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t

< |A(to)|cx])g¢(s)ds, ol t, > t*, £ = R, t, > t. Dec Pindgalité ci-dessus il ré.

o
sulte A(f) = 0. c’est a dire la solution () est e-périodigne.
Remarque 4. Si nous remplagons la condition 3° par I'hypothise que
9

\U,u(s)ds 2 a0 —1t) 4k a>0, k < 0, alors Daffirmation du théoreme 8

t
3

[cxp\' (:J(S)d&‘] - 0, a-

est évidemment vraic. En remplagant 3° par Him inf

O-r—on

0
lors nous pouvons oblenir un résultat concernant la solution  bornée

=Rl S &

dans le passé.

nfin, nous allons donner un excrple dans lequel nous ne pouvons
pas utiliser ni le théoreme de %. Opial, ni le théortme de N. Gheorghiu,
mais on peut utiliser le théoreme 1. Soit Péquation » = & ¢{t) + M{f), ol
&(2) et h(f) sont presque-périodique, et o(t) estunc fonction & valeurs positives
ct negatives, tclle que I'équation (3) a une solution positive ¢t bornée (pat
excmple O(f) = 1 -+ 2 cos i) On voit que f(t, @) = ad{t) + h(t) n'est pag
monotone au sens large par rapport & 2, ¢t quc fu(t, 2y = (1) ne peut p
satisfaire au théoreme de N. Gheorghiu.
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N LORENTZ INVARIANT SOLUTIONS OF TWO-VARTABLES
QUASLE-LINEAR WAVE EQUATION
BY

ADOLE AN LU

§1. Introduction. 1t is well known that the wave eporator
bt S
et ol? rat

is invartant at the Lorents transformaltion group
=l —l), I'= o:(f.

v = consi,

o being the speed of the moving =ystem.

Our aim is to investigate suflicient conditions under which there exist
solutions of the equation
¢e

ot

b ¢

c‘.!

[l F o),
cl?

remaining invariant at the Loventz group (). To come to such condiiions

we transform first cquation {2) in an integral cquation, morc adequate
to cur purposcs.

§2. Transformation of the problem.
is stated in the tollowing

4 Theorem . If I} is a domain in R* and [ is a function satisfying con-
ttions - '

a) feC(D xR,
/ T
b) Sl t,u) = kx { & —ul), x(t L_ 1) w} :

a Lorentz invariant soluiion of (2} satisfies the inlegral equation

The main result of this para
graph

f:D xR~ R,

L B S X

u(a, ty = us 4 R R S(E =g 7)) dids,

o o

(8}



58 ADOLF TIATMOQVIC] 2 ON LORENTZ [INVARIANI SOLUTIONS it

u, heing an arbitrary constant. v ¥

Proof. Supposc it exists a solution of (2) satisfying G 1 ys | - 5 @ (s f2y T {05 f2) A dz —
( g AN
\ 5 v \1_ Wi
(4) wir, 1) = u [1 jr —vt), =2lf—— .n\ .
' et oo L
LA
R . e 1
Performing the substitution - i ] \ \ @ (e, fies 0 {1y ) A dne
(5) yo=ur —cl, Yya=a0-+rl (r.t) e 1), 1‘0 ;

Tt If now in the second integral. one performs the substitution 7, = By,
1/3%;: » and takes inlo account the invariantness conditions (10},

rrals become equal, and the above relation beecomes

F () + G (ye) = F (By) + G[% J) .

e L
|_thc two ke

Yat Y Y: — W
ulr, t) =u 5 =y T4 I
(7, £) ( 5 > ) (Y2, ¥

(6)

(-t ¥y Y — W
(.I‘,t,u‘ =, - s - 8 U= — RETARE DR
S ) fl\ 5 o gy, y:,0)
equation (2) hecomes Putting
F(y,) = log I (1) G (y1.) = log G, (12}

é*u . .
(7) 4"‘6 2 =g (Y1, Yo, v}, ' it results ihat the function D (y,, Yo} = I, (r)rl) G, (ys) is invariant at trans-
Y1 0Ye formations which leave invariant the product ¥y e - It follows
and this leads to g (11) Foly) Gy = @ (i1 U2)s
v ¥y
1 and
v (g, 4 = F () + G lys) —F (0 -e»—Sge v oes ¥ (nasme) dad :
s I y) + G lye) O + 7)) £lm e (2 ,7e)) oy Fo(g) = O ()G (1), Guly) = P (y:)F: ),
a0

12) e
F{0) — 7 (0). Fy()G (1) = @ (1)

F and G being Lwo arbitrary functions R — R, belonging to .
On the other hand, the Lorentz group, acting on {r, {} becomes, in
the variables y,. y--

Fo{y)Fi (1) = £ (1) G, ()]G, (1) = G (yeh:
D (i y2)/ P (1) = N (g ) 5

it follows than from (12): F. () =" (1) Ga(y2) =1 (yo) and (11)
gives ' () ¥ (y2) = 1" (42 4}
I we denote

iy, =log s Y= logy:, s () = log W (e%),

: ; - 1 W FT v.]__.-
(9) o= sl .’/z:b.’/:l B= (b1 sz-

c —v

The invariantness of 1 and f with respect to (1), becomes invariant-
ness of v and g with respect to (9), i.e.

vy, Yoy = U(ﬁy: , %yz) ) it follows

Yo () + W (ge) =" (i + )

(10) '
It results that ¥ is a linear funetion :

1
é’(’/lv."f:v”) -g(ﬁyn-éyz,v). !
Wy () = ay = alog ¥,

which leads to '
@ @ being a constant. Comming back to F and G, we amive Lo

i b
v(!h:.’/z) --—U(Syn”éyz)='F(!h) —}(Byl)+G(yﬂ) — F(y1)=10gb-{— cllogy. G(y2)=10gc+alogyz b,C-"L’()nSt-
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|
-

But, as F and G must be regular functions for y, = 0, y= — 0, it Tollow, cm ey =supleln . 4) =0 (1 1) | ettt
s . i 2L 4 il 92 IR R "
a — 0, and as I (0) = G (0), it results log & = log ¢ = u, —a new constant

and so we obtain for u the integral cquation Indeed. we have for cach @ satisfying (17)

vy ¥ 1 Yive
E - - . : oy AL E ) o AR B
(Y, Ya) = Mo -F \ gé’ {71y 720 © (71, fia)) dade . fv — o) < —;R \;1 (AT PR AN fe}) G T g TR dry e <
d 6 O
If we come back now te the function w, we arrive to the integra} < B o gt v
equation (3). 16 o

. . . . s and finally :
§3. Existence and uniqueness of a solution of cquation (3). The answe

~ 1
fo —uyl vt g - A

to the existence and unigueness problem, is given by 164t
4]

Theorem 2. If the function [ satisfics the conditions
a) f is continuous on ) X R,

A . i¢c. the operator T transforms our space into itself.
b) f satisfies the boundedness condition

The operator € is also a contraction. Indeed we have

P Sl tu)ye® | < =const. o const. CRCE
¢) f satisfies the Lipschitz condition |0 (Y15 Yo — o (Y1, Y2) | € gSL o — o | emmm) gmotntn dr, drve €
| f{r 8, w)y —f(n 4, 'y = L v — w' ], v o
L

d) the constants L, o satisfiy L{ts* <1,
the equation (3) has a solution u (v, t) satisfying

< —p (0, V) g7omIW

4a?
and also

fu(r. 1) — Ho| €57 < .

1Ga*

Proof. Performing the substitution (3), we obtain equation (13)
obviously, if this equation will admit a unique solution, then, the sa
will be true also for {3).

The houndedness and the Lipschitz condition for f, become

S L ]
p(v,v)éx;’—zp(v,v),

and as Lfic® < 1, the conclusion follows. o
The next theorem proves that in the conditions of theorem 2, the

(14) g (yys e, v) 0o Lo, hypothesis b) of theorem 1, is sufficient for the existence of a Lorentz in-
5 RO oy o variant solution.
1) AR Rt ACARR SR Lle, —v.i- Theovem 3. In the hypotheses of theorem 2, the condition b) of theorem

1 is sufficient for the existence of a Lorentz invariant solution of (2).

We will consider now the operator !
Proof. As we have seen, (2) and our In -ariantness condition lead

vy oty B . .
¢ : Y. to (3) and after substitution (3), to (13), the solution of which must be
. oG I“" (115 525 0 (s 5a)) A0 e invariant at transformations (9). From (18) we obtain :
00 "
and prove the existence and uniqueness of a fixed point of the cquatio 1 A0 g
. . el e o l= . .,
v="C v {with fixed u,) v( By ’py') Uy + \ S g{nas ey 0 (7, mad) drade
in the space of functions v, satisfving 0o
. and after the substitution
(17) 1 v (4, #a) — | e g ! = const, 1
16 o* BT'='f,--'r;=‘r.
metrized by it g i
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taking inte account condition b) of theorem 1:

1 : 1)
v[?yu-éyz) o L§§g( m,m,v(ﬂ'r.u B—-r.:]Jd'md'ca-

But equation (13) has a unique solution (by given ) so that

1
v {5 Ya) —v(ﬁyuﬁ yz)

c?

u( af{e —ot) a(t - I .r))-- w{x, ).
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POSITIVIE: SOLUTIONS OF A SYSTEM OF ORDINARY
DIFFERENTIAL EQUATIONS
BY

N. PAVEL and M. TURINICI

Introduction. The existence of positive solutions of Cauchy Problem
for a svstem of ordinary differential equations has a practical value. Such
a problem oceurs when studying some processes in physies, technique,
biology @2.5.0. Actually, we shall treat a problem more general than the

rohtem of the existence of positive solutions. Namely, we give necessary
and sufficient conditions such that each component (1) of the solution
w (1) (11 (), s W (1)) belongs to a given interval [a,, bl =12, .,
m (e ap < (1) € by, i =1..,m, for all ¢ in the domain of ). Here a;
and b, arc real numbers, with ¢, < b

We prove that the above problems can be deriy ed from a result of
Crandall [3] on the existence of solution on a locally closed subset
F of m - dimensional cuclidian space R™ .

Let us consider the Cauchy problem:

(1) w' (f) = f(t w (1))

where f: [a,b) x F'—> R™ is a continuous function, a < b < - oo,

We sav that F is forward invariant for (1) (or flow invariant set)
if whenever u is a solution of (1) on [a, a + T], T > 0 {in classical sense}
and ¢+ = F. lhen u(t) =F for a<i<a+ T Note that F-locally clo-
sed, means that for cach 2 = F. there is r > 0, such that ¥ o=Fn B/(r)
is elosed in R™ , where B, (@) denotes the closed ball of radius r and center
x € R™. Denote by d (y; F) the distance from the pomt y < R™ to F.

The basic result on the Cauchy problem (1) (generalizing Peano's
existence theorem) is the following -

Theorem 1. (Crandall [3]). Lef t: [a,0) X F— R" bea continious
function. 4 necessary and sufficient condition  for the existence of a local
solution w : [a,« + T ()] = F of the problem (1) is the Sfollowing :

w(@y=ma & F,

(2) Hm ld(a = (L, @) F) =

aiok

0, for all { = [a,b) and @ = F,

ﬂJhe?'e'T‘: T (2) = 0, depends on x = F.
This theorem is given by Crandall [3] and ‘is generalized by
Martin (5, Pavel [6], and Ursescu [7].



