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et qui satisfuit aux conditions du théoreme dlexislence ct d’unicité de
1. golution 3 on observe qu'une solution de ece svsteme cst

©) (g0 T8 () = (2o n' W) (s) =1, (g ZE) () = (g &) (s) =0 (a#b)
i satisfait aussi a la condition (+). De méme, la solution unique #'{s),
£i(s), n'(s) du systéme (3) satisfait aux conditions (#). Avec cette solu-
tion unique du systtme (3), on forme les fonctions (3) qui. ¢videmment
satisfont & (6). Maintenant, en substituant cetie solution dans la der-
nitre équation (3) nous obtenons par quadratures, les dquations de la
courbe {C).

Le paramélre s est naturcl, comme il résulte des egalités

5 l-'.z"(.s:) ds = K V;;.,i'!" ds = S ds = & — %

Done, dans les condilions 1) et 2) du théoreme nous avons déter-
miné une configuration MC 5 Zf, i, ') unique, pour laquelle les  vee-
teurs orthogonaux £, ..., &, déterminent pour tous s < (5o — €, 8o - a)
I'espace 1775 le vecteur unitaire n¢ est normal a cet espace; (&
£, By, m') forment un repire positivement orientd, ¢t les fonctions
G, T ct « sont invariantces.

Ainsi, le théortme est  demontré et
G, T, = forment un systéme complet.

Dans la premitre situation, quand la courbe (C) cst donnée, le
systtme (3) devient lincaire.

Cas particulier, n = 3. Les équations (1) et {2) prennent la forme

montre que les invariants

i
-1
g e )
ds == kg &2+ Ko nt,
Ve wi f
{6) P k2 T, n,
Vit . .
(]S'- — ]"n <1 Tg ::",’ ]
et respectivemnent
dat - » .
——iis gl g] otz b oan
ds ; -

n

avee {a')? - (27)° + a? = 1. Les d¢quations (1') sont de type Darboux;
Ribaucour pour unc courbe sitnée sur unc surface.
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sOME PROPERTIES OF THE ALMOST PERIODIC FUNCTIONS
IN PROBABILITY
BY

ANCAMARIA PRECUPANU

o In the present note we shall study some  properties of almost pe-
riodic funclions in probability, suggested in a paper by 0. Ounicescu
and V. Istratescu [7]. :
Generally, we shall use the terminology and the notations of [7].
The reader is also refered  to [6], chap. XVII, for some general re-
sulls _concerning thc;_convcrgcncc, continuity, differentiability and inle-
grability in_probability. .
Let (2, A, P) be a probability space and let B be the real line.
. By a random function on B we mean any function defined on K.
with values in the space of all random variables defined on (Q, A. P)
s . N 1 h . . N
' We shall denote by Cn(R) the set ol all eontinuous in probabi-
lity random functions on I2.
I}e.fim_t:on . A function f = C{R) is called «lmost  periodic in
pro;mb.'ht..'/':_f toany e > 0, q >0, there corresponds a number 1= (<, 1) >0
such that v any inferval of length 1, there evists = sueh that

Plos [fE+ o) — flte) =) < for all t = R.

Thr:!' nun‘xhc‘r ! is called the inclusion length and = is ealled an
period of f. )

Denote by AP {R) the set of all almost periodi i i
Bt on 1. st periodie functions in

£ —n —

Theorem 2. If [ is almost iodic th pr 7 ] 3
: f g st periodie in probability. then f is  wuni-
ormly)contnmous in probability on R. ! v o A

Proof. Il ¢ >0 and % >0, let {=1(cf3, 7/3) be the inclusion

ngth"corrcspon(ling to /3, /3, according to definition 1.

Since f is uniformly continuous in probability on the interval [—1
L4 1] ([6], chap. XVII} there cxists 3= 7(¢/3, 7/3)
eh that {t" —¢"| <8 and 1" € [—1, —1 4+ Iimpjly ’

Pl{os | (o) — f(1", ) | = ¢f3) < 5/3.
txg-_ i hlc 1‘(::1]] numbers so that |4, — 1, ] <& and let ¢t € R
simee s almost periodie in probability, there exists =~ T
1+ ! such that : e

Pllos 1J(+ = 0) —fito) | 2 f3}) < of3.

2

0 <3 <1,
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Then 1,
But

{o; 1/t w) = f{ti.w) |2 &} < for5 [ flte, ) — flte - =, w) | 2 ¢f3}U
Jedt flt o) = ef3} U {o3 |f(t + = o)
— flt, @) | = gf3,
and then, according to (1) and (2), we get
Pllo; | f{t.w) —f(, ®) | 2 €]) <% for all {;,t, = I

< 3, which savs that f is uniformly continunous in !

Lz = [0,1] and henee t, + 7 = [— L1+ 1].

U oy T, 0)

such that | i,
probability on R. .

Theorem 3. .1 function f = C (R} is almost periodic in probabi-§
Lity if and only if to every € > 0, 4 >0, it corresponds a finite sel A=
— {a} {1 of real numbers such that for every ¢ = R, there cxists an a; €
= A for which

(3) Plios 1/t + a, ©)

Proof. Necessity. Assume e
the inclusion length corresponding to e/,
periodicity in probability of f.

Since, by virtue of the thecorem 2, f is uniformly continuous i
probability, it follows that in the interval [0, {], it can be chosen
n points {a;} ', such that for every @ = [0, I]. there exists ¢, < [0, [] with
the property

(4) Plo; [f(t+ 2 0)—f(t+a,0)i2 ef2l) < /2, for allt = R.

Now assume that @ € R and let = be an /2 — 4/2-period from  th
interval [— a, — @ - 1]5 henee we have

(3) Plos|fit+a+ me)-flt4aoe)> ef2l) < /2, forall i< R.

Because a + = « [0,1], from (4) it follows that there exislts ¢, < (o,
such that

(6) P(os|ft+a+ r0)—f(t4a.0) |2 gf2t) < /2, foralli=R.

Jit a0} = el) <n foralt & R.

>0, 7 >0 and let I=(gf2, w[2) be
/2, according to the almost

[

Since
{o; It +a,0) —Jlt-Fa,0) |26 s (o [ft+ae) - fE+
Fa+ o) =2 Uio; [ftt+at+ o) ~fitt+a, o)l ef2h
for all 1 € R,
from {5} and (6), we get [
Plos |fit + a, 0) — [t + a5, 0)| > f)<q, for all ¢t € R, whi
completes the necessity proof.

Sufficiency, If ¢ >0, 7 >0, let 4 = {a}i..be such that
every ¢ = R there exists an a, = .1 for which (3) holds.

But it is easy to sce that (3) is equivalent to

(1) Plos |fihe)—fit+a—a,,0) =z} < for all 1 = R.
Leti= max | a; |. Weobservethata —a;, = [a — La 1], a — a; is
Iaran . .
an ¢ — p-period for f and L= 2! is an nclusion lenght for f.

Conscquently the relation (7} says that f i1s almost periodic in
probahility and thus the proof of theorem 3 is complete.

Remark 4. In the probability theory it is wellknown that the
convergence in probability is equivalent to the convergence in the
semi-metric defined by °

| a(ea) — Blw) |
8 d{x, B)= S S S J
(8) (o B) ) 1+ | o) — Ble) | dP{w},
where «, § are random variables.,
Using this remark, we can define the following semi-metric in

the space ol the random functions on R:
(8) d(fs )= sup (5 ), glt, )

for every two random function f, ¢ on R.
It is casy to sce that the uniform
of a sequence of random functions
vergence in the semi-mietric (8').
If we denote by £ the linear space of all random functions which
are uniformily continuous in probability on R, and bylj the scpara-
ted spacc associated with 7, L being endowed with the metrie

convergence in  probability
on R is equivalent to the con-

AA —~—
(8") e(fs 9= d(/, 8)
for every f, ¢ = L, we can observe that L is a Fréchet space [3].

~ Using this remark (L is a complete metriec sp: the-
rem 3 can be stated undelg the fol]owin;lr equivalcntcfo:rr:]q?e)’ e the
.. Theorem 5. The function f = CH{(R) is almost periodic in proba-
lity if and only if {a.}, being an arbitrary real scquence, there  exists
subsequence {h,} such that the sequence {f{(t - b,)} converges ttnzjorm-
wm  probability on R (following Amerio [1]. chap. I we shall  say
{b:} is a regular sequence in probability). Y
Using the theorem 3, onc can casih_"pmve the following result.
. Theo_rer_n 6. APL(R) is an algebra over R, which is closed under
forgi limits ]-a'n,“ probtlzliility.
. Now we shall establish a criterion for almost riodici
VaTtilVe of an almost periodic function in Il)clfgiagi(;li;;(\)r(.hmty of the
E a:g“:';:-l 7([&:;_;; y {UE'APP(I;)’b S i.s" differentiable in probability
Gbility o 1 (} 'an ﬁ;g,?R e)l-tty ' s uniformly continuous in
Proof. Becausc f' uniformly continuous in probability, for every

O:t"l > O there exists 8= 8(e, 4) > 0 such that for all ¢,,¢, with
2l < 8, we have ’
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(9) Pllw; | f'(t 0) — f'{ts0) | 2 &) <7 !r)[ﬂ"“(':‘(’ I‘:leili:::l lI-‘[Tl’“IOEY iOf ﬂl(; :111}1(;51‘ sure convergenee.  Consequently
) e co [T may be replaced by comlition:

Denote by 9.(t, w)= n[f{t + 1/n, @) —f{t, ), for all L E R, © = 0. 1Y) B, is refatioely compact  in the lopology of almost sure con-

We observe that the random functions o, arc integrable in probabi.| rergence. for coery = R,

lity on the interval {0, 1/r], where n> 5. Taking into account the  relationship  between the  pf* -mean
Moreover, according to [6], chap. XVII, we have convergencee {(p = 1) and ihe convergence in probability (see 8], chap.

11D it follows that every almost periodie function in the mean of order

= 1in

> 1) (sce [2], Chap. VL §t) is also almost periodic ) .
. g > o — (o | AP 153 g : plp # (SRS . § nlso almost periodic in probability.
{os | oults @)= Sl o> e ={osnl )J L y)—S @0 1dyl> Because {hnrc' exist  sequences of random varinbles  converging  in

Y robabilitv, but not converging in mean  of order p(pz1), by virtuc of

the theorem 3 and ol the weli-known resulls ecaeceraing almost periodie
functions 1n ll‘h‘c' mean, !01! onder pip > 1) we can conclude that the
almost periodictty n !;!()J{l-).ll[}_\' is more general than the almost
eriodicity in mean  of order p(p = 1}
On the other hand, since the Stepanov almost periodic  fune-
tions are almost periodie funclions in the mean of order p (sce  [2]
- 0 N Y . ") - - 1 - : i . X Ab ’
Chap. VI, §t we observe t:‘:.l almost periodie functions in the  Ste-
panov scnsce are always periodic i probability.

*lin
s o e fos (M U =10 1Ay > <
ufl o
where (P)S g(y) dy means the integral in probability of g on the in.

(1]

terval [0, 1/n]. b

From the abeve inclusion, taking into account the relatiop
(9), we get P{o; | ot @) fltw) | = &) <% for nzd? and for
all ¢ = R, ie. the sequence {g,} converges uniformly in probability on
R to f'. Since, obviously o, < APR) for every n = N and, by Vi
tue of the theorem 6, 4P p(R) is closed under uniform limits in pro.
bability, it follows that f' < AP R). '

Definition 8. Lei ¥ be a family of random functions on R.I) B
is said to be equicontinwous in probability at t, = R, if to eack < > 0
r = 0, it corresponds 8= 3(e, ) > O such that

Plio; [ St o) — flla o) | > 1) <,

whenever |t —t, | < 3 and for all f = F.

1) F is satd to be equicontinuous in probability on R if it is
equicontinuous in probability at every t € R. B ccscu O, Miloe Gl Tonescu-Tuleen C 1. Calewll  probulilitatil

Using the remark 4 we can easily prove (sce [4], [5]) the foll . st aplicatii, Vditura Academici, 1956, Bueuregti, alewlul  prolabilitifilor
wing theorem which contains a compactness e e o o cesi{:;n::l)i:r:l:i t(;-iu_\i_!::l.s“c'u“”\.g_.-!.ppr:o;ri;{ng!j‘un Hf:.'arr.'ns Jor raidom functions,
for families of almost periodic funetions in probability. 02 ve M. Drobability teoty, Vol. ‘!‘Tn:!l;ﬂhi{(]ii':;(;n)r;,I).“i[::i)n_rfr]--"crlzw U.S.A., 1977

Theorem 9. A sct F of almost periodic functions in probability : - croTn
is relatively compact in the sense of the metric (8"), if and only if R.

1) E is equicontinuous in probability on R;

I1) for every e > 0, 5 > 0 there corresponds an inclusion lengl
such that in any interval of length 1 there evists an & — 1 — period =
common to all junctions of the set E(E is called uniformly almost
riodie in probability);

I11) the family of random variables E.= {f(t,.}; J = E} is e
tively compact in the sense of semi-metric (8) (relatively compact in P
bability), for every t = R.

Remark. Since the almost sure convergence implies the con¥
gence in probability and every scquence of random variables con
ging in probability contains a subscquence converging almost $
it follows that the compacity in probability is equivalent to the ¢
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