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For the differctial 1-form o« on M we may define the exterior difleren-
tiation d induced by the linear connection vL on the normal bundle

(3.9) dol X, Y) = VE (o(Y)) — VE (o) —o([X, V])

for any veetor fields X, ¥ on M.
It we take vector fields X, ¥ from D, then (3,9) becomes

{3.10) do(X, ¥) = —JQ(.X, Y]
Thus we have

Theorem 3.4. A necessary and sufficient condition for the horizontal
distribution to be integrable is that

(8.11) do(X, V) =10

for each vector ficlds X and Y from D.

Now, {rom (2.2) we can scc_that the natural F-structure on the
CR submanifold M verifies 2 4+ F = 0. This mcans that F has properties
of the structure introduced and studicd by K. Yano [6]. We know
[3] that F is calted partially integrable, if the horizontal distribution is
integrable and the almost complex structure JX = FX induced by F on
each integral manifold of I} is also integrable. Thus we ecan statc

Theorem 3.5. For a CR submanifold of an Hermitian manifold, the
Sollowing four conditions are equivalent fo each other

1. The natural F-structure is partially integrable;

2, NJX,¥)=0Tforall X, Y = D;

8. do(X,Y) =0 for all X, ¥ D;

4. The horizontal distribution is integrable.

Proof. The conditions 3 and 4 arc equivalent by theorem 3.4. We

note that the almost complex structure J induced by F on each integral

manifold of D is just the complex structure J on N. This implics the |

conditions 4. and 1. are equivalent. The equivalence of conditions 1 and
2 has been proved by K. Yano and S. Ishihara [3]. Thus the
proof is complete.
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A GEOMETRIC INTERPRETATION FOR THE 1’1{OI.C)NL',.-'\'£‘ION OF
A G-SPACK
BY

SELNANDHD XEAGE

In this paper we give a geoinelric interpretation as o frame space
for the prolongation of order 7 of a differentiable G-space with alt orbits
of the same type and ¢ a compact Lie group.

1. Let X be a differentiable Gespace with all orbits of the snme 1ype
ING, where Gis a compact Lic group, I is a closed Lic subgroup of G
and 7 G is the homogencous guotient space. It is well known thut canont-
cal projection of X on the orbit space GN.Y = X7 defines a fibre bundle
strueture with the fibre N G and the strueture group SN = A, where
N denotes the normalizer of IF in & (see [1]. D 309).

Let XUD be the fixed point space of [ (where [F acls on X b restiie-
tion), thus A may be identificd with the twisted products X x 46 and
XUD % L (FING) respectively. Also XU s o principal fibre bundle over
X* with the sfructure group K (see {1]. p. 182).

In [+] we constructed the prolongation of order r of X. This prolon
gation is denoted by =X and its points are the pairs (o Jws) where
o:UC R™ — X" is a local diffcomorphism around 0 & RY, o wU) C
CX* = X is o local cross section over o{U7} of the fibre bundle X = X7
and jio (resp. jh,0) denotes the r-jet of » (resp. o) at the poml ¢ € R
(resp. 2(0) < X7). =X s eanonicallv identified with the fibre produet
H(X*) x xJ°X, where (A7) denotes the principal fibre bundle of all
tangent r-frames of X" and I°X denotes the fibre bundle of the r-jets of
all local cross section of the fibre bundle X' — X= It follows that <"X 1s a
differentiable fibre bundle over X™

Let Gr, be the geoup defined by Gj= (1% g3). where o U C R”
= R™ is a local diffcomorphism such that o(0) = 0 and 7 o(U) C RB™ —
= G is a differentiable map. Thus G, may be identified with the semi-direet
product L, 5 T5G, where £, is the structure group of IFF(X") and TG
is the group of m’-velocity on G (sce [2] and [3]). The produet of the ele-
ments of ¢ is 2 o

(1) Ry . By = (e - e (S2. 1) - 52)

(.7]-2a S.e) . (.U_h ‘STI)

In [4] we proved the following :
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Theorem. <X is a Gj-space with all orbits of the same type T I Theorem 2. The graup ()1 (1) eoincides with PG}, — Ly X (. 17, .G)-
:_}f?,',,, where Tt H is the group of m -velocity on H. The action of Groon =" X Proof. 1f & = (/7 (D). it follows that ji(h) = 5 (0) € II. We

Suppose that h = (#53, @.Js %)k where @« € G and ji o, € Th, . . Then

(2) hoh=(y. T (§. g}“ TR ' ph)y=a. 5, (0) =a « I and consequently & e G Hence (i C
— - - ' - [ VU L N [ g T Heer . ‘o hav ,17!_=
where k= (4, 8) = o’X and k= (y.5) < G C "Gy Conversely, (T4 = (i3 ¢ .Ji 70 FR tf’f}r} from whi Vi C
. g . . 5 = === = H o : )] . Y T
The isotropy group of every point of <"X' is conjugatc to Tr.H and = (“,o'gl)(;;) = a.5,(0) = @ UG LE 8 (47) ) fron ”
the orbit space G5\ "X may be identified with X~. The orbits of 67, coin- C {7y (H). . . . . ‘X d d e
cide with the local fibres of the fibre bundle "X —» X* (sce [4]). Thus Theorem 3. There exists « right action of "Gy, on <X, denoted by 'F
X — X* has a fibre bundle structure with the structure group Kj, = with respect to‘zrh‘wh all orbiis have the same typ(:’a.nd the orhzt_.:'pacc is X. The
— ToH N, where Nj = L, ¥ THN (scc [+]). ; canonical prajection of <X in the arbit space X is the map J1. B
2. The fixed point space of ThH, denoted by (=" X) 7w, may be Proof. Let [RA]=h.h De a pomt ”f_ XD % -\':{,G:m whcrc' h =
identified with the prolongation "X, of order r of the principal fibre = (§53. 4 .Ja0) Joo € Tr. G .a =G We define the action of "G}, on
bundle X171 — X*. Hence "X can be identified with the twisted product - X by
+ X5 4 G, Analogously, <X can be identified with the twisted pro-

TR X X UG s N h,=h.h.at.hy.ae X
duct <X X g (TLHNG,). It follows that (" X)7m? is a principal (8) ([h-h] )< X X G o [h bk hy=h . h.oat h.a
fibre bundle over X* with the structure group K7, {see [4]). The map "X~
- X defined by h = (fip, famo) — o(p(0)) induces on X" a {ibre bun-
dle structure with the structure group L, X T7,.K, where T, . K =
= {j6, 6 : R™ - K, 5(0) = ¢ = H .e}]. Let us show that 7 :he X -
— jith) = o{0(0)) & X; where h = (s Jorp 0) 15 well defined. Indeed.
6’ X may be identified with the twisted product = X' X G}, by means

[h, k] = k. h, where [h, k] is the orbit of (A, k) in the N7,-space =" X"IXG,
with the action:

We have: e - o
(B, k)% (y - Ao} = h.oh.att.h . hy.a
(kBT %l = (R ha™ b @)k
But :
}_z.a“.ﬁl.a=(j;5.a.j55).a".(j55..b.jgc?])=
(5. a. 5. a7 (o b Jior. @)=
(B 0B a.a . i (3 o5 b a) =

(h,B) . hy = (h . hy, B .R), by € N,

Let us consider (o, ko) € [k, h]; then there exists &, = N7, such that

it =(.f55Oan-b-j:r:an-}'agn-a)_(.j55°51~b-a-j56t’!)=7”=
(hoy Hy) = (h . hy, A{' . h) and we have:

. o =(go.b.a..§,)—l».5;=f).(ﬂ".(z.86).
Filhe ho) = 51 (B Ry, By h) = o(5(0) . 5,(0) . 571(0) 6(0) =

= o(3(0)) . 5(0) = fi[h, k]

Also, we have (sec in {4]) that the map 2 h = (/3. ;o) € G, -
—~ k) = 5(0) € G is a morphism of Lie groups.
Theorem 1. The G-space mapping :

(7 ) (77X, Gh) = (X, G)

(since T%, G is a normal subgroup of TiG). 1t follows that:

(h.ﬁ.a*‘.f[l.(:) * E,_- [h.fa—.a".iil.a] * hy

[

=h.h.a“.hi.a.a“.h,.a:h.h_.a ‘.H..E;.a.
But :
[h.R}xh, = [h.l_z.a'l.El.u]=[h,h']=h.E'_-h.b.?a';,=h.E;= [h . Byl

where b, = (j5%05,.a.5,).b € HC T, H and T7, I is the isotropy
group of A € XU,
On the other hand, we have:

F(fh R % hy) = fi(h.E.at . hy.a)=
=U(‘?(O))-G-E(O).a".51(0).a=o(q;(O)).a.a“.b.a=

is equivariant.
Proof. Using (2), we obtain:

Jih Ry = ji{fa 03, Foao(@ o o)) =(a(8 e oy

( 0 7(0)) = a(9(0)) . 5(0) = ji(h) . So(h).
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—o(o(O).b.a=0(p(0)). 4
since (5 8,) =&, (0) = b = Il and a (2 (0)) € XU, Tence
6 (3 (0).b — (5 (0):

et b, . h, be two points of <7.X such that ji(5,) = ji (h). then
(= 077} (1) = () = 7.0} = (= i) (he) = j'{hs) = 2:{0). sinee @)
= j X - X7, where 7 X — X7 is the eanonical projection, It results
that &, and k. betong to the same orbit. and hence there exist h, €
eG(i=1.2)and h € —r XU guch that b= D ity o R ko from, which
hy=hy btk We have :

Filhy) = (5 (0)) . 5,(0) and ji(hs) = 5 (2 (0). 4(0).

Then 5:1(0) . 64 (0) = IL Hence (ki he) = 67'(0) . 5 (0} & 1. 1t follows g

that T = A' .k, = #Gy, and hence the orbit space of the action = on
- X is X.
Now, we prove that all orbits have the same tyvpe 1ol PG,

Let %, be an clement of 76}, such that [h.hY} = hy = [h . h]:hence |

h.h.at. hy.a=h. h. Sinee b = XU it follows that h.at. h ot e
= TrH.
i3 @ i) a1 (G i) @ (e oo a7 = TRl
(jipoBna.jwogs.a’ LFo) - (FepTt e gyt e Bty e T,

(fipop,071.a.J0 O D,0% b .a. gl o970 LgmTlonTl ) e il

It results that 13 05,09 ' = j idm, henee jia, = 47 idm and
a.jimort.at o097 . @ fpEtep . e € .
from which :
(@a.jig.a’.jwo, - a e tia )t © T,
(a.f5.at).jioy. (@ .5eG . a )t ol

and we obtain: fio, ={a. iz . ) 1. Tl (a. o .a ) Bat Ma . jio.a )=
=(a.5.a))(0)=a.c(0).a’=a.u t — ¢ henee a.f7 - a 1= Ker j7=
= L% T5..G C "G, And the proof is completed.

Remark. =X is canonically identificd with the twisted product
TrY x ;,r""(:';’,,, where Y="Y is the fixed point space of P I with respect
to =" and N© is the normalizer of T7H in ¥Gr. Y- X is a principal
fibre bundle over X with ihe structure group R, = ThLH N\ Nj.

Lemma 1. The group Th JH ™ N) is canonically identified with
T H> T, N.

Proof. Let w be the map :

w: o H 5 @ To HN ToN > jim 08) & Th HN\N),
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where = denotes e eanonical projection N — H> Nand jo = .'I‘i',,.,.'\’;
henee o B - N 3 (0) = e. Noxt, let jhmy & T, L. o then 756, .84 €

e A, I and Thence oy . st Rjn o (5, o)) =c It follows  that

s omy(u)y = I .6, (U} = (mog)(uy=H.o () for every u < E". ‘Then
Sl 006,) = Jo(w~ cd) and henee it is well defined.

L (T e (7, I jio.)) = ¢ (1 I . jis, .02} =

i mn.e
= m e (r . ) = (R 0B} - (7 0Be)) = Jilm 081) Ji(m 0F) =
= p (75 1. 5i0) - @ (15 H . jig:)
Thus @ is 2 morphism of Lic groups. We suppose that p (7, A . 3531)
s the unit of the group T (H\ N). Then moo: R™ - I\ N
satisfies  the relation (= oa){u) = H .¢ for all e UC R™ and hence
= . R* - I C N. Since jim e T N, it results that a (0) = ¢ and thus
o= T H . Tt follows that 7%, M . jim = T, and hence p 15 @
isomorphisni. ~ .
Lemma 2. K, is canonically identified with the semi-direct product
okt — L X T L.
Proof. First, we observe that
B TN (Ln X TRN) = Ly X (TR UL T, N)) =
oI Ty DN\ U T3 N

and K7, = L, X Th AH N}
Let % be the map :
oIl T, 0 e jim € u.r, HNH.T, N~ T Al jos =
q‘:n,(II \ T;n,(l\‘"
iwhere a I and goel, N . It a .jore L. a . Jes, then:
a,.55, . (@t .ot} S 7" H and hence 7 61 = M. g, where M < T H.
It results that » (ThH .a:.ji6:) = 1 go, = T .55 = X (Th.
H.a.j5) henee 7 1s well defined. If we consider ThH ¢ . J50: = TrH ™
N TR N(e= 1.2) then :
(T g 550) (T H . a..j502)) = 7 (ThH . ay . j381 . 0205 02) =
AT .55 61ty J5Ge) = 1 ($561. TR . j50,) =
L~ = (T . jhay 5 o) = T H . g5y jio: =
L= (ToH . fi5) (TR ) = R (THll . a, LJiay) . A(TRH . a, 88y .
It follows that % is a morphism of Lie groups. -
Let 70H .a.fi5= Thil 7 (H. Tr, N} such that MTLH . a.jjo)=
— T°H. Then 7% H .56 = T}, M, hence gt e T, H. It results that

TrH.a.j5 = ThH and hence A is a isomorphism.
3. Theorem 3. "X — X is an r-frame bundle over X (aG-structure of

‘orderr over X) with the structure group K = T X T, K.
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Proof. Let h = [ho.h] = ho.h be a point of 7<'X, where A, =
= (yo.8) and b = (y.a.S). We suppose that he= (yo.5.,) € Te.H,

henee y, = jhidm and f6, = Se.0,: B” -+ H. Then h » hy = h hence

o he=(h.h) x hy=hy. h.a V. ho.a="{y,.5.5,.(a.8.a*.8,.a.

) = (o B Se (a8 G ).
It follows that :

((a.8.a1). 8 . (a. 8. a). 3. y' & ToH, hence
(@.5.a).8, . (a.8. a1 e TLH.

Since S, = T7H is arbitrary, it results that «.S.a* € T, N ; hence
a.S e T N.a We obtain:

h=(y.a.8) <L, xThN.a

h—a.hV=a.(y.S) (L, %X ThN). a;
hence

hrefat.'N, . N aeG={a?.S'.a)\ a<sG, S5te L, x T, NL
On the other side :

b=ty h o= (o G Su . (S7a. g ygh)) =

=(Jo2 o Jioo (G- a.7 1. 95))

Then the mapping :

(0, 1. g) & B" x H\ G5(s,09,09)(u). o5'(n). g€ X

is an cquivariant diffeomorphism.

Let us consider a neighbourhood U of 0 & B™ and a neighbourhood
coordinate 17 around H .g € H\_G (denoting dim IING by p, V may
be identified to an open set W of R* with 0  W). It follows that o :
U x VC R™ x R* » X is a diffeomorphism. Taking the r-jets, we de-
duce that 2 is a r-frame on X. In the rest, the proof is similar to that
of a previous paper [5).
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GROUPES DE TRANSFORMATIONS DANS LA THEORIE DES
QUASIGROUPLS

PAR

ILIE BURDUJAN

On sait quun quasigroupe (@ . SN\ S’appel}e q‘uusf.lgroulie ;:)pcioj
gique §1 @ est un espace tg)pologlquc‘: et ses :1pp.hlcu‘t10ns. 'MQ’ x 00 ,,X Q
sont des applications continues. Puisque lnppl:qatl(:n !s 3 e
définic par s(r, y) = (y. @) st un,hnméun_lorph1smc, 1l rés frpec s
tement que les parastro‘phlqucs‘ d un guasigroupe topo ogugu‘c 1. et
des quasigroupes topologiques. Ce fal} nous assure‘que: trc;l:l es t"e; Rty
tions & gauche et & droite associces i chacune de.:, opclml ions .mc;' J.C o
finissant la structure du quasigroupe sont des homéomot p‘ns?lcsh. lt‘ Y
est ouvert et B C R quelcongue, ‘AB, ’BA, A/B, B//‘, Il\ lf imn\lé-
sont des ouverts de @ comme réunion d e'nsembles ouverts. i résu (?i I
diatement que les applications qul définissent la structure du quasigroup
sont des applications ouvertes. On peut prouver: o

Lemme 1. Pour tout quasigroupe topologique  les gpplwatwns
(a, yy——(ay yh(7, N—=Eaa /Yy, Y (@ y)—— (1, 2y} et (2,y) —— (2, TN\Y)
de @ X Q dans lui-méme sont des homéomorphwmes'. .

Démonstration. L’assertion du lemme résulte immédiatement corr(;ptt't.e
tenu du fait que ces applications sont continues et satisfont aux condili
ons: aoB = Boa=ryo0d= 3oy =idguo -

¥n utilisant la lemme I nous pouvons prouver: o s

roposition 1. Soit @ un guasigroupe topologique qui est Ty -espace.
Si A !: (5_) est fermé (resp. compact) et K ¢ Q est compact, alors K est fermé
resp. compact) de Q. o
e Dr’mgwtmtian. Considérons K X R=~Q. K étant corr‘lpact, d]apres
la conséquence 5 du théoréme 1 de [5]. p- 159, pry est pro;zx:)e. (:tnnli (il:la(illt(x)cj
application propre est fermée (voir prop. 1 de [a’]. p. 152) }:{4, Hc,_s( o
meomorphisme, il résulte que prpoy est fermée. Done KA = (pr.oy

(K x A) est fermé.

Remarquons le fait que cette propri¢té reste vraic aussi (}lu‘and les
quasigroupes topologiques ne sont pasdes T -espaces, si nous changeons
la compacité avec la quasicompacité. ‘

En utilisant ce résultat et la conséquence 2 du théoreme 1 de [5),
p. 158 nous obtenons :



