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Corollaire 3. Soit @ une boucle topologique localement compucte, Le
groupe Lo muni de Uune de topologies : c.o.-topologte, g-topologic o bien
[.i.5.g.-topologie, est localement compact st €l seu

de Baire.

Démontrons maintenant :

Proposition 12. Soit @ une boucle topologique dont Uespace sousjacent
est une variélé connexe. Le groupe Ly est localement compact si et seulement
st dim Lo < + o ot bien, la suite des dimensions des ensembles ‘4l=1----'=n

est bornée.

Démonsiration. Supposons que Lo est localement compact. D’apres
le corollaire 8 du théoreme 9 de [9). p- 69, il vésulte qu'il cst un groupe de
Lie, done dim Lg est finie. Mais alors la suite de dimensions des ensembles
A sy €St bornée. Réciproquement, supposons que dim L, est finie. Cecl
signifie que la suite des dimensions des cnsembles A[gr,m,n] est bornée

Alors, chaque sous-ensemble compact, metrisable de Ly est de dimension
finie. Conformément au corollaire 7. 3 de [7].p. 645, Ly cst un groupe de
Lie, done Lg est un groupe topologique localement compacte.
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CHERN FORMS AND H-PROJECTIVE CURVATURE OF
JIEC : C : S 0OF COMPLEX
MANIFOLDS e

BY

A, NEAGU and V., OPROIU

1. Introduction. It is well known that the C
‘ . : at the Chern classes of a complex
veetor hundle K are real cohomology classes (in f. nteaer ooho.
i v classes (in fi 7 ar : -
e iaesas). o (in fact they are integer coho
Using the real representation of a co ;
res present: a complex vector bundle we get
some real closed dif f'creptlal forms such that their de Rham eohomology clas%cs
generate the Chern ring of the given complex vector bundle E. These
forms are obtained using the complex structure operator I on I and the
curvature forms of a real conncction V on £ such that VF = 0. We call
these forms the Chern forms of V. ‘ -
; Now, let A be a complex manifold and let E be the tangent bundie
of M. Let V he a real torsion free conneetion on M such that VF = 0. Qur
main result is a formula relating the Chern forms of V to the H-projective
curvature tensor field of V. Then, if on M there exists a H-projectively
f;lﬁt conncctm;l, the Chern forms of this connection are powers of the first
hfam form. Iartlculz‘trly, if M is a Kaehler manifold of constant holomeor-
]'i‘ ic curvature, the Chern classes of 3 arc powers of the first Chern class
ceh‘f, th;;_; is an'elxltensu:;’n to Kachler manifolds, of Chern’s result 3] co'n—‘
rning the vanishing of the Pontrjagin clas a i i i
peruing the vamshing jagin classes of a Riemannian manifold
2. The Chern forms of a compl
) _ plex vector bundle. et =: E—~ M b
?olglf:?{?mntmble complex veector bundle over the (rcal or complex) manic-
el . Denote by m the cqmplcx dimension and by n =2m the real di-
Ee(r;s‘lon of the fibre of E. The multiplication by the complex unity i on
bum;l a complex vector bundle} induccs an operator # on I {as a real vector
e ée)csgch that F* = — I where [ is the identity operator. Let k=
o b(i) the complg:‘uﬁcat_lor} of E. Then E can be identificd with the
ECEI; ?s}lthundli of i;bcons_;lstmg of all vectors of type (1, 0). Namely
¢ veetor su - g 7 T
B= & subbundle of all vectors of the form % —1i. }u, where
- cﬁ‘e%vlbe aV;?al linear connection on F, preserving the complex strue-
Ve o Ee | i.e. VF = 0. Then V can be extended usually to a connection
i fan}(ll the property VI =0 of Vv implics that the covariant d(‘ari-
k" s OF:L c scc1t110n)s én EIC Ii}” arc also sections in E. Let (u,, u.
: » Fu,, ..., IFu,) be a local frame of E over U C M. F S o
o . From now o
shall denote Fu, = u,.; = =1, 2, ..., m. Then: !
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Wy == My — 1. lpe) 2= 1, 2, ...m

is a local frame of E C Ee.
Let B be the enrvature tensor ficld of ¥V and let B be the curvature
tensor field of V<. Then:

R (X, Yo, = (Vi Vi — Y Vi Virn) (4
— Vix, ) w,—1.{(Vx Vs —V; Vy — Vi, ) o= R(X, ¥)u,— i. R(X, Vug,

i) = (VeVy— Vi Ve —

for any real vector fields X, Y over M. i
Since VF = 0 it follows easily that. FR(X,Y) = R(X,Y)F. Let:

, m)

Q- O

aF 0
be the matrix of FR with respeet to the local frame (u,, tg -
thgey oves Uge) 1.C. 0

1 (e, =1, 2, ...

FR(X, Y)u, = ai (QF (X, ¥)u, + OF (X, ¥)uy.)
-1
(FR) (X, ¥) u,.=(FR) (X, ¥) Fu,=F (FR) (X, ¥) ;=
_ % (-8 (X, V) + O (X, V)ugs)
f=l

The curvature matrix ® of the restriction of V¢ to E C E°, with respect
to the local frame (:vy, +vey Wan) is given by :

Y O (X, Y)uy=HK (X,Y)w,=R(X,Y) w,—R(X,Y)tt,e =
=1

= _(FR)X, Y) e — 1 (FR) (X, Y)ue= ¥ (QF (X, V) ug— Q8 (X, Y) uge—

=1

OB (X, T) wp— 08" (X, T) ug)= X (QF (X, ¥} (g —ig:) -
fi=1

0B (X, Y) ( — i )y= % (QF (X, V) — Q% (X, V),
B=1
Thus :
08 = QF — 08 = - (O + i0%)
1

On the other hand, the Chern forms of the of the complex vectd
bundle E arc determined as the homogencous forms in the expression :

y Mgy Upsy

Suppose that V has {he properly that a Hermitian metric given on

E is paralel with respeet to Vo IF (10 o tye Wi e W) is a local frame

orthonormal with respect to this melrie then the matrix @ has the property :
D= —

and then Chern forms defined above are real forms. Thus the Chern forms
arc essentially determined by the matrix

i = 0 =+ 0¥

and the invariant polynomials obtained from
det (I & td4y; A = glim. C)

generating the algebra of the invariant polynomials. We  denoted by Q
the m X m matrix with entrics the two-forms 0?F and by Q¥ the m X m
matrix with entries the two-forms Q. Ou the other hand the algebra of
the invariant polynomials is also gencrated by the polyvnomials :

trace A?; A e glim, €); p=10. 1, ..., m.

These polynomials can be used to construct some closed forms which are
also called the Chern forms of V.
Theorem 1. The Chern forms trace (i®) are,

the forms
[ L |
tracc[ ] .
* L

up to a constant Sfaclor,

L5
¥

i.e. they can be constructed using the matrir of FR, where I is the complex
structure operator on E and R is the curvature of V.

Progf. We use an orthonormal local frame (ty, e oo e
ey lpe) with Tespect to a Hermitian metric on £ Then :

M b P = (D) =10 = Q —iQ%

Thus Q is a svmmetric matrix and 0% js a skew-symmetric matrix. The
form trace (i @) is real since:

trace (i(l.))?’ = trace (i®)? = trace (1P)? = trace(*(iD))F =
trace H({(i®)?) = trace (1P)".

1 It is well known that to the complex matvix i® = Q-+ Q¥ it corresponds
its real representation :
0 —r
[ o Q ] '
and to (i®)y =T - il":

-1 (-
ln* nl"{n* n\'
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Then :
trace (i ®)? = trace (I 4 ill*) = tracell =
=1 0 -0
= —trace} = ltrucc !\"1_ « g
2 P 2 o Q

Since the Chern forms do not depend on the local frame used for their
local representation, it follows that we can usc the maltrices associated
to FR to get then.

The result obtained above can be extended te the case of a linear
copnection on I which does not neecessarilly satisfv the condition of para-
lelism for a given ]-'lcrmit.izm metric on K. In this case the imaginary part
of the form trace (i ®)” is an exact form on M and the corresponding p-
Chern form is given by the real part of (i ®)*. Then the p-Chern form is
given by the trace of the p-power of the matrix associated with FR in an
arbitrary local frame of £

3. The Chern forms and the H-projective curvature tensor field
Let Af be a complex manifold, i.e. M is a real, n=92m -dimcnsiona‘l
manifold with an intcgrable almost complex structure F. Let V he a tor-
sion free linear connection on M, such that VF=0. If B, R, = R k
are the local expressions of the curvature tensor ficld and theh],{icé'i tens(k;lf

field of V, then the H-projective curvaturc tensor field P,* of V is
defined by :

(1) Rkjik - ijih + S‘.j!'.
where :
Sl = — 8% Py + 8 Py + 8 (Py — Py) + F} Py F{==F} P, F{ —
— P F P P, FL P}
and :
1 1
R . 8 . £ __ ® Al Ty

Py == Rk — Off (Rt R,,)}, 0ff =1 (35—} F)

(sce [4]) .

It is known that the tensor field P is invariant under a H-projective
change of torsion free connections, given by :

(2) D=Th+8p:+ 8p, + F} g 4 Ftq.
where g = —p, Fj.

We intend to expres the Chern forms of the connexion V with the
help of the H-projective curvature tensor field of V. For this we need some
auxiliary results.

Proposition 2.

R ;i S tdad A deh Adah Ada =
1

(3) n+2

R (R, — Ryy) - deh fdei Adals A daf 4

1 i ! .
A Fi R, (R, F — Ry, FL)da A dat A da A dal.
n 42

CHERN FORMS AND H--PROJECTIVE CURVATURE 43

@

Similar formulas are valid if R is replaced by P or S.
The prool consists in a direct computation, where 1t 1s
pianchi identity

used the

h h h —
Rﬁ';!‘ _‘:_ Rjdk -"f' Ril’j =0

and similar Bianchi identities satisfied by P and S.
On the other hand, using of the same Bianchi identity gives the follo-
wing result

(+) R, — Ry = — Ry’

Rut, the two form ! Rk da’ A da’ is the local expression of the Pontrjagin
)

]

form of degree two and this form is exact. Thus, we can write :
(5) Ry—R,=Vr.— Vity-

where 7 is aglobally defined one form, and we use the fact that V is

torsion f{rec. . o
Proposition 3. The comneclion V can be transformed by a H-projective

change of conneclions into « torsion free connection V with symmetric Ricci

tensor field. _
Proof. The relation between the eurvature tensor fields of the connec-

tion V(T%) and V(T}) is (see {5}}:
R“‘n - Rk_-ih + 3? (Ve Pi— Pe P + G (Ii) T 83 (Vipi— P Ps -+ g; Q€) A
6) + 3 (Vep,—Vypi) ok PP (V. — Y500 + FF (Ve i —Pe @t — Qe Ps) —

—F% (Vg0 —Ps s — T Po)-
T hen :

(7) Ry = R + (n+2)(Vapy
and
B,—Ry=Ru—Ry+(n+2)(Veps— Vp) =V —Var; +
+ (4 (Ve — Vi) = V(e — (n +2) pi) — Ve (rs — (n + 2)ps) .

If we take : p, = [1f(n -+ 2})]r; then R, — R, =0. o
From now on we suppose that the connection ¥V has its Ricel tensor
field symmetric. Thus the formuta (3) becomes :

v, pi)

R, 0t Syt dalt A dat A daei A dal =
(8 ) — 1 I“:: Rh!:l;h (Rj" F;‘_ RJ‘I F:l) dx’t A da’ A dair A dxle.
n+2
Similar formulas are obtained when the curvature tensor field is replaced
by P or §.
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Iet Q1 and @ be the mafrices associated to the tensor Nelds FR) T
y Al . e . - . - = - N a " 1

FP and FS respectively. ie.: | ace 1P =1 trace QAL =& b OAT, o trace Qeplle: = ¢, &

N T - ‘ o o

Qi = ;2_11;J.f‘ Rjn,r,‘ dr''Adr', £ 200, = 0FAC, .

.] Then it ean be proved by a usual induetion the following formula :
Tio— 0 Fh Pk g ix ~ = B ' o
[BIS 2!1;( Pk de pda, a1 (Q AlIPT) = ¢y = (D) OAC -+ (D) 0 A s 2 oo+ O AC,.,
If r = p we oblain the desired result. ' '

The obtained formula allows us to get some interesting results :

Corollary 5. If the connection V has vanishing first Chern form, then
We shall denote by ¢, the Chern forins of V., and by o, the formsf all its Chern forms are H-projectively invariant. (compare with [1]).

1
('-'1:: = :;-; Fz‘ ‘S‘j‘}-‘}k da A dar't,

constructed in the similar way, using the matrix 11, iec.: Corollary 6. If the manifold M is H-projectively flat, then its Chern
_ classes are powers of the first Chern class.
(8) e, = trace £, ¢, = tracell”,

In fact. if M is projectively flat there exists a linear connection on
M such that its H-projective curvature tensor field vanish. Then, from

Then. it can be verified by a straightforward computation. usin :
Theorem 4, we obtain

the Bianchi identity and the commutation property of £ and R ; that

1

== —2¢7a

Cp - (H__'_Q)J‘ 1

1._. ; : 1 . ) ‘ . y
8 e = s R deade = --:(Rj” F — R, ) deir Adadr; e =0,
) Particularly, if 3 is a Kachlerian muanifold, then it is pmje?ti\'ely
flat iff it is of constant holomorphic curvature. Thus, for anyv Kachle-
rian manifold of constant holomorphic curvature, the Chern classes are
powers of the first Chern class (compare with [3]).

Generally, the first Chern class is not H-projectively invariant. In
fact, from the formula (6) we obtain :

Then, since F commutes also with § the formula (3) can by writen
as follows :

Q/\E):——l—Q/\c,nu—l— e QL
n-+2 n -2

where in the left hand side we have the matrix multiplication and in the

right hand side we have the multiplication of the scalar form with a matrix 7 l.prr‘ R, da* adat = e ! (n + 2)(V, g;— YV, q.) da* A d.
form. 2 2
Similariformulug arcobtaimed swheniiiis woplacerd byilliand O3 Then, ¢, remains invariant only under the H-projective transformations
1 = for which the one form g=g; da! == — F! p, dx" is elosed. On the other hand
ITAQ = — o aAfl, OA B= — 5 €A O, the condition that the connection V with symmetric Ricel tensor field
e L be I-projectively transformed into a connection with symmetric Ricel
: 1 tensor field iltll)lfes that the onc form p = p, da* is also closed (sce the
For convenience, we shall denote ——— ¢, = 0 sueh that:

formula (7).

We should be interested in looking for the H-projective transforma-
tions on M such that the one forms p = p; de/ and g = ¢, d«’ are closed.

If ¢, = —p " then the complex valued form p =+ ig=p;dv —
— iF p, da* = p, (do! — iF} d2*) is a form of type (1, 0). 'l‘hcn dip +igq) =
= (d' 4 d")p + ig) = d'{p + ig) + d"'(p + ig) is a sum of a form of type
(2, 0) and a form of type (1, 1). The condition d(p + ig) = 0 implies :

d'{p 4+ ig) = 0, d'(p -+ ig) = 0.

Since d'( p -+ ig) = 0 it follows that the coefficients of p + ig are holc:mor-
phic functions on M. Thus, the forms p = pyda*, ¢ = i p,dx* are

n-R2
OQAQ = 0A0, TAG = 0All, OAD = OAO.
Theorem 4. The forms c, and ¢, are related by the following formula :
(10) =ty + (3 OA Gy + (D) 02N Gy + oo - D2

where 07 is the p-caterior power of 0.
Proof. We have:

Q=11 10,
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closed forms iff the form p + ig is a closed form with holomorphie coeffi- :

cients. If Af is a compact manifold, then such a form is necessarily 0. Thus
on compact complex manifolds there are not H-projective transforma-
tions of connections preserving the first Chern form.
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ON SUM THEOREMS
BY

T K. MUKHERJEE, ILS. SARKAR and MIRA SARKAR

In this Note, we prove some general sum theorems which yields the
locally finite sum theorem (X} in [5] as also the one on metacorf‘lpactdspa-
ces due to Hodel [5], and many others not hitherto considere Tlas
immediate consequences. Further the approach here reveals a clol:'e e
tion between certain classes of continuous closed maps and sum theorems
of thl]?)etf}ir}lﬁion 1. A topological property P is said to be additive if whe-
never each member of a nonvoid collection {(Xe, o), @ € Al of topalog},‘cal

aces has the property P, their (digjoint) topological sum @ {(Xa, 2 )
s the same property. .

E Ai)%aféfition 2. 4 Ipcol“lreetign {M,; 2= A} of subsets of a topological

space is said to be hereditarily closure preserving, if C. € M for each o« € A

implies :

UiC;aeA}=uU{Cas Al

where C denotes the closure of C. o ) )
Hereditarily closure-preserving family is certainly closure-preserving
0 nverscly. ' ) )
g nAtlgc?allv finiytc collection of subsets in a topological space is certainly
hereditarily closure-preserving but not'c.o;w?rsely. A .cIOStlx-e—pl-eservm.g
family of closed subsets is locally finite iff 1t is point finite. For other defi-
nitions we refer to 3], [9], [10], [11], [13]. All topologies will be assumed
to be T,. _ .
Theorem 1.1. (Sum Theorem A). Let P be a topological propea:ty which
is additive and invariant under continuous closed surjections. Then if
{Fo; 2 € A} is a hereditarily closure-preserving closed covering of a topalo-
gical space (X, I'), such that each Fq Ilias the property P in its relative topo-
logy, then (X, T') has the property 1. ,
i Proof (: Let )I"G denotclthg) relative topology of £, and let F; = {a«} X
x F,, with

I, = {{«} x U, Ue=Tlg}.
Let

M=o {{F., I} as A}



