Theorem 3.3. 4 necessary and sufficient condition for the vertical dis-

tribution fo be integrable is that
(3.6) NX,¥)=0 for all X, ¥ = D.

Denote by ¥ the Hermitian connection on N. The Gauss equations
and those of Weingarten are given by
(87) V,¥ = v,V + A(X,Y)and  (3.8) Vyi= —A:X 4 Vi
where V is the Riemannian conncetion on M, V0 is the linear connection

1nducec! on the normal bundle by ¥ and A is the second fundamental form
of the immersion.
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For the differctial 1-form « on M we may define the exterior differen-
tiation d induced by the linear connection vi on the normal bundle

(3.9) dol X, ¥) = VE (o(¥)) — VE (o(X)) —o([X, Y])

for any vector fields X, ¥ on M.
If we take veetor fields X, ¥ from D, then (3,9} becomes

(3.10) do{X,Y) = — JQX, Y]}
Thus we have
Theorem 3.4. A necessary and sufficient condition for the horizontal

distribution to be infegrable is thal
(8.11) do(X,¥) =0

for each vector ficlds X and Y from D.

Now, from (2.2) we can scc that the natural F-structure on the
CR submanifold M verifies F? + F = 0. This means that J* has properties
of the structure introduced and studied by K. Yano [6]. We know
(3] that F is called partially integrable, if the horizontal distribution is
integrable and the almost complex structure JX = FX induced by F on
each integral manifold of D is also integrable. Thus we can statc

Theorem 3.5. For a CR submanifold of an Hermitian manifold, the
Jollowing four conditions are equivalent 1o ecach other

1. The natural F-structure is partially integrable;

2. NfX,Y)=0forall X, ¥V = DI

3. do(X,Y)=0 for all X, ¥ = D;

4. The horizontal distribution is integrable.

Proof. The conditions 3 and 4 arce equivalent by theorem 3.4 We

note that the almost complex structure J induced by F on ecach integral 1

manifold of D is just the complex structure J on N. This implies the |
conditions 4. and 1. arc equivalent. The cquivalence of conditions 1 and |
2 has been proved by K. Yane and S. Ishihara [3]. Thus the
proof is complete.
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A GEOMETRIC INTERPRETATION FOR THE 1’1{0110;\"(';;\’1'10_\' OF
' N G-SPACK : '
BY

ALENANGRD NEAGH

[n this paper we give a gecin {rie interpretation as o frame space
for the prolongation of arder r of a diffeventiable Gespace with all ovbits
of the same type and G a compact Lic group.

1. Let X be a differentiable Gespace with all orbits of the samce type
INNG, where G is a compact Lic group, I is a closed Lie subgroup of &
and JING is the homogencois quotient space, It is well known that canont-
cal projection of X on the orbit space G X = X7 defines a fibre bundle
structure with the fibve H* G and the striteiire group NN = K, where
N denotes the normalizer of JIin & (sce [T] P 309).

Let X0 be the fixed point space of I (where [T acts on X by restrie-
tion), thus A" may be identified with the twisted products XU X 4G and
XU x (H\G) respectively. Also XU s a prineipal fibre Dundle over
X* with the stricture group K (see [1]. p. 182).

In [+] we constructed the prolongation of order r of X. This prolon-
gation is denoted by <7X and its points are the pairs (jiws fono) where
o: U C R™ = X" s a local diffeomorphism around 0 = RY, o o(UY
CX" - X is a local eross section aver o{U) of the fibre bundle X — X7
and ji» (resp. jhmo) denotes the r-jet of o (resp. a) at the poinl 0 = R”
(resp. 2(0) & X7). T s canonieally identified with the fibre product
Hr(X") x xf'X, where H'(X") denoles the prineipal fibre bundle of all
tangent r-frames of X" and X denotes the fibre bundle of the r-jets of
all local cross section of the fibre bundle X — X* It follows that "X 1s a
differentiable fibre bundle over X7 :

Let 67, be the group defined by G= {{fi% qi&)), where 3 : U C B™
= R™ is a local diffecomorphism such that o(0) = 0 and 7 :5(U) C B -
= G is a diffcrentiable map. Thus G, may be identificd with the semi-direct
product L}, % ThG, where L), is the structure group of (X" and TG
is the group of m'-velocity on G (sce [2] and [3]). The produet of the cle-
ments of ¢ is: '

(1) Ez . En = (:;]_z, ‘STz) D (Eu *STI) (1_/.' . 5:.- (‘572 . ’.)‘—1) . S—z)

In [4] we proved the following :



