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ON A RANDOM INTEGRAL EQUATION OF THE
MIXNED VOLTERRA-FREDHOLM TYPE
BY

AL DALE

1. Introduction.The random integral cquation of mixed type

ritso) = fltyw) g a(t, s ;) g (s, 2(s;w)) ds +
(1.1) . ’
i g b(E, 3 0) h(s,r{s 5 w))ds,
1}

$> 0, has been considered by various authors (e.g. Prakasa Rao
nd Rama Mohana Rao [t), Tsokos and Padgett [3]).
Jowever, no cntirely satisfactory and sulliciently general proof of the
istence and uniqueness {under appropriate conditions) of the solution
s been given.

Thus, while Tsokos and Padgett [3] have undertaken a de-
ed investigation of (1.1), they have failed fully to exploit the random
ure of the pertinent integral operators, On the other hand, Pra -
sa Raoand Rama Mohana Rao [4], while taking due cog-
nce of this component of randomness, have only managed to obtain
ence thcorems for the solution of (1.1), being unable to show, in
ase, thc measurability of the solution. Prakasa Rao [3] has
ied this to some extent, providing a proof of the existence and
eness of the random solution to
i

so)= f{{;w) + S g(t, s, 2(s 3 ) ;0) ds 4-

U

1l 5 a(syw)jw)ds

o ey ]

{o, T].
Is our aim lLere to examine the equation
!

Tt )= f(t; w) —§-S holt, s, 2(s 3 0) ;@) ds +

0

+ S h}.\(t, 8 J.‘(S H 0)) H (l)) dS,
o
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i = [0, ) 1t ist T 1t which d Lot Co (RY. L) denote the space of all eontinuous functions on I
= oo}, and to prove an cxistence and uniguencss rest which ed .11 wulues i The | . . .
) B 2 . L volues in Lo Ihe topolooy on this space is defined by t -
ionds the work detailed above. ANl such results, of course, ucncral‘”{ 1 ) pRIos. : I s defined by the pseudo-
e e e 5 5 ‘e . - o . elrrees L1, == M= . . o - - [ 1
the usual deterministie situation. as exemplificd in Miller {2} fori Pistances {14 L7 .|| v — #ll., where §J|-1,: = e f} is any family of
tance. Tt will he noticed that while the methods of proof are often apgemi-noeriis In particular, we shall consider
logous to these used in deterministie situations, much emphasis s lgf
on the random nalure of the operators involved, and much usc s mag
of a random fixed point theorem.
In Scetion 2 we present definitions and results perlinent to of
later secttons. Scctlm.l.} containg an (;_\mbuu,c and unigueness theoreden this topology, Co(R", L) hecomes a separable Fréchet space. Hence
which differs from that preseated by Prakasa Rao [3] both in cof J, 1., being a subspace of Co(R* L), i i -
iy e cpg . .y R - . Yo Fas) g &5 & W AT, Lay [ ot s o7
sidering different kernels and in providing a solulion on [0, oo |. Scotig™ -f: e "ol The ) o(RY, L), is a scpavable Banach space.
e B . ‘ L A A 1 . Y e ) o . :
% contains some related resulls, providing a sohition to (1.1} (thus e Definition 2.1 The random process A3 w) 15 a random solution of
tending the work of cokos and Padgett [5]), and discussing ¢ 1.2 if. Jor every Jiwed 1S R alt; )L and 2(f3.) satisfles (1.2)
stochastic stability of (L.1) (a result analogous to that obtained by Prgaimost surcly.
v .‘ .‘ n :3 - . i 3 5 f 'y v 1] - -
k “‘”‘21} ‘1). [_J) e Tet (@ a l ' Dolinition 2.2. Let E, F be koo normed lincar spaces. A linear ran-
. Prelinanaries. i.c Q, . I enotc a ¢ I ni vt - it c .
. i !bl . (Q, oA, I’} denote a comp cte, atomic proseg,y, opcrilor T QO x I = I s compact if, for any bounded sequence (o, 1
bility space. in which [ has a countable basis {i.c. there exists a scquen p - nope i @ subsequence { L tha ' . |
{E,} of scls i of such that, for any ¢ > 0 and 4 =df. there is a g’ " SHOSGRER L g} such that the sequence {T() Tyt 18 al-
nost surely convergent an F.

[l w)[la= sup {R | (s o) | (11)((0)}'-1?, =1, 2, 3,...
aglgn - :

B, of the scquence for which P(AaE,) < e). The random proeess
R < O — R is regular if, for each t = B, Definition 2.3. The ordered pair (B, D) cof spaces is admissible with
gspect Lo e random operator T+ Q 3 Co (RF, L) - Co (RY, L) if T()B=D
Bnost siercly.

a Definition 2.4. The random operator T:Q x X - X (where X s

i B PN A L rels] AT on0 . . L

(= denotes cquatity by definition). Te= (0 of, P) is the separable R Banuch .;J(!(;(,; .S(Ltt.?_‘]l(,’s a szsaha't.; conﬁriatwu, if there exisls a posiutive
nach space of ali {equivalence classes of) regular random processes, Bveal-valued random variable k(-) such that | o) v — Tl y il < o) llr—2|
e T I ko) < 1 almost surely, then T is a

E | xlt;w) | ;\ La(t; o) |* dP(w) < .

ost surely for adl @,y in X.
( 1 wraction random operator. If I{-) is constant, T is @ niforn contraction
| at3 ) lla= l& a(t3 ) |° dl’(m)"‘f. A o
o - ”Thr.' followine random analogue of Krasnoselskil’s fixad point theo-
1 S LI R I O Ta 1 1 1 ]
i due to Prakasa Rao [3]: it will be nsed extensively in the
ucl. ‘
o . e

Theorem 2.1. Let (Q, of, P) be an atomic probability space and let
a closed. bounded and convew subset of a separable Banach space X.
T, S be continuous randem operutors from & x X into X such that
i) (S e 4 Twyy]l € E for all 2,y € K and o € 0,
i) there caists a real-valued random variable K{-) suel that || S(w) z—
alyll < & e . = ; 5

.,}JH S K e — yi jor all 2.y = E whore 0 < K(w) <1 Jfor
€ Q. and

A real-valued random variable (:) defined on {Q, of, P) is said o)
P-essentially bounded if o
(3x > 0) Plio: | al) | > a}l)= 0. '
The space of all such function will be denoted by Lo = L. (Q, ot, P).
norm in this space being given by -
| w(w) L. = inl sup | afw) |
Q-G
where P(Og)= 0.

Iet C= C{R', L.) denole the space of all continuous, hounded
tions on R+ with values in L, — that is, the space of all hounded,
squarc continuous, regular random processes on R+, The norm inj
space is defined by ;

| a(ts w) |lc= sup 3} alt; 0}l < ©.
ta0

i) T2} is :
! 3} is @ compact operator for each o = L)

h ofcer o AN . -
there caists an K-valued random variable Z(w) such that

S(w) £(w) + T(e) iw)= &) for all o = L
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3. Existence and uniqueness. Consider the equation.
{
2{tyw)= fil;w) + Rh,- (¢, 8, 2(s;w)sw)ds 4
(3.1) o

+ R h{t, s, x(s 5 ) w)ds.
.0

t & B, under the following assumptions :

A41. B, D are Banach spaces stronger than €. (R*, L,).
A42. f = D and ky, he satisly the following conditions :

i) for 0 s<t < w and a(s;e) €D, kel s, sjw)ie) = B,
i) for 0 € 5,0 = o and a(s;w) €D, ket 5 rsiw)jo) = B,
iit) for & > ¢, ky(t, s, 2(s;0)30)= 0.
iv) h{f, 8,03 0)= kel s, 050) = 0 almost surely,
A3. (B, D) is admissible with respect to the random operators

Uplw) ot ;o) = g he(t, s, (s jw) o) ds, t = R,

0
To(w) 2t ;) = g hll, s, (s, 0) ;) ds, t = R,
.0

the norms of these operators being denoted by the random variabl

ky (+) and kg (-} respectively.
A4. For every ¢ >0, t € R" and o =0,

L hp (t 4+ =8 (s sw)50) — he (8 8 @053 w)io)lls

tends to zero as
A3.1) For every e > 0 there exists a 5,= 8{e,) > 0 such
— by (t s ylsiw)ie) iy £ el @t w) — ylt; tw)iln

P - almost surcly for all &5 in R

ii) For every g, > 0, there exists a 3, = 8(s)) > 0, such that for
x,y in D with || «{f;
—hi(t. s yls. @) o) [l = el (t; o) — y(t. o)[[p P-alimost
all 1= R,

surely

Theorem 3.1. Under the above assumptions there erists 8, >0
that if § = (0, 8,). then there 1s an n > 0 such that there is a wnique T8

A, I DALE_ o T N 1 t;

m solution x(t 3 @) of (B.1) for which ||
f(t;0) lln <7 2.5

Proof. In view of the "almost sure” nature of assumptions 42 and
5, there exists N = of such that P(N)= 0 and 42, 45 are satisfied
ery-where on 0,= £2 — N. Henceforth we shall restrict our attention
E such ©Q,. Let £, . > 0 be given such that g kp(w) + e hp(ow) <1
s, and choose 8,,8; so that 43 is satisfied. Let 3,= min {3,, &.}.
bor any positive random variable p {-) let

| S(p)= {alt;0) = D)l alt; o) o < plo).

vfiw}lly, € 8 a.s. provided that

| = | - 0 uniformiy for all @ = I} with || 2(1;w)ipg
that for &
v, y in D with [ 2(t;e} <8 and || y{i50) s < Si ! he (s (s @) 50

o)lp<dy and [| y(t; @)l 8o | Al 50 2(s. w); 4

Clearly this is a closed, bounded and convex subset of D. We show
stly that, for any 8 = (0, 3,]), there exists v > 0 such that, for all
by © S(p), where p(o) < 8 as., and || f{t50)]p < 0
| Ty (o) 2(t;e) + Ty (o) ylt;0) = S(p)
yhere T'v(w) 2{tsw) = f(t;0) + Ur{w) {t ;w). To this end, notice that,
:l t = RI,

' | Ty (w)2(t; o)+ Trlo)yltse)lis <[ ftie)ll o +

¢

+ ishv {t, s, a(s;0); w)ds flu+lIShF(t, s y(syw)yo)ds|p<

[1] 1]

< (s w)!|p 4+ kv (w) e | 2(ts0)llp + kF () el ylts0) s <
<+ ky (@) e plo) + ko) £ plo) € ple)

Provided that v < plw} [1— ek (w) — & ke (0)}. Thus

Ty (o) a(t;o) + Te (o) yt; ) = S(p).

| Furthermore, since for any x, y = S{p)} and every o € Q,,
1Ty (o) 2(t; 0)— T (@) y(t50) p < by (@) &l 2(t50) — ylto}lin,

e ky{w) e, <1 as., it follows that T, is a contraction random ope-
or on S{(p). To show that T is a compact operator on Q, X S(p),
ice firstly that, for o = Q,and t = R,

1] Tp ((\)) .'L'(t "I" T (!.)) — T}' ((A)) J—'(t H w) i; n = 'l‘"p (m) ” hp(t +
+ o8 asiw)ie)— he (s, he {8 8 w(siw)s0)ils

h tends to zero as |<| - 0 uniformly for z = §(p). Moreover,
Ya(t; w)l p € ke () e, p(w) for all @ = S(p). Hence, the random
or T, is uniformly bounded on S(p), and thus is compact. It fol-
oy Theorem 2.1 that there exists at least one 2 & S(p) such that

Tylw)a(t;o) + Tolw) a(t;ow)= a(t;e) as.
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Finally, to show the uniqueness of the solution in S("p‘), suppogsct S(p) of Theorem 3.1 may be taken to be faltye) e C: alt;o) g
that there exist two random solutions @, and v, . Lot = a,— @y Thens onfl < pl, where p > 0, while 7' turns out to be a aniform contraction
t random operator.
g 4. Related results. In this section we specialize t :
. e s . 5 seckie 2 specialize the abstract rand

1| ~F ¢ . . . . . . | . . . f abstrs random
N=(tso) s < ||S hey (1, 5, {(s50);0) By (8,8, @2 (83 w)sw)ds iy + Joperators of cquation {3.1) to obtain the random integral cquation of

hl <

0 ; Volterra-F redholm type
t

5 i
F U\ (15, (550} 00— e (6 s (55003 0) ds o <

(4.7) wft 5 oy=f{;w) -+ SJ’-‘V (b s5m) gy (s, a{s o)) ds +

|‘ Y]

< (kv (@) &1 + ke (o) € li=(E50) lin

Since Ky (o) €1 + kg (©) ez <1 a.s., WC obtain a contradiction
[|=(tto)]l p#* 0. Thus a, (t; w)= a: {(t;o) as, which completes
proof. :

Suppose next that B= D= €. and rcplace assumption A3 by
A5*. There exists non-negative functions Ly (£ s) and kv (2, 8) such

-+ \ b {l, s 3 0). ge (8, 2(s30)ds
. ' b
for t = K"

As we bave already mentioned, this equation has been studied by
Tsokos and Padgett [5]. However, due to their [ailure fully t?::
atilise the random nature of the pertinent opevators, we proposc to state
certain rosults here which ean be proved by methods simi!r;r to thtosce
of Theorem 3.1. Proofs of these results will not he given: we shall con-
tent oursclves by merely indicating aspecets in which such prcl;of‘; differ
from those of Tsokos and Padgett, op. cit. -

Consider cquation (4.1) under the following conditions:

Bl. B, D arc Banach spaces stronger than CU(R-‘, L.).
B2. f = Dond iy, by satisfy the following conditions :

i) for every & > 0, therc exists 8, = 3(e,)} such that for all
in € with || 2(t;0)le < 3 and || ytio)fle < 81,

| by (8, 8, a(s50) s 0)— hy (8,5, ylsso)so)ll <
<e, ke (8, 8) || @t 3 0)— (s @)l

(ii) for every =, > 0, there exists 8= d(e.) such that for all 2
in € with [|[2(t;w)ll ¢ < 3. and || yltso)lle < 3.,

| A (L s, (s 5 @) 3 @) — he(l s, gis; o) @) |l < s hp (t )il alts o) — y(t 5wl

] Dfor0gs<st <o, bp(fss )= L.
iii) sup \kp (¢ s)ds= K < o, L) for 0 s, L < oo, Rt s50) = Lo,
dgt<m . ' )
B i) for s » £ ke (Lss o) =0,
‘ : r - € > ol I
iv} &y and I, as mappings from Lhe sets {{4,5):0 €5 <t < o}
) QS}LP Fp(t,s)ds= Kp < 0. d(t,s): 0 = 5,1 < 0! respectively into L., are continuous,
sup ; ; s
1]

. (B, D) is admissible with respect to the random operators

Defining the random operators T, , T, as before, and noting
(C, C) is admissible with respect to these operators (cf. Tsokos
Padgett [5), Corollary 92.3.2), we have the following result : &

Theorem 3.2. Under assumptions A1 — A4, A5Y, there exists 3
such that if 8- (0, 3.}, then there is an > 0, such that there is a
que random solution a(t;w) of (3.1) for which || 2(t;w)|lc < 8, pro
that | f{130) lle < - i

Remark : The proof of this result parallels the methods use
Miller [2]. Chapter II, for solving analogous deterministic inf
equations, and is accordingly omitted. A distinguishing fcature ©
result, of course, is the use of random opcrators and a random |
point theorem, and we have already indicated, in the preceding the
the tole that these concepts play. It should be noted, further, thal

U"’ ((U} '2‘(t H (’)): f’“l' (t! &3 (JJ) .'"\.‘l’ (."', nl'(-‘\' 3 (1))) drﬁ‘, i = R'»a

(SR BN

I

Telw)aoiso)= N\l (Lejo)de (s, (s3w))ds, ¢ = R

[ 3

& Gr: I x D D
ors respectively,
revery ¢ >0 and £ = R, [, (¢ | =

A 1l . [¥3 - T. 8L ]'.- f. 83 4
as | < | - 0 almost surelv. ' tw) et s50) s tends

Maticy o

et Li(c), kp{-) denote the norms of these
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B5. gv and gp arc functions from R* » D =B satisfying the following Proof : in Theorem 3.2 let
conditions :
i} for cvery & > 0 there exists a 8 = 3(ey) > 0 such that, fo

all 2, y in D with| a{t; o)l < 3 and | y(ts»)llp € 3,

hy (15, a(s 3 0) 5 @)= ki ( $30) g (s, 7(s 5 0)
e (15, 2(s30) jo)= ke (L, §30) ge (5, 2(s 5 0)),
I g (b 2t 3 @)= & (b y(t3 o) s < el @lt3 w)— Yl(t30) o by (4, 8)= || kv (o s30) 1o ke (6 8)= L ke (8, 55 0) [l -

ii) for every <. > 0 there exists a 3. = 3(e.) > 0 such that, f(;E Then the assumptions of this theo .
; SveL : : : | : rem :
all 2, yin D with [[r(43 @) llp < Szandll ylese)lln < 82, 3.2, and the desired result is immediate. imply those of Theorem

i e . o e . Nary 4.2. Under tf : 9 N L.

I gp (8 2(ts @) — 1. (8, y(Es o) lls < =2 2ty 0)— ylt o)\ p ) Corollary = e asswmptions Bl— B3, B4', B5® ) .
| gp (8 2lEs )— & g5 )l I} =t y(tsw) o tion J(L30) = 0 as. ast and §f, for cack T > 0 B3*, if in ad
iii) gv (£, 0) = &¢ (¢, 0y = 0 a.s. J

i

Theorem 4.1. Under the above asumptions. there exits 8, such that g o i ‘. & .
§ = (0, 3,], then there is an > 0 such that there 18 a unique random g B6 i) tmj \ | ke {t, s 50) |l ds =0 and
Lution a(l o) of (4.1) for wh ich (6 o)llps € a-5. provided that | f(ts oM p<m agd 0
Remark : the proof parallels that of Theorem 3.1, and is acto ! T
dingly omitted. As was the case in that theorem, the solution z(t3u 1) ’
obtained here — by considering fully the random nature of Ty(-) an ! o | ks (4 85 @) [« ds= 0.
[

T(+)—is in fact onc for which a € S(p), where plw) £ 8 25 and S(p)=
= {a(t;o) = D: a(t s @) |y < plo))- hen a(t;w) — 0 as. as { - ;
. . . wid — 5 wher TN 9 .
Supposc next that B= D= C, and consider the assumptions: Proof: Given e > 0, =2 >0, tl(:e:;: l;xti‘:fq’{lnd:’g SOl“tﬁon of (4-1);
B4 For cvery € > 0 and L€ R, ), (i) arc satisfied. Letting XISts P such that B,

o

\h o (t+ 7 5350)— R (b 85 w) ||« ds et

0

S(p)= fa{t;w) € C 1 2(t;o) e < ol

Sy =fr =8(p): lima(t;w) =0 as.}.

]

tends to zero as [ =] — | . .
Plearly S, 1s a closed, bo 2 -
B5*. i) For cvery e;> 0 there exists a 8, = 3(es) > O such that for B ounded and convex subset of S(p). Furthermore,

B e with fa(t;w)lie < 3 and ITpt5)le < B g 5 el that Buo B, s B B0 held everywhere
I gv (L aft ;o) — & (t, ylts N ll: < = I x(t s 0)—y(t; o)l L Let T, Tyt £ X C = C be defined by
ii) For every €. > 0 there cxists a 8= (e} > 0 such that
all o,y in C with || a(t; o) lle = 5, and Jylt;o)le < 3., :
Il gp (t aft;o)— gr (b ylts o)) p< sallaltse)— ylt; )| 3,

Ti o) 2(t;w)=f(t;w) + S kv (8 s3w) gy (8, 2(s; w))ds,

<]

' -]
i) sup &Hky-(t,S;m)!l,- ds= Ky < . 1"'(‘°)'t'(t;‘°)=gk*' (ts50) gy (s, @ (s50)) ds.

0<l<w.o '0

eding as in the T
- proof of Theorem 3.1, w ; :

. o , 1 3.1, e can show that Ty, T
iv) sup Sﬁ Jeo {t, s 30) || ds = Kp < . ) ermt continuous operators, that Ty is a aniform contraction ran-

Ogis s perator on §,, and that T is a compact random operator. Let

8y, and let ¢ > 0 be gi "

4 ¢ given, Then t is

Corollary 4.1. Under assumptions Bl B3, B4*, B3" there @ 1 s wen there exists T, = B® such that,
8, such thai, if 8 € (0, 8.], then there is ar 1 > 0 such that there
unique randon solution a(t;e) of (£1) Jor which 2(t3 o) llc <%

| ={t; o € £
vided that 1 f(t; o) llc € 7 0]l < 55.,’” y (b o)lle < 5o b/ {t5 @)lle <3
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K. By B6, there exists T. 2 Th such thadanaicte stintifice ale Universitatii Al I Cuza®* din Iasgi

where g,— max {e; Ky, 2 1
for tz=T., romul XXV, s. T a, 1979, £1
¢ w
£ S . | =
Sl] Ly (tss o) [l ds < Tk | Ay (8 syw)lads < Sy : ’
[i]
Thus, for t> T: > T,, and &,y S,
¢
LOCAL CONTROLLABILITY OF NONLINEAR EVOLUTION
q . ) ‘ - 2 B L JUTION
[Ty (@) @ (t30) + Te (@) @ltie) s < lILf(Ese@)lle Sn kv (685 @) EQUATIONS IN BANACH SPACES
BY

o

. ds 4 g ( ky (1,53 ©) o | e (s, @ (s o)) |le ds < OVIDIU CARJA

| g (s, @ (s30))]

!
1. Introduction. The purpose of this note s Lo discuss the local

TI
E
< 3 + = S” By (tsso)flall@ (s30) . ds + S” ey (6 s30) o | @ (s : 0}l dflcontrollability to the problem
. : ’ ’
T, 0 5 (1.1} a'(t) = Aa (t) + Fla(f)) + Bu(t)
+ sgl‘ﬂn kp (5 30) 1o L (53 0) 125 +Su Fo(t 530l fl (55 ) o dofffor 05 1< T with bl ot e e (0) = a4, where #o X, X
o 7 fis a Banach space, [0, 7] is a finite closed interval of real line, a()
. ot ' 's.ta.ﬁ”;mm” fr;)m [Of, T] into X. A is the possibly unbounded  infi-
£ \ €1 € Y nitesimal gencrator of a strongly continuous cornio :
S 5 & ]PS“ kv (1,550) |l ds + —-;E;\ || By (8 s 30) I ds 3 on X. F is & nonlincar mz{pping from X into X. llfgrc(])(l:llFot;f ;lalgsan(gxnlz
0 spacc and u(.} is a function from [0, T] into ¥. I is a lincar conti-
uous operator from Y into X. The norm on X or Y is denoted by |

o
t 3

€s € ectl is very - .

4+ & ’PSH Jep (1, 85 0) |- ds -+ —-z;?gll ey (h s30) e ds < Our vesult is very much in the spirit of Fattorini’s work
. D& .
]

). V\g- prove Hl:‘lt every state that is sufficiently small can be reached
m the origin 1 a T with 1 . . :
N g time 7', with a control #(.) subject to the con-

0

4 E £, 8 __ & Ex €
;‘i“ e P ‘]r",'e Ky + 32]’7'—"7_]\1“$3-
z de P P D€ P IEa |l ()]l € g a.e on [0, T].

The basic technique used here is th i izati

hnic » is the linearization of the ecqua-
z;ndTl:hc application of an implicit function theorem. e
2. The main result. We shall study the mild soluti j i
) ie. the solution of the cquation ! olution of the equation

since g,= max {g, Kv, €2 K}, Thus [T (@) @ (t30) + Tp(0)y (t;w)
when @,y € 8,. By Theorem 2.1 it follows that there cXisls @
such that, for @ Q. Ty (@) a(t;0) + Ty (@) @ (t; )= {t;oh
so (4.1) has a (unique) random solution which tends. to zero as -

a.s. This completes the proof.
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