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{ FIXED POINTS FOR A SUM OF PROJECTIVE CONTRACTIONS
BY

MIHAL TURINICI

1. The aim of this paper is to give a partial improvement of a
fixed point rvesult established in 2], as well as some applications to
Volterra functional equations. Throughout this note, the following gene-
ral notations will be used :

i P(X)= {V € X3 ¥ # g}, F(X, V)= {/3: X - ¥}

i) N=1{0, 1.}, V= {1, 2.}, X" = XxXx .. =X, (n times), YneN’
iii) CX, Y)={f = F(X,Y); [ is continuous!

V) B = )— 0. + oo, R, = [0, + o[ . B =10, + o[, K, = [0, + 0]

) (R ||l)= the euclidean n-dimensional space with the cuclidean norm
-], ¥nedN".

= 2, Let m = N’ bhe a fixed element. The order relation induced in
by R7 (respectively (R%)” will be indieated by < (respectively < ).
* Let us denote:

g v

min(z) = min, ..., 2,), max(x) = max(@, ..., £,,), V& = (&1,..., ¥n) © B,
@y =(21/Y1 coos T fYm)y Y& == (V1,00 @) € B, Yy = (t1,eer Yo) = (R,
(e, b] ={z e R";a< a< b}, Ya, b= R™, a< b.
I-{)ibert’s projective metric of R™ is the mapping d< F(((R%)™)4 R,),
iy
d{z, ) = In{(max (x/y))/min (x/y)}], Vo, ys (R)™

The following lemma will be uscful in this note
mma 2.1. Leta, be (R%)", a<b. Then,

Xp{d(, y)) - 1 < 2(jmax (bja))fmin (@) | @ — y |, Yo, y= [a, b,

00f . Firstly, we remark that afb < wly < bja, Ya, y € [a, b]. Now,

la, b] are given, we obviously have @ — y<|| & — y || (y/min)(a)),
|2 — y {y/min(a)}, and this gives max (2fy) <1+ — y| /min(a),
(=1 — || & — y[/min(a). Therefore, max{z/y) — min (x/y < 2(||@ —
n{a)), which implies exp (d(x, )} — 1 = 2({max (y/2))/min (a))) |
| < 2 {(max (hia))imin (a))) | @ — y|. Q.E.D.
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3. Let ne N’ be a fixed clement. Denote :
i) X = C(R,, R), X.= C(R,,R,), Y= [fe X3 j(r)= RiL

Cloarly, X¢— C(R,, B*), X1 =C(R., RD), Y= ([ = X3 () < (07,
(vesp. Y™ will be denoted

by < {resp. <). Let us defincm € FXR X YR, R,), Me P » Y R, byf

The order relation induced in X* by X%

i) m(z, y) =sup {neE R0y < x}.
lll) ﬂI(.’L‘, y) = inf {)\E R,z < )\y}, if {)\ e R,jor < }\y} £ &,
Mz, y) = + @, ,it he R =6

for every (a, ) b
of X" is the mapping d= F{(Y"), R.), expressed by

v} d(z, ) = In(M(z, yYimlz, ¢)) L 0< mlz, y) < M{x, y) < + 0.
dlx, y) = + ©

for every (@, )= (¥"):. The fundamental properties of this metrie ma');

be found in [1], [2]. On the other hand, let us denote

)1z b= (s i ) il @ = (@150 z,) < X"

vi) I = {(@ y)= (¥7)*5 0 < mla, y) = 1 < My} < + ok,

and for cvery g € ¥*° let us put,

viy |z ll, = M(l = |, g), Yees X7,

vifl) X2 — (2= X°5 | all,< 4 o) Xp = {z= X5lal = 1},
ix) Yi={as¥"; 0< m(z, g) < M(z, g) < + @, Yr=Y;n AEL
x) Y0 (@) = {ee Y™ m(a £) > o Vi(a) = Yi{) n X}, Vo= B

The following results were proved in [3]

Lemma 3.1. [3, theorem 2.1]. For every fived g = ¥Y", (X [l
is a generalized Banach space and X%, A3, Yi{a) (Vo= RY) arc closed s

sets i (X7, -1
Lemma 3.2. [3, theorem 2.2]. Let g= Y™ be fized. Then,

(3.1) | 2 — ylls < (exp (d(z, y)) —1) min 2 los | ylleds W@ ) = Lan (Ve

(3.2) Mz, y) — mla, y) < &my, iz — yll,, Yz yrs (Y5

3.3) Iz — ylls > (1/2) (1 — exp (—d(x, y))) max {m(a. g), m{y, &

v(x, y)e (Y3

Lemma 3.3. [3, theorem 2.3). Let g< v* be given. Then, (Y5

is a complete melric Space.

4. A mapping T = F(Y™", Y") is said to be a) monotone increas
onYriffa,y s ¥, a<sy=Tas Ty s b) p-homogencous on y» (w

pe< R) iff TOa) == 3 Ta, ¥ae R, Vo= Y™

= X» x Y*. In this case ilbert's projective mietrig

, if mx, y) =0 or Mz, y) = + «,
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‘}‘lhc muil; result of this note is the following
Theerem 4.1. Let{T,,..., T,} < F(¥Y", Y*) and {p Yy &

yeery Ay . yoers P 0, 1,
0<pr1<Pre<Pu< 1, be such that o Pl (o, 1

(4.1) T, is monotone increasing on Y™, Vi< {1 ,..,m},
(4.2 T, is pi-homogeneous on Y*, Vie {1 ., m},
| m
(4.3) the set YTy, Ty = {gsY"; Y, Te)= ¥ is not empty,
i=1
(4.4) 1 29 + pg> 0 (where, p = pry ¢ = Pu)

Then. there exisls a mnap

§ (45) g—og=olg)e Y2, Vge Y (T,,., T,),
M such that

(4.6) g=%

Y T@ ve= Y (Tin, Ta)
Proof. Let g= ¥

T
! 1
] (Ty,...., Tww) be a fixed clement. Denote y =
N (?-:'1 T (2). g,), 8§ =M ( ilei (g), g) and let us define a family

{Sla); a= (R3)"} = F(Y", ¥*) by

m\

a7y Sa) (z) = }::,la, T (z), Ya = (a,,..., ap) < (RL)", Yo = ¥™
om (4.1) and +.2), it casily follows
) d(S(a) (), S(0) (1) < d(a, b) + qd(x. y), Ya, b= (RL)", Vo, y= Y.
Moreover, S(a)(¥2)c V7, Vae (RY)™
' {Ula); a= (B < F(Y7, ¥3), by
Ul (@) = S(a) (@)l S(@) (@) I, Ya= (R)", vz

From (+.8), d(U(a) (2), Ula) (1)) < q - d(=, i), Vas (RL)", Yz, ye V2,

Ula) = F(f”,‘, _17”;) Is a contraction mapping, Ye= (R%)™.
+)1z<:1-n;('_ill;’ 1;11*1\:}(11 t}}:c;:nt theorem) thcrt[c) pc:ffs-i’sts a E‘zuﬂgly ?;'l(lsic;f(:zree,
Ha) = Ula)z(a), Vae= (R
f)w, let us define k= F((RS)™, R%), H <= F((R%)™, (R%)™) by
h(a) =i S(a) z(a)ll,, Va<= (RL)",
. H{ay = ((h{a))P1 ,..., (B{a))™), Ya= (RL)™
mma 4.1. ff (4.1) -+ (4.2) are

So, we can define a fa-

accepled, then, Yie {1,.., m},

u T(m”gé”ElT‘wng = 8, Vwe f’:’



102 MI1HA1 TURFNICI -j 5 FIXED POINTS FOR A SUM OF PROJECTIVE CONTRACTIONS 103
(0.33) | Tiw — Ty yll, < 28/l e — ylss Y, 4= Vi(a). Voo . Proof of theorem 4.1, continued. It, for a given a = (R2)™ we de-
ote a= {{(ymin (a))/(3 — Ll . . T
Proof. The first part of the lemma is obvious. For the scconJ ?(a) 5 Bg,((gnd t(hl)s) Sgllxnél:(( a)), 8= «!1-9, then, from lemma 4.2 we get
part, letae R%, v 4 < 1 (), is {1, my. Clearly, (v )= Uy. As m(my' )
y< x= M{r,y)y wc h‘nc m (s 4) ,’I',(. )< (m (e ) T < T (x) ¢ (4.17) A% min (a) = h{a) = dmax (a).
<(M{a, e T ('f = M{x, y) Tily) Therefore, 1 ‘(') — T {y) < (M, ’/)“t Furthermore, let us consider the equation

mia, y)) Tdy), Tily) — 7,(1) < (M{w,y) —m{eoy) T (z;) Taking int

account the iollo“mg simple pmpanv (4.18) a= H{a).

Clearly, (4.18) is equivalent with
(4,_19) a;= (@)% i=1,.,m — 13 a,= (h((a,)"",..., (€t )Pm 1'%, @))%
Let us define {k, K} < C(R%, B%) by
+(4.20) k()= (h(tP7 ..., tPm /9, 1)), VYt = RY,
(4.21) K(t)=tfk(t), vt <= Rj.
From (4.17) we obtain the evaluations
(4.22) t=]0, 1[=k(t)> (yV¢0[§0) rrat-n, <], oo [ = k(t) < 8
and this implies

(+.15) nye X' o<y, —aS Y= <y

we get | T(x) — Ti(y) |- (M, y) — m{a, y)) | Tily) |- Now, from (34
and (-L 13) we obtain || T da)y — T (u)]l,, < AM(x, y) — m{x, yh | Tyl
< 2() Tl fmly. ) e — ully < 28[a) 1+ — yllo - QED.

Lemma 4.2 Let b, es (R, b<e, and denofe = = ({7 min (b
[(3max {(c))), B = «0" n, Then,

(4.16) Ula) (T30 C Y3(@), Va=ib e
Proof. I a= {b, ¢}, re Yu(p) are given. then,

M(S(a)(z), g) = (M (E T (g) )nm\ (¢) = & max (¢}, and m{S(a) (), 83
1= J0, 1] = K(2) < (30D [yet-a)) gumaa+pnid o)

e, +w[=K{)= (/81
Now, from (4.4) + (£.23) we get lim K(2)= 0, lim K(t)--

(4.28)

m

=(m (EI T ). g)) min(h) = (m (2 T3 s)}' min (b) =
w1 L
- t " 1 o b oo, and
thus, there euq s ¢’ = R, such that K(f'}= 1. From this fact, it casily
ollows that a'= ((t P ey, ()T £) = (R s a soluti:;n’(g (idquql;
efine g= h(a’) z(a’) = I" A simple evaluation shows that (4.6) holds
nd this completes the proof of our thecorem. ' Q.E.D

Corollary 4.1. § .
R . cona'-itazfon uppose that (4.3) is replaced by the following res-

= (m(z 8P T'{g), g)) min {h} = ’"(Z Ti(gg),g)| 87 min (b) = 3" (min
Therefore, m{ Ufa)}x), g} = (v 8) ((min (6))/max(c})) B7= = 3= Q.15.1),
Lemma 4.3. ’I'hc’ mappings h and H are continnons on (R%)".
Proof Leth ¢ = (R" i b<r If o' a = [boe| arc ﬂ'l\(ll, then,

(+.8) and (& 1()) d{=(a’ (a - d (Ufa’) = ('), Ula"}x ( M =d (S{d
(a) S{a") = (a")) < d(a, )—l— q d(z(a'), ={a )) which  gives d(z{a’), x{a’)
(11 — q) ( . Now, from (2.1} and (3.1}

{a') ( )“9 exp (diz(a'), =a”)) — 1 < (exp (. a’)))
— 1 < (1 4 2{{max (¢/b)) )/(min (B | o — a yua-a —
and this gives {{from (4.14) and lemma 1.1)
| h(@) — k(e | < || S(@) s(d') — S(a) Ha") s <
II S(a’) () — Sta") e’} o + 1| Sa) z(tt') s(a"yalaMa <
< Z T, 2@} )l & — @ || + (max (c) E |75 =’y — Tix{a") s

wa—an+wmwwmu@nu() (" y < MM—MJ%
+ 2m (8/8) (max (¢)) (1 4 2 ((max (¢/b})/(min ( ) e — a" [
Q.E.D. :;

3) the set " (Ty,...,T,) of all g = ¥, such that a) J{ E Ti{g), )<
+ 03 b) inf {m(y, Ti(2),g); v = Y2 > 0, is not empty.
i=1 '

Then, i . 2) 4 3 ;
b 8:‘;& J‘éufﬁ 1) + (4.2) + (4.3) hold, the conclusion of the main re-

Proof. Let g = Y {Ty,..., T'y), and dcnote <= inf {m( i T (r);
v+ In this case, (4.17) mav be replaced with -
v min (a) € k(a) < dmax (a), Va = (R)"2

n the other hand, (4.22) and (4.28) become respectively

i = ]0,1[ = k{t)z 5t = N, oo [ =i{t)= 8712,
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~ . - ~-q 5 .
(+23) L= 0, 1[ = K(f) < Oy ety b= |1, + o[ =K()= (st ‘ Proof. For every 1 = {1 ..., m} definc T, € F(Y", Y"} by
; i implics lim K{) - 0, lim K{= 4 oo, proving our assertion, ' -
ind this imphes i {8 o ' QED (5.5) T.-(.r)(i)=s A2, s (h (i, 8))" ds, Yee ¥ VvVieR,.
Ll 0

) - L2 S npose thal ) ) ‘
Corihers s v Clearly, T, is monotone increasing and  p;-homogencous on Y7,

(4.28) T, is a constant map {i.c., T, ()=, Ye<sY) e {1 ,..., m}. Furthermore, from (5.5) + (5.6),

- i
(1.25) the sel I"”(’)’.”l oy T of all g Y7, such that o) My, + E 1‘1:(;';), 2} <

1= X

m

mo el - 4 _
g6 < Y S aB(t, s) (hi(g, s)ids < S A (L ) (B (g, 8)Pi ds=
¢

i=1-0 fai

< 4 oo b) m{yy, g >0 is nol emply. C
Then, if (L.1) 4 {(1.2) + (42 1) 4 (.25) hold, the conclusion of the

main result is again valid. ' )
Proof. Clearly, (+2 1) 4- (1.23) = (13) Q.E.B,

5. In this paragreph, as an application, we present an existence re.

m m t .
=Y T: (@) < ZS BR (4, ) (l: (g, 8))eds < Bugll), Vi€ R, .

i=1 i=1v0

Thercfore, thearem k.1 is applicable, and this completes the proof. Q.E.D.
: = ; entrls 5.1, Suppose  that =1 1), e R,. The )

sult concerning a class of  Volterra functional  cquations. Firstly, -let femut bi . ! (& 1] .W R Ihcn: D

411 Llumtg(,;mm a class of o Migke Mo, = a(t). Yo € ¥ VL = R, . In this case we oblain theorems

us denote

‘ - 2.2 of 2.
I ={x =P(R); == ntorvall; D= {(L,s); 0<s<t < + o] 2.1 and of [2]

i) M,— C(D, (R)"), M = C(D, (R)™), (ic., the set of all posk Remark 3.2. Suppose that t == [0,1), Vi = R, . Then, we may take

tive (resp. strictly positive) continuous n X n malbrix funcv_hons), " Mo = 2(0). if im0, 26 Y,
0 .
iti} af = {rf..., ay), Vo= (@) ey @) € BY . VP & RY. - | I
. . T 1 . S Ry, t) = (1t S afs) ds ift>0 reln
Let o = (R, J) bz a given nuapping. Tor the sake of simplife (v, 8) = (1) , (s) ds, f

8 ats Lres .j] 7 “ dcn( te c:nf :-.t_, Vl: = 1{._ A ZI!!(.] Cp(igl.)z }{4. . IJCt us indlt - . . — .
Z:t\c; l::ftl-i 1‘;1;0 ('hs‘: of Elg h e NY* x R, , B), such that . e., h{x, 1) is the mean value of x =YY" on the interval t). In this

e we obtain a result which is comparable with theorem 6.1 of [3).

(5.1} Ve & ¥ the map £ — hie, 1) is in ¥V

(5.2) wy e ¥, o<y b= R= k(a0 < Myt REFERENCES

. e yr te R, e R = b = 2h(w1). .

(3.3) ael¥,te B, ) k (e ) ( 1) .. uer I'. L., —.fn clementary proof of the Iopf inequality for positive operalors, Nume-
o . g ] e h Yo H, 1o Dok < [ rische Math., 7 (1965), 331—337.
Now, let 1‘11 seres *lmj <M, {hl reery Fopg g {1 Lo P [ K ]’ shell I ). —On a class of Volterra and Fredholm nonlinear integral equalions, P'roe.

O p=p:< Pe< o < Pa— IS 1. Consider the following \"oltcar,

Math, Camb, Phil. Soe., 79 (1976), 329—335,
functional ecquagion

irinici M. — Projective wmelrics and nonlinear projective contructions, An. st. Univ.
Insi, s. § a, 23 (1977), 271 280.

18.X1.1977 Facully of Mathemalics
Untversity of Iagi
R, 8. Romania

(5.4) x{t) = i SL A, 8) (i (w, 5)YPads, Vi e Ry

e v

The main result about (3.4) can be stated as follcr;\'s.

. . - Ty 7]
Theorem 3.1, Suppose ikere exist By, B, =M}, « B,
pe R, and g =1, such that L

(. i

) O:."}i < .‘1[ = :@r}))‘ » Vi e {1 sevey 7”-},

(]
o

m it} -

(5.6) rglt) < ES B (L, 8) Ul sP7eds < pg(), Ve € Re
i=1+~¢

(5.7) 1—2¢+4pg > 0.

Then, (5.4) has al least solution ¢ < Y1



