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ON SOME INTEGRODIFFERENTIAL INEQUALITIES SIMILAR
TO WENDROFF'S INEQUALITY

By
B. G. PACHPATTE

1. Introduction. In the study of qualitative properties of solutions
al equations, it is well known that the classical
Gronwall incquality [4] has been a very powerful and versatile
technique. Unfortunately, the two independent variable generalization
of this inequality given by We ndroff[l. p. 154] seems to have been
overlooked by the researches in integral inequalities and their applica-
tions. Wendroff's incquality, which has its origin in the field of partial
differential equations has recently evoked lively intercst as may be scen
rom the papers of Snow [l11, 12], Ghoshal and Masood (2, 3]
nd Pchpatte [6]— [9] which are motivated by certain applica-
ions in the theory of hyperbolic partial differential and integrodifferential
uations. Qur objective here is to present some new partial integro-
ferential incqualities similar to Wendroff’s inequality which can be
d in some problems in the theory of hyperbolic partial integrodif-
ntial equations.

9. Main results. In this scction we state and prove our main re-
on integrodilferential inequalitics in two independent variables which

the following as their origin.
Lemma (Wendroff [1, p. 154]).
e continuous functions defined for a2 0, y

by

of differentinl and integr

Let ® (i, y) and b (x, y) be nonne-
> 0, for which the ine-

bis, t) ®(s,¢)dsdt,

O(r,y) s a +§
°

(=R N 1

orall 2 > 0, y > 0, where a is a nonnegative constant. Then

D(r,y)< a cxp(

SR B

v
gb (s, 1) ds dt) ,
'0

20, y> 0.
[2, 3], [11, 12}, the authors have obtained some useful gene-

ons of this Lemma by using Riemann’s functions. Recently, in
of papers [6]— [9], the present author has established a number
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of new integral and integrodiflerential inqualitics of the Wendroff type
which can be used in the theory of partial intogrodifferential equationg
as handy tools. Our results given below are partly motivated by the
integrodifferential inequalitics recently established by this author in [5),

A useful two independent vartable integrodilferential inequality
of the Wendroff type is embodied in the following theorem.

Theorem 1. Suppose ® (2,3}, 9*® (a, y)da dy, IO (e y)daagp
alz, y) bz, y) and c(x, y) are nonnegative confinuous functions defing
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. - = <

he two points in D such that (e—a,) (y— o) > 0 and let B be the re
tangular region whose opposite corners arc the points P, and P. Let v (s, {;
@, y) be the solution of ihe characteristic initial value problem

gt v

Llv]=

(1) - [4b s 0+ (s §+b(sdels]v=0,

v (s, y)=v (2 )= 1,
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is suc 1l a lin;-m_n mlﬂ 1 domain D on which v > 0 since v=1 on the
vertical and borizontal lines through PP and since v is continuous
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Th o b 4' . . -
usl; 3{}(;:1,[01-? 15 scll-adjoint and hyperbolic. For any twice con-
rentiable w and v the operator L salisfies the identity

) 2fy 2.,

) dyl  dy\ o

and P be any points as i

R 1 s as In the theorem and label the di
corners of the reelangle R as shown in Fig. 2. rected

sing s an as inde i
g - d t as m(’lc:pmdcnt variables, we integrate the identity
use Green’s theorem to obtain

oL [u] — uL [v}= — i (u

atied ),
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Then (10) and (11) imply that
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Since = 0 on R and u identity (8) become
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Se Ve
Now substituting this value of u(a, y) in (2) we obtain the

bound in {3}.
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Another inferesting and useful int i inl i
gt se¢ corodifferenti: ity
ywendroff typc2m:1y he stated as follows e e
Theorem 2. Suppose (v, 22 . [ d 1
; v, ), (e, y)ivdy, b, y)fdetdy*
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Differentiating (17), first with respect to & and then with respeet
y we have

a*r(z, y)
(25) ST <l ) (14 e(x )]+ 20 ) e(w, y) -

a O,y | ([)i’f‘il) \ du oy

da iy dus dy?

aru{z, y)

(19) =chWme+

dw dy
Integrating both sides of (18) with respect to ¥ first from ¥, to ¥4
then with respect to z from =z, to z we have

. [r (e, y) § § [a{m, n) -+ b(m, n) r(m, n)] dm dn] s

e Vo

z ¥ is satisfied. Il we put

(20) ”—3%%1 < S S[a (s,8) + b (s ) u(s, t)] dsdt.

(26) h(z, y) = (&, y) + S S [a(m, n) 4 b(m, n) r(m, n)} dm dn,

h(‘ﬂp yo)': h(.‘L‘o ) y) = 0,

Ta Vo

Again integrating both sides of (20) with respect to ¥ first from y,

y and then with respect to z from z, to x We have :
then wc have
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(25) and r(2, ¥) < h(x, y) from (26) in (27), we scéj th(at’ :l{l)le (?ﬁé{;uarl?tn;r

(21) bl y) < §"S(§ § [a (m, n) + b (m, n) ¢ (m, n}] dim dn) ds di.
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SIS ve obtain the estimate for A(x, y) sf.lpcsh atshz:? the proof of Theorem 1
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“y Ma, y) < “a(s, £) [2 + cls, )] W(s, t3 @, y) ds dt
r(z, y) = u (2 y) - SS[a(s, B - bis ulst)]dsd + ; @, y) ds dt.
2, bstituting this bound on Az, ) in (25 d int i ;
(28) v ¢ B h respeet to y first from g, ton a,nd( th)t-:namwitllln igsrz:.:::régtgotil i'ldes
+ S S( SR [a(m, n) + b(m, nyu(m, n))dm dn)ds dt, vz, yo)= r{Ze 9 to z we have I rom
T Ve ’-'n.lh ; A
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+ S S [a(m, n) + b{m, n) u(m, W)} dn dn. titu:'%
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respect to y first .
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Zo Yo -
Using the facts that 22 ulw, y)/ox 3y < ¢l y) [a(z, y) + b=, y)rl
from (22) and %{(z, ) < (@ y) from (23) in (24) and since b(w, ¥)
e(z, y) > 1 we sec that the inequality

T v

W, ) < S Sc(s, ) [als, t) 4 b(s, ) Q(s, £)] ds dL.
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where vis, L @, y) is the solution of the characteristic inilial value pro-
plem (1). Further integrating both sides of the above incquality twice
Theorems 1 and 2 in the special cg with respect to y first from y, to y and then with respeet to z  from
z, to @ we obtain the bound on the solulion ®(z, ¥} of (28).

Example 2. As a second application, we establish the uniqueness
of solutions of the nonlincar hyperbolic integrodifferential  equation
(98) with the same boundary conditions. We assume that the functions
d F in (28) satisfy

ot e ' P -
8 ("” ¥ s hu ' — gl st = N o ]
k G bsit | ostdit |

Now substituting this bound on {2, y) in (1) we obtain the desi
bound in (15).

We note that as in [11],
when a(x, y)= 0, and when a(r. y) and b(r, y) arc constants can
used in some applications, However, if the inequalities in (2) and (1
are reversed. then so are not the inequalitics 1 (3) and {(13).

3. Some Applications. In this section we present some  appli
tions of the inequalities cstablished in this paper. There arc many pgll g an
sible applications ol the incqualities established in this paper. but th
presented herc are sufficient to convey the importance of our resyl

Example 1. As a first application, we obtain the bound on

nonlinear hyperbolic partial integrodifferential cquation 5 P
e , a* IEET?
Sl i b ) (33) < ofs, l)[|u—u e - — B
LML) pn, )+ F |0y e ) ratnigl) asat Oy ot
oF= el : ¢ aY ) FALIET) i | }
28 T S— - s
(28) { &t u(s, t) i (s, f) ds® ot* dst Ot
g1a 1 8 L uls, 1), ——————  — ds et , . .
k &y £t A8t gt Fla v a= atu , _ ernm
ra vo Tl Y Uy Ty, T — Y, U, s
: . . dx dy  éat oy’ ér By
with the boundary conditions (., yo)= u(Za. y)= 0, where f, F, and
&t Gt u

are continuous of their argument and such that

cxdy dady

a'u
(84) ﬂ—wﬂq
dx* dy®

<b<m,y)[|u—m+

(29) Vs y) | o< ale, y)
s - 2 ¢t u AR -
(30) \F[m,y.u,—”ﬂfi—,v -ﬁb(-'r,y)liu-l--!.—c—lrb— =o] eyl et R LT
dr dy | i £y g x* oyt st oy ]

r any two solutions ii(z, ¥} and wu(w, y) of the given cquation (28),
here b(z, y) and c(x, y) arc nonncgative continuous functions of their

&t ot
gla, g 8 by w4y, —— 7
ent. Since u(z, ¥) and w(a, y) arc any two solutions of (28), we have

ds ot ds* dt?

= efs, f)[l |

31)
( : (""'Il | P‘” ERTA o4 cn )
e e | e | —— : o otu =Fla, y u a7 u ot u
£y at o8t it 2 et PO T A L Bt P - LT
, cx® dy dat Oy o dy  ext dyt

where a(x, y), bz, y) and e(2, y) arc nonegative continuous functi _ ae, o o

of their argument. 1€ ®(r, ) is aay solution of the cquation (25), (om0t 2 Z Y ) = [y EE

we havc k ds ot o8 gi* _! S oo 6”],
% )

as (m, 1 o ar D, 1

(32) s ‘.(__:f) = f(_;;, y + I ["' ¥, O, y), - ( Q , 5 . !
ot dy” Crcy [ART! R b L) e
_— al 2, 9y, 8, 8, %, .
Ty 25 (s, &) 41 b (s, 1) az oyt g R [TRE AT s 01 Dot 00 ) s dt].
! A £, Ik ER

RS PN TRE A R N ) B -~ j — —) ds rlt] . k. pi

PR és al fst ot ;hlf (2— a4) (y— #.) = 0. then using (33) and (3+) in (33) and apply-

o . : corem 1 when a(ir, y)= 0, we have | & ufda? oy~ &' ufcas ay* | <0
Using (29), (30), and (31) in (32) and applying Theorem 1 we b consequently we have |u— @ |< 0. Therelore w-— @;ic. there is

. t one solution of thc problem.

V:re note that the integrodifferential inequality established in The-
) can be used to study the continuous dependence of the solu-
(28) (when the left side is &su(x, y)/da* dy°, with the given boun-

l 8¢ O(r, y)
dx? dy’

< a, y) + b2, y)[ (Lats. 0111 4 clon 0ot t3.00 )8

&g Vo
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dary conditions) on tlhe cquation and Loundary data as in [11]. W

omit the details.
In concluding this paper we note
in Theorem 2 can be used to study the boundedness,

form \

u
= (e, ) - (| T [r, s 8 6 (5, ),
£ Va

equation of the

]

LRI
(36) at ula, y)
dart dy*

ct (s 1) o uls, )}
(s, ) 9" ,t}ldS g,

cs ol Jst ot®

under some suitable conditions on the funclions involved in (36).
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SEMI-LINEAR EVOLUTION EQUATIONS
wITH MULTIVALUED RIGHT HAND SIDE IN BANACH SPACES

BY

NICOLAL H. PAVEL and IOAN 1. VRABIE

1. Introduction In the present paper we establish via compacity
argumcnis some general existence results, extending those of Pavel

| [15], Pazy [17] and Se hiaffino [19]. In particular, we obtain

an existenee th;:orer;l for the perturbed heat equation, as well as ano-
the closed loop systems that ap ear in :

. b S ] some
ems as those studied by Barbu in [4]. e control
1 We would like to point out that our main result, Theorem 2.1.
may be related to n result of Attouch [1] and to a theorem frorr;

_probl

astaing an.d Valadier [8, Theorem VI.13.]. There are also
everal papers in some connection with the present one, which from

je, mention onlv Cellina [9]) and Cr d y

g also Crandall 10} i LGS RO L
L[ We beain with the basic notations and definitions used in the sequel.
e In all what f_oilows, .X is a real Banach space with the normn de-
ted by [, while X* is its dual. If # € X and » > 0, denote by
z, r) the open ball with center x and radius » and by By (x,7)
€ closed ball with center & and radius r. When no confusion  can
se, we shall write S{x, r} and B(x, v) instead of 8y {x, r) and By(x, r).
dIf a4y = X and 4 C X, denote by d(x, y) the distance between
t'\s.oynz:)?](e] b}; d(ﬁ’ A)dtﬁe distance between 2z and 4. If F, and F,
two mpty, bounded sets in X, denote b :
il distance between F, and F,, i.c. SIS et

o(Fy, Fo)=inf{r > 03 F.C S(z,7), F.C | Sy, )}
zEF, TEF
I:efglllows from (1.1), that o{(F,,F.)=0 if and only if F, and
B ie_same closure. An excellent survey of the basic proper-
¢ I-Iausdprff distance can be found in [8, Chapter III}.
| set G X is called semi locally closed if
) G can he represented as follows ;
G = U DE;
£€10. 1

2) for cach = = G, ther .
i ) re exists r > 0 .
in' X for all ¢ < 10, 1[; such that B{z,7v) n D, is



