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such that, for o =,

so (4.1) has a (unique} random solu
a.s. This completes the proof.
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Then there exists 1, > 0 such that for every u(.) satisfying (3.1) @&, : U — X, defined by dg (1) = o(7T),

(2.2) u(t)] < ¢ a.e. on [0, 4], where @ (.) is the solution of {2.3). Consider the equation

equation (2.1) has a unique continuons solution (.} from [0, L] into ] ; N

Moreover, if I is global Lipschitz continuwons on X, the solution o o4 . t___\ T(1 — §)dF(2(s)Ny(s) ds + S Tt )\ B .

is defined on every interval [0, T), T >0. (8.2) ¥ . ( JAF (w(s)yls) ds (t= ) liu(ais.
0 v

Remark 1. If we consider F(f, #) defined on 0 < [< +w, ve |

continuous in ¢ and z, and Lipschitz continuous m ., then Prom,{v e Lm0, T Y), which admits a eontinuous solution on [0, T, (sec
tion 1 holds. Remark 1).
9 If 0< T < 1,, therc exists r> 0 such that for every wu{ . ) saf Lemma 1. The map ®, is continuously Fréchel differentiable from U
fying (2.2), the solution () for (2.1) satisfies Jla(f)i = 7, te [0, 7). | into X and d®p(u) v = y(T) where y(.) is the solution of (3.2).
Let ¢ > 0 and T > 0 be such that therc exists the solution Proof. We sct 8 (1) = F(t) — a(t) — y(), on [0, T'], where 2(1) is the
the equation . ¢
solution ©

! i i ¢
(2.8) x(t) = R Tt — s)F(m(s))derS T(t — ) Bu(s)ds, (8.3) a(t) :S T(t — s)F(z(s))ds 4 R Tt — s)B(u(s) + o(s)) ds,

and v € L’:’(O, T:Y) su.ch that # - ve U. (.} is the solution of {2.3)
and y(.) is the solution of (8.2). We shall prove that{|3 ()ifizll. - 0
if jull- — 0. It is easy to sec that 3(t) is the solution of

for 0<t< T and u()ll<g ae on [0, T]
We now state the basie assumptions which will be used in t

paper.
1. 4 and B satisfy the conditions in Proposition 1.

[l F: X - X is a continuously Fréchel differentiable function
X, F(0)=0.

{

8(t) = \ T(t — s)dF(x(s))3(s)ds +

11I. The pair (4 -+ dF (0), B} is completely controllable on [0, T). (8.4) o
The condition II1 must be understood in the following senseif & ‘ _
If z, € X is given, there exists u(.) = L~(0, T; Y) such that + S T(t — s} F(als)) — Fla(s)) — dF(a(s))(x{s) — 2(s))) ds.

solution of the equation.

1]
: ! !n the next estimates C will denote a positive coustant. It follows
z{t) = g T(t — s)dF(0)x(s)ds & T(t—s) Bu{s) ds mmediately that
0 o ' ¢
satisfies {T) = x,. s« C g 1 8(s)) ds + C&l] Fx(s)) — Fla(s)) — dF(a(s))(w(s)—a{s))ds.
We denote by L~ (0, T;Y) the space of all strongly measu o P

essentially bounded functions from Jo, T7 to Y, endowed with its

supremum nerm. |
The main result of this paper is the following:

Theorem 1. .dsswme that conditions I, 11 and [II hold. Then
exists € > 0, such that for every x,= X salisfying || v, || < € there
uwe L= (0, T;Y) with
(2.4) lulle < g
such that the solution of (2.3) satisfies 2Ty = ay.

3. Proof of Theorem 1. Let U= B(0, q) C L~ (0, T3 Y) be the

ball with radius q centcred at the origin. We consider in the sequé
nonlinear map

plying Gronwall’s inequality we obtain

T

13| < C\I| F(Zs)) — Fla(s)) ~ dF(a(s) (w(s) — () | ds.

°
ing into account that F is locally Lipschitz continuous and using
ark 2 we obtain.

t

170 — a0 < €\ ) — a(s)1ds + Clelo:

0
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Using once again Gronwall's incquality we oblain Applying onee again Gronwall's inequality we obtain

7 — e < Clloll-, t= (6, T '
My — 0 then |20 — o(8)]] - ¢ uniformly on [0. T} Taking inlo accoy | () — (8}l < (,S”[ AL (7(8)) — dF(a{s))|ids.

that FG{ ) — £#0e () — db(a( ). ) — a( - )} s continuous from [0, 7 ;
into X we may infer than there exists == [0, T| such that J

we denote by || I the usual norm in 2 (X. X). It |l2— «|l. - 0, then
I 2y — @)l 0 untformly in 0< £ < 7. Taking into account that dF(.)
is continuous, we infer || #(t} — y(®) i - 0 uniformly in 0 £ ¢ < T, and uni-
formly with respect to v L=(0, T3 ¥

We need also the following implicit function result :

Lemma 2. Let E, F be two Banach spaces, S= B (0, r)YC E the open
pall with radius 1 centered at the origin. Let f be a continuwously Fréchet
differentiuble Junetion from S into F such that f(0)= 0 and df (0} is onto.
Then f(S) confains « neighborhood of zero in F.

1 .
R JF(R0) — Pl — dFO)(() — a(0) |t .

PPN — PO — A=) = (D] ot
It x (z) — #(z)# 0 we obtain ;
Py CIBON € TIFEEY F() )Tz )]

lol,  Ha(s) —al=)| af{=) — (=) |l g For the proof see [6] (Chapter 10) and [7].
Since /' is IFréchel differentinble we e Proof of Theorein 1. Nothing left to do except to combine Lemmas

1 and 2.
4. Aplications 1. The wave equation. Let M he a Hilbert space, 4
- a sell adjoint operator in I7 such that

(8.5) %?”—l - 0, uniformiy on [0, I'], when [je]|Z00. i
If % ()~ o (=)= 0. we have 3{¢) = 0 on [0, T'} and (3.5) holds. We co
plete the proof of Lemma 1 by verifying that Ay U = (L7 (0, T3 Y),
1s continuous.

Let i € L= (0, T3 ¥) be fixed and let (.}, #(.) e theig
responding solution of (2.3), and et 1,7( )y (2) be the solution of '
equations

i (duyu) € —o | w2 uw e D{d) for some¢ >0,
b
there (.,.) denoles the sealar product in FI. and |.| stands for the norm in H.

L

- Let Vobe the domain of ( - A)*- the square root of {— A)-and
\F: ¥V = II be a continuously Fréchet differentiable function on V,
(0)— 0. It is well-known that 4 is the infinitesimal generator of

3 b

- o . _ trongly conlinuous cosine Lamily i 11, :1ndoi=(0 I) is the infini-
(3.6) Yty — S L~ sYlF{a(s))y(s)ds - V(- s) Belsids, o A0

) .0 mal generator of a strongly continuous group in V » H. The norm

[ 1

‘ ‘ is defined by ||l = |(— A) u|, and the space V< H is endowed
(37) e \T(t () u()ds + % T( — s)Br(s)ds its Hilbert product norm. Let (F :VxH -V xH be defined by

o o

ICREE P

ot T, ve L@, T;3Y).
Operating in the same way as in the beginning ol the proof, we o

(3.8) i 2(t) — (il < Clle — .. -
On the other hand

(3

. 0
B:H - VxH by B(u) _( ) Consider the equation

{ aty = Az(t) 4+ Flao(t)) + w(1).
i 0)=up,=V, 2{0)=w,cH, 0gt<T.
roblem can be reformulated as

Y'(t) = ctu(t) + F(y(t) + Bult)

: a {f a
0T, y(0) = y,, where y{t)= ( w'((t)) ), Yo = ( mu).
1

70— i) -\ 7 )~ AT

N\ T — s)E@())y(s) — p(s))ds.

[ e S
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Let C{f), t= R be the cosine family generated by and S{t)e =
t

-—SC(S).rds, r=V, t=R. Let V(t) be the group g(-ncruted by . It

0
casy to sce that

(4.3) wnzrm Mﬂ'

AS(t) C()
We apply Theorem 1 to obtain local controllability for (+.2), equivalentl
for (4.1). The mild solution of (4.2) is given by ]
¢ !

y(t) = V(. + s V(t - s)F(y(s))ds +R Vit — s)Bu(s)ds.
o 0

(4.4)

Taking into account (4.3) we obtain

(4.5) 2(f) = C{t)ro + S(H)e + RS(t — ) a(s))ds |- R S(t -— syu(s)ds.

The solution of (4.5)
Let [0, T] bc an interval where therc exists the solution of (4.5)
lu(t) | < q ae. on [0, T].

applied to (4
0
If we define @7 as in (3.1), taking into account that d(F ({2, ra)= Pl

Such intervals exists as a consequence of Proposition 1

and F(0)=0, we obtain d® (0)=(2(T).z'(T)) where (. }is the solution

(4.6) 2ty = \ St — sYdF(0)z2(s)ds —~_-RS(t — sYv{s)ds.

In order to apply Theorem 1 wc must prove that d®,{0) is onto.
need the following:

Lemma 3. Let zo = V, 2z, = Hand T > 0. Then there exists v €

!

(0, T 3 H) such that (1) = %S(t s)uls)ds satisfies = (T) = o, Z(T)=
0
Postponing for a moment verification of this lemma and
the fact that dF (0) is continuous we obtain that the control

(4.7) 2(t) = w () — dF(0)(2)

belongs to L= (0, T'; H) and z (t) satis{ied (4.6) with X(T) = %, = {T)
The proof of Lemma 3 can be carried out cssentially in the

is the mild solution of {£.1). Let 4 >0 be giveff
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way as that of Theorem 3.1 in 2], but Lemma 3 is i
a) _ . { . 2], . 3 is not, strictly spea-
king. contained in this result. We sketch its proof here. ’ v

Using the invariance of the e i " i

. nce quation 2" (1) = Az (¢ w(t) wit
respect to time reversal, it is sufficiently to prove that, if (z: _2 V( )z :;llt}l
then there exists w{.)s L= (0, T ; H} such that o ,

2(t) = C(t)z + S(t)z; + SS(t — she(s)ds

0

(4.8)

satisfies 2(T) = 0, T = 0.

Consider &y, ¥, € D(A) and v(f) = ”

) 3 = o ()da, — @" (1) zo + P(t) Ary—
— ") &y, where 2(.), &( . ) are twice contin Iv di ti -
e in 0t < 7 i that, uously differentiable scalar

2(0) =0, 9(T) =—1, §'(0) =0, ?(T) =0,
W0) =0, $(z) =0, ¢'(0) =0, $(T)=—1.
Then integration by parts shows that
T

SﬂT_mmm=%;SaT_mma=h.

0

(4.9)

] - . 2
Clearly, z(.) belongs to L=(0,T; H). Let z,,z, =1 and u(t)=_¥ Ct)z: —

2
-7 AS(D)z, -+ u (t) where w,(t) satisfies (4.9) with 2, =— %S( T)z, and

l
1= 7 S(T)z, .
We obtain
4.10) SS(T — tu(t)dt + C(T)z, + (T2, = 0,
OT
11) SC(T — Dult)ydt + AS(T)zs +C(T)z, — 0.

1]
e V, ;= H, we define the invertible operator

T
N(T)z = S C(t)xdt, x= V.,

‘ 1}
his case consider u, ()= u. (t) + u, (t), where

1
w () = 5 (T —)N(T)S(T),
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Using an argument similar to the one that led to (+.7), we obtain
T that the pair (o +F (0), I) is completely controllable. Thus, in this
o ‘ C cnse condition ITL is instantly verified.
and w,(t) satisties (£.9) with @ = T S(T):n*“s'\([ — )u.(t) dt ang We can apply the results obtained to the Sehradinger equation
0 s J | 1
2y o= 0. We obtain once again ($.10) and (L11). It is clear that «{ . )e} /(1) shed Set) + H(E() S (1)
e L0, T ; ). {sce [2] for further details). In (his case A = — 73, X = (L2 ()% An clement 2 € X has the follo-

wine Torm @= (21, @)= (Re @, Tm. &) F salisfics condition II.

. - " - 0 r
.lf.:ll-,-.a,r;:uh_,’dg:’mf:nt. I'he author wishes to thank Professor V. Barbu,
for posing this problem and helpful disenssions.

We obtain then the foilowing

Corollary 1. There exists > 0, such that for cvery o= Vo = §
satisfying @oll € jle. [0 ] < 2 there exists w{.) = L7 (0, T ). sueh
that the solution of

t ; t
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We can apply Corrollary 1 fo the Klein—Gordon equation,

0 aft) + m® a(t) + K| oty |7 a(t) = ull),
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In this ease O is a bounded domain in Euelidian space %, n 21, wil
aufficiently smooth boundary T4 — A, H = L), D(A) = Q) H:

=

I.
2p

V=IQ), ns — 5, F: V = H is defined by F(a)(t) = m*e ()

= 2

) N
+ K|a @) a (). I () and FI* (Q) arc usually Sobolev spaees.
Remark. If we consider the control w (.} = Le(0, T;Y), the
sults of § bold. Clearly. the constraint (2.2) hecomes || w . = ¢. whi
| .|l denotes the norm in L0, T; V).
Let o1 be the operator in L* (0, L) defined by dy(x) = Y (@) Wi
domain D{A) consisting of all functions y, continuously differentia
in [0, L], such that ' is absolutcly continuous, y" = L (0, L) and!
tistving one of the {ollowing condilions

a. ylo) = yl) =0,
b. 3(0) = y'(L) =0,
c. y'(0) = y'(L)=0.
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University of lagi
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0
Tn this casc Bu = (b (], he H, ue LYo, T). (see [1], B3
i

9. The group case. ¢ consider . the infinitesimal generato
a strongly continuous group, T (£), in X (or a semigroup which$
fies T () X= X). Let B=1T be the identity operator in X and F s
fies condition II. Then the pair (4, 1) is completely controllable

c.g. [3], [+1)-



