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et wun nombre réel M,z 1 tels que | f{@) oo < Mo pour tout & = U, —'“’i‘jf}&ﬁ{?"f”f_)"'r" ll'““'"‘ sititii LAl L Cuza® din lasi
el toute semi-norme o = A, Alors. powr tout @, = U, il existe un voi, To! S
sinuge raffiné ouvert V de a,, V= U, un intervalle (—«, ) © R el ung
application g: (—e, €) x V = U telle que soient satisfaites les conditiong
(a) et (b) du théoréme 3 et la condition (c) &(t, )= f{g(t, x> pour loy
(t, @) & (—e&, &) =« V.

Remarque 4. Les définitions et les résultats de cette note seront
utilisés dans [6] pour délinir les LC ct LCR-varié¢tés de classe Cf
modelées sur des espaces de Fréchet, le fibré tangent d’une LCR-va.|

riété et pour lintégration locale des champs de vecteurs sur une LCR.§

variété de classe CF.

THE MANIFOLD OF SYMPLECTIC STRUCTURES ON A
COMPACT MANIFOLD
BY
LILIANA MANDM RAILEANU

Introduction. In the present paper we consider the space S of sym-
lectic structures which a given compact manifold may carry. The group
of diffcomorphisms of the manifold acts on S naturally by "pull-back,
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say 2m-dimensional, compact C+ orientable manifold without boundary,
which admits an almost complex structure and has a real cohomology
class in dimension 2 which remains nonzero when raised to the power
m, TA will be its tangent bundle, 770 the cotangent bundle and A*T*
the bundle of k-forms over M. If K is a vector bundle on M, CHE) (0
<k < o) will be the space of C'-scctions of E with the topology of uni-
rm convergence in k derivatives. It has the topology of a Banach space.
i o

j(E):k 10 CHE) is a Fréchet space whose topology is given by all C*-
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rms. For notions and clementary results on infinite dimensional mani-
s we refer to [3]. In particular, if f: X - ¥ is a smooth map bet-
en manifolds, 7f: TX — TY is the induced map on tangent bundles,
: T,X - Ty,Y is the map restricted to a fibre.

~ The sct of all almost sympleetie structures AS on M is, by defini-
, the set of all nondegeneraic sections in C=(A*7™). Denoting by d:
AT®) — C=(A3T") the exterior derivative, the set of symplectie strue-
s S on M is, by definition, the open set of non-degenerate scctions
e Fréchet subspace Ker dj henee S AS n Kerd. and, in the con-
3 imposed on A, it ks a nonvold seh.

Let D be the group of diffecomorphisms of 3 with the C=-topology.
son C=(A*T%) in the following wav: if f € D and Q = C=(A*T7)

and X,. Y, e T, 3, then (f°Q),, considered as a bilinear form
M, is defined by: (f*Q),(X,, ¥Y)= Q) (70 /(X0 T,1(¥,)). We
this right action by :

g D x Co(A=TY) = C=(AT).
I that ¢ is lincar in its sceond variable and AS, S are invariant
1e action ¢, so we can wrile:
tick
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s:D %8 =85

o: D v AS = AS, ¢
If © = §. we define the isotropy subgroup Dy at &, by:
Do= {f =D, Q)= 0O}

In [6] H. Omori shows that the topological
strong IL1I-Lic group and Dg is a closed,
The main goal of this paper is to construct at cach £ €
for the action g; that is a subset 8, of S such that :
1) if f € Da, pl/f, S:1)—= Su.

9y il f = D, and o(f. Si) N 8y # 0, then f € Daq.

3) there is a local cross-seetion w: D/Dg = D defined on a nej
borhood U of the identity cosct such that it the mapping F: U x 8, 5
is given by F(u.s)= o(uli, ), then Fis a homeomorphism onto a neig

borhood of Q.

Sinee for Fréchet spaces (8 and D in our problem) the imph
ordinary differs
are not true in general (sec [5]) we do not know
there cxists an exponential map on § which is a diffcomorphism ne
the zero section ol the tangent bundle. The usual prool of the slice ths
a differential manif
the ak
technical difficulties, we enlarge the se
arc infinite dimensional manifolds,
The enlarged spaces, Wi
maps which have p
up to order k such i
each of them is square integrable (sce (31, [4), (7], [8]). In [6] (VIIE
for k> 2m + 5, p can be exten

function theorcm and the local existence theorem for
tial cquations

vem for the aetion ol a compact Lic group on
[1] uses specially the existence of the exponential map with
property. Beeause of these
and D somewhat, so that they
cally like neighborhoods in Hilbert spaces.
we call DY and JI¥(A: T¥) are spaces ol HE-maps,
tial devivatives defined alnost evervwhere

p. 100), H. Omo ri proves that
to a smooth action of DFt:

o: DF x HHA TY) — HE A2 T,

For k= 2 |5,
lemma ([8]) TIF{A: T7)= CY(A* ) is
an invariant subset of H'(Kerd) under
triction, we can define an action p: D¥?
struct o slice for this action. The proof
Ebin (2],
Ricmannian metrics.

§1. A Riemannian Structure for the
shall endow §* with a weak Riemannian structure and with a
riant structure which is not weak. Since

a continous inclusion,

identificd with I (Kcr d). Thercfore for
an inner product <, o on HEAT).
Riemannian structure g on M3 each (0 = §F induces a
ture go on A2 T as follows:

group D has a structure
strong ILH-subgroup of |
8, a sl

let SF—= HEA:T7) n €2 8. Since by the Sobd
§* is el
the action of D**3, so byl
« §% 5 8% First, we will 8
follows the ideas used by
[3] in the proof of the slice theorem for the manifoll

Space 8%k, > 2m + 5.

Dtﬂ_‘
S$* is open in H*(Kerd
is 2 Hilbert manifold whose tangent space at each point is canon
each Q = 8%, we must &
To this aim we fix a SO
Riemannian 8

—

2a(p) (@), )= t(@p))* (— Q) QPN {5),

Lchere 4, Q% & A2 T ave considered as the clements v .

ndd (Q(;p}))‘ Ve 1Tom (TT;” o e elements from Hom (T, T,)

Lot Q1 Qf = HYA*T); we define go(Q,Q2) = H¥(M, R) to be
f—.’!z(.(.)_l. Q'!) ([))m g;!(ﬁ)) (Ql(?}), QE(?)))’

nd the inner product on JIF(A* T} to he

<O, (o= Rgn(ﬂl, Q) u,.

. 3

where o is the volume clement induced on A by the fixed metric g.
Theovem L. With the previous hypolheses, we have :

1} <. > defines « smooth wealk Riemannian structure on 8%

2) <, >.lm.,s' u:ssor:m{ml a unique affine conncetion V, such that for
smooth vector ficdds X, Y, Z on 8% we have :

(1) N <V, Z>— <V VZ> 4+ <Y, ViZ >,
(2) ViV — V., X=[X. Y]
3) <.,

> {s invariant under the action of D¥1,

I’rfmj. 1) Since Q= CoA:T"), gao is a C-Riemannian structure
®on AT ;m_d ue is a C* volume element on M. Henee <, > is an inner
product which induces the Ho-topology on IT*(A* T") (séc [.3] [4]. [8D)
which is strictly weaker than the H”-topf)logy (k > 0). However < >;; 1s a
t:smvc definite bilinear form, so it gives a weak Riemannian structure on
. Now we chek that the weak Riemannian structure on 8* is smooth
or this it suffices to show that for any Q, Q:e H*(A* T7), ‘the func:
on <O, Q2> 8 S Ry Q- <QY OQ%>q s smooth, uniformly in
morms of Q' and Q2. Define f: 8§ - HY(M. R) by Q)= ga(O, Q)
t E be the .‘a‘lrlhlll)(:l' bundle of A* T consisting of closed nondcoen:eratt;
ms on cach 7', M. Then, it is casy to sce that there exists a smooth
iction f: K — M = R such that f= f o Q. Hence, by theorem 3.8 from
, [ is a smooth function from S¥ = H*(E)) to HYM, R). Also tile map

s HYJI, R) - R given by f —»gj up is a continuous linear map.

ollows that 0 — <Qf, Q1 >q i : i

! at 0 <0 Q! >q is smooth and the uniformity in H*-

8 at each step of the proof. R

2)zLet X. ¥, Z be vector ficlds on S* such that [X, ¥Y]= [X, Z}=

yZ]= 0. Then from (1), (2) we get ' o

<ViV,Z=>—=12[X <Y, Z> —Z<X,Y>+Y<X,Z>]

€ case of a Wiemannian metric on a Hilb i i

_ | i ¢ cert manifold there exists

u = T .

}t;! ‘chcll.m ficld V¢ ¥ satisfving (3). In the case of a weak metric

atele Know there can be at most one solution, we do not kno“,'

by that one exists. Because <, > pgives the topology of
, we can say that there is a unique Vy ¥ = H'(A? 7). We
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8.4

d 2,=0Q pi(A: 1) it sulfices to define one on HOGTE (A T7)) where JYA2TY) is
he f-jet bundle of Az T (sce [8] Ch. IV). Using the Riemannian strue-
ure © and the alfine connection of M induced by g we shall construct
e wsomorphisnt o

k k
JA T~ @ Le(TM, AT~ @ VT @5 T

m=0 m=0

shall compute this Vi ¥, Let © e 8% be a fixed clement an
4 tX(©2). Then

X<V, %> o= [il <V Zo e =
dt i

1 o ;
h SL (tr (@ () (— Y p)UP) 2D tre =
see [3] Ch. IV ) As in {3] (§4) it results that this isomorphism in-

o

i

H

= S ((Qp)) T X(EUp)) Q)™ Y(Qp) (QUpNTZQM)) vo +
i

uccs a continnous lincar map (rom A T*) to II'( @ A2 T" @ S™ T™)=

1 k a 2 \ e
ﬂl_ @ (A2 T @ S™ T'). Now, we note that Q € 8* induces a Ricman-
1§ m=0 - . .
sian structure on 8™ T as in [3]3 henee it defines such a structure on
[ &

¥ r rytE T . . . .
o A T* @ 5" T Using this structure and the volume element of g

0 . k
M, we geb an inner product on H( @ A2 T* @ S™ T*), and by pre-
=

-I-Stl' (Qp)) * F(QUp)) (Q(p))* X)) (Xp))  Z(p)) o

M

With a similar caleulation for Z <X.V >, and ¥ <X.Z>. we find this,
¥ - . - LS

ous isomorphism we obtain a inner product on II'{J¥(A= T*)) which
Kefines o strong inner produet (i.e. gives the H¥-topology) on Hf(A? T)

¥ i q1.. I o ) e R . a :
.he proof that <, >; K Q- <, >gisa smooth, D¥*l.anvariant Rieman-

ian structure on 8% s essentially the same as <, >° case (theorem 1).

L§-_>. ;l’he slice theorem. Theorem 2. Let k> 2m + 5, p: D¥1 x

. . - . - k R a
X 8 — S. be Ori” usaial action aned Du+“= D*" N Dg. Then there caists

submanifold 8% of 8% containing Q, which is diffecomorphic to a ball in
g Hilbert space such that :

1) If f =D, e(f, 8= 85
2) If f = D" and o (f, 85) n 8T # & then [ = D**;

3) There exists a local cross scction un: DF YD — D*' defined

j2) here cmly 4 3 [ O ) define

kneabsi_)on_mm. r)j1 the identity coset such that the mapping I+ U* x
., given by Flu, $)= o{u{u), s} is « homecomorphism onto a

(Vi V)= - QIO X(Q) Q1 ¥(Q) - Q-1 V(@) Q> X(Q)]

o | —

satisfies (3). Since @', X. ¥V are HE, v, ¥ is H' as well and Vi ¥
smooth as a function of £/, so the weak Riemannian structure defi

a smooth conncction on 8%, & 2 2m -+ 5. B
3) Fixef = D¥1 and letg, - Az T — H¥A® T7) be the m

given by o) = p(f, Q)5 obviously o/8*)= 8% and p, is lincar; hen
To oy= 67 Let p = M, Q1,0 = Tq (8¥)y= IF{A* T7).

2 oAQ AR, pAQ(P) = tr{(sAQUP) (— pAQNPD(eA2NP)" (A il
= (TS 0 Qi o (TNY)* 0 (Tf 0 Qyyy o (1)) * 0 (T 0Dy T
= (07 0 Dm0 Dy © Bim) = galQ Q) (f(p)) = (2a(Q, Q%) o f)

. ) 01 :
Then: ighborhood of Q.
) . - Proof. Let g DFYY — 8% be the s h mappi :fi
a1}, 6O PR I o, 0 1wy — S a0 (O, 02) o fue = f. Let g »e the smooth mapping defined by =
<pAQY), gAY > e Scpfn {e(Q"), £,(L2%) 1 go( ) o fio Q. D. I 'l?ln and J. Marsden in [4] show that D 13, i‘:rgf)())th
M sert manifold of DFY Since polii') =1, poe defines @& map 3q:

i
My +1 ” e Fa * - o o .
D! — 8 by Fo (D f)= f*Q. Using the implicit function theorem,

rgl(;gk:lprc.)'\l:}cs in {G] that gg is a hon}‘_comor'phism of the factor
b q’ with .lnhul)cn: closed subsct Of of 8% the orbit through
e action g. We introduce a smooth structure on D* /D! by
g o, to bz a diffcomorphism. Then =: D —»D""I,fD’;_'-j’fz is a
L submersion heeause g is. Thus as any submersion admits smooth
€Ctions. = becomes a principal bundle with fiber Bl Our next
:K; slufw-t'h.nl.:.fcg is an injective immersion, henee an embedding.
b 0 prove thl.: I:x(il: we must show firstly that the image of Ty pq
“mirl pﬁ:ifl,((fvz. {‘S}I'n;‘:cﬂp? = .EQ o an Ty is clearly onto T,
Rtor il /o .Dk;lm .“r.‘u.' ]T}lilig(_{l-] 0{ 7!’! Pgll)klr.‘i tl_xc SAIME as t?lat qf
b e Do e recall, that, T (D40, s naturally identi
M) o(8%) is identified with H*(Ker d). As in [3]

{an (@ QY = <0, Q2>a,

M

since f* po= o and by the change of variables formula. 'This proves}
theoreni. _

From this theorcm 1t

exponential map exp, such that X, }

s (Vi Y [o)= VedXa) e/(Va) and exp o Tp,= gy 0 CXP

Now we shall define a D* *-invariant Ricmannian structure <

on §* which is not weak., First we shall deline <, > for Q@ € SI;

know from [8] (Ch. IX §3) that to gel an mnner product <, >0l

follows that the connection V defines a sm@
arce vector ficlds on 8%,
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. PR e £ o above identpositive 8, exp(HW,, v5) 2 BB, Pick Ul < U* and ¢, < & so that if I, =

a 6.2 and Corollary 6.1) it results that, with the a i e o Vg . . .

g‘aer?iglna ’l" . is the differential operator i, defined by £ o(X) 3= i (Q.) Q= Vi f = ,L(Ui‘)}, exp(IV,) = Bl Let 8 = exp(Vd). As
: aI Q= S(z?ﬁ-lilj and the subspaces Ty ea(T/ D) Twaeo Tu (D4, [13] it results that 8f satisties the conditions 1), 2). 3). _

ATe it (:r hig subspaces of H¥(A= T*). So, to prove that the image g To obtain _I,hc_ proof of the slice t]}ﬂm'{:m related to the action g,
a;‘lt‘-e lépnmis I:-.losc%l in T 8%). it is sufficient to do this for T ¢q in thhich is stated in introduction, we 't!Cme‘ §,=8n 8, U =U*nD/Dy,,
e i i, i.c. to cvmslline 4. . We consider the differential operatogwhere 8i and U* are constructed in Th. 2. : :
Ci"s"“' {i(_ 5)’ "E,’ ry L O (A ‘}1';'-) and B—d: Co(A® T?) = C={A* T Now we denote by 8, the sct of symplectic structures on M with

— i 2 . X — 2N < = . . . . L. 8
= g RN ; : =i A4 " B is clliptic becaydgrivial isotropy group. )
From [6] (§ VIIL 2) it is known that [ * 1 ' Theorem 3. S, s an open set in 8.

" 2 . ] e 3 e IR . .\ )} ] i 1l

o '_,‘Sd G can.?t;’ fvt'hcrc[ﬁS]=itd I‘,c.f?ll])t‘qmtl;;l{\{ I‘i:; lill;l,‘::.‘y.;]f;f, c,\-?cmli»fx) :])1 Proof. We consider Q < 8§, and V a ncighborhood of id in D. Using

the lhcol'cfn 1‘.;'-:.5"1};“2 ”rf(',\,. 7°) (qéc [8]) is closed and has  closdpotations from ihg slice theorem, let =: D->D/D,, U=Un =1} and

rator s M\ ) for &> 2 5. Vo= F(U,S.). 1T Q= Flu,s) € Vg then 7= (ufu) 1)’ (@) = 8, hence

complement 1n ‘ & 75 s injcetive on cach tangent spafby 2) of the slice thcorcm_ it results that D, = D3 but f ;J:(Il)‘llﬂs.
The proof of the fact that Tgg I8 1) he property that /- 'Dg f< Dg and, since =(f)=w = U, f = 1. From

. N AR . . 31 so thal 2o 1s h i . : ‘ '
i‘Olllmlilsd'thc prl(m(;""oifs ‘:lcsnll;lc?tll)ioh‘:;ll()):‘lll'l:il!;ldfl(?EnS"i . Badhitie these considerations it follows thal Do, ={id}, VQ, = Vg, henee Vo <8,
embedding and Of is a s ¢ .

Now we construct the normal bundle of 0% in 8% Il.(*t T8
y ee in T(SY) whose hase points are In
e the set of tangent vectors in T(8h) wl kS ‘
lI:.t is a vector bundle over 0}, and T(0%) is a subbundle of it. Def
another subbundle v— v(0f) to be:
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Indeed € & Ker iy iff < e o{X), 27 >0 - S-@f(l', A3 () g0 = 0 Sin

M
i ian structure ¥ js preserved by the action of I
the weak Riemannian strueturc of 8 is presery y i
the fiber of v at any point £1(Q) is fH(Ker Aiy). Define P oon t?e fil
at @ to be A0 (Apy Apay 1o A3, and on the f|b'€r at f7(Q) to
f* 0 g (4 ALy oy o /ot The proof that v Ker P that P
ontoA s:na Pk-{s a smooth buadle map is essentially the samce as 'the_ p
of the slicc theorem for the action of D*'1 on the manifold of Riem
nian metrics (see [3]). . .
Let exp: T (89— 8" be the exponential map of the weak M
mannian structure on §'. Then exply is a'(lr['f‘comorpluqufrpm n e
borhood of the zero section of v to a neighborhood of Og in SE.
if we consider H(Ker d) as To(8%) and the strong mner prfiduct <
on H¥Kerd) defined in §1, there cxists a neighborhood l,fh ()fD%ll :
(which is identified with DFYDEH), a cross section w: UF - D™ @
U* of the bundle =: DF1 0% and an € > 0 such that tlfu: neig
hood of zero in vq, Ve=1{Q = Tq (8%) Q' S vg and <Q.QU>k
to s Gf W, e = L) 1R Ve, and [ = uf B
has the property wvh ) | M =
exp Wy v is 2 diffeomorphism onto a 1101ghb0rhn(?d of £ in :
(We Iv‘ U)L nnﬂ"' — U*. Let By theball about Q of radius r \:‘ll,’l} respeet :
met;icndcfinefzi on 8¢ by the Riemannian structure <, >% I'hen for
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