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dary conditions) on the cquation and boundary data as in [11]. W
omit the details. gl -

In concluding this paper we note that the incquality establish
in Theorem 2 can be used to study the Loundedness, uniquencss ‘apd
continuous dependence of the soluttons of a partial integrodifferenti

equation of ithe form . "
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under some suitable conditions on the mnclions involved in (86). .
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1. Introduction In the present paper we cstablish via compacity
arguments some gencral existence results, cxtending those of Pavel
5], Pazy [17] and Schiaffino [19]. In particular, we obtain
an exwtcn?c th;:orcnl] for the perturbed heat equation, as well as ano-
ther onc for the closed loop systems that ap car it :
problen_ls as 1‘!105(_: studied by Barbu in [4]. ppear in some control
. e We would like to point out that our main result, Theorem 2.1.
L ay be related to o result of Attouch [1] and to a theorem from

astaing and Valadier {8 Theorem VI1.13.]. There are also
everal pt:_lpm‘s mI .s-((»mel ]connection with the present one, which from
e, ,mention only Cellina [9] and Crandal N
g also Crandall [10]. i L GO OLIGEERY:
. We begin with the basic notations and definitions used in the sequel
hoe In all what fpliows, ‘X 19 a real Banach space with the norm de-
ed by ||, while X~ is its dual. If # € X and r > 0, denote by
(z, r) the open ball with center x and radius r and by By (2, 7)
‘closed ball with center @ and radius r. When no confusion  can
se, we shall write S(x, r) and B(x, ) instead of Sy (2, r} and By(z, 7).
. dIf r,y =X and 4 C X, denote by d(w, y) the distancc between
] {my and l));: d(all)f, A)dthc distance between x and 4. If F, and F,
itwo noncmpty, bounded sets in X, denote b
i distance between F, and F,, i.e. AR

Incqualities,

12. Snow D. R. — Gromwall's incquality Jor systcm o artiad difforential cquations i T IR .
e e o She, 33 (107, 1055 olFs, o= inf {r > 03 Fy C U S(w, 7). F2C U S(y, 7).
zEF,

independent variables, P'roc. Amer. Math. See. 33 (1972), W—54
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zEF,
It follows from (1.1), that "y, F i i
‘. .1}, p(F,, F,)= 0 if and only if F
}’e the same closure. An excellent survey of the E})rasic plroggﬁ
the Hausdorff distance can be found in [8, Chapter III]
g Sgt GC X is called semt locally closed if '
) G can be represented as follows ;
G= U D
1 £E]O. ][

2) for cach » =G, th :
3 : ' ere  exists 0 .
n X for all ¢ =]0,1[; "t such that B(z,7v)n D, is
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. (3) Jor adeh rimd, e lo, 1{ and 2 < D... i ?”S‘ﬁ 8.>0, In the next Section. we shall  formulate  our theorems and we
such that the mapping = — Blw, Py (1D is continuous i the ausdorff shall give some technical results nsed in the proofs,
metric on Jeo— 8, €0+ 8[.

Let o: X — ]— o0, 4 o] be a convex and lower semicontingg
function and = & X. The function 27 : X' ]— oo, + ®] defined by,

2..Statcmentlof the main theorems. We begin this Section with
the Dbasic assumptions we need throughout the paper.

(A) X is a real reflevive Danach  space.

(M) A: X = X generates a Co semigroup of linear operators
§(n, with S{t} compact Jor @t t >0, ' '

(%) G= U D. is a semi locally closed sct in X,

o'(a’)=sup {<x, 2" > o(a); 2 = X

is called the eonjugate of . It is also well known, Lhat 2° is alway

convex and lower semicontinuous on A7 and if in addition X is re CEIOII

. ;) A - - 3 . r LT - T,

flexive, then o= {r'cp(.l')'lf and onl_v_ it a e fo'(a) ' (A The mapping F: fa, b %G — 2Y is nonempty, conver and
Consider L: X = U — |— oo, T a], a eonvex and lower semiconfl weakly compact vatued. Morveover, B Iy demiclosed  and locally bounded.

tinuous function, where I/ iy another Baunach spuce, while X is g
above. We shall use the notation :

T4, )= [& L{v, u), ¢, L{v, w}],

where &, L{x, ) X and &, Liv, ) C U. It should be noted th
aeneraly, @ Lix, u) and & L{w, w} arc not the subdifferentials
L with respect to @ and @, cxcepting somc particular cases, as f
example the casc in which L is evervwhere finite and  Gateaux  diff
rentialeble  at  (r, u), when & L{x, u) = V. L{2, W) and &, L{x, u)
~ V L{z, u). The reader is referred  to |3, Chapter 2] for furt
properties of convex functions defined on infinite dimensional  spag

Let 4: X — X be the infinitesimal generator of a C, scmigra
of linear operators S(2), with Si/) compact for all ¢ > 0. It is well kno
that S(f) is compact if and only if the mapping { - S(1) is continu
in the uniform operator topology on 10, - o[ and the resolvent R(»; 4
— (».I— A)' is compact for some } > 0.(See for instance Pazy {l

For the definition and the basic properties of the linear €, st

{(A;) For cach @ =G, for each t s [a,b] and for cach ¢ =] 0,1
such that @ € De, the following condition + : 1 01]

tih
. 1
(1) J (St E'S“"“ 4 h— $)J( &) ds 3 Des o) = 0

[

holds; here S=: sup QNS t e, b—all. M is a fived upper bound

of ¥ in 1 ngl_:borhonrl of (t.x) and f(t, &) 48 arbitrary in F{l, ).

3 It is obvious that (\y) 1s automatically satisficd if G is, for ins-

nce. an oprn seloin X and M overifies (A,). Moreover, if ¢ is a locally

losed sct in X and Fofa b G - X s single-valued, then (A;) be-

omes the condition wsed in [15]. by taking D.=D forall e = | 0 1[.
Let ns remark also, that (2.1) is cq%ivalc;nt to: i

1 ,
fin _d('si-h) -t h:f(t- 3") ) D, S,u:.)'—_ Q0.

By, b

groups. we refer the reader to [5, Chapter 1, §3). 1 We n(}(:(_l also the following hyvpotheses :
Consider the following problem : ' (B,) X is a real Banach space and YV (C X is a continuous included

brspacc of X which is also a Banach space;

(By) A X - X. satisfies (A.) and the restriction of S(1) to Y is
o Semigronp of lincar operators on Y (not necessarily compaet).
-.(Bs)_I' s [a, % 8, (0,r) = ¥V is a single-valued and  continuous
ion in both the norm of X and the norm of ¥Y*

\ - PO T ;

Now, we¢ are able to formulate the main results of this paper-

"Th;‘?r,em 2.1, Suppose that (Ay), (N, (A, (A) end (A;) are sa-
. Then. for cach x, = G, there exists T = Ja, b| such that the pro-

(1.3) &) = Aaty + Lt 2(1)), a=t < T, wlu)= @a,

where .1 and F arc as above and r, = G.

A mild solution of (1.3) 15 a continuous function r: [a. T[
such that there exists a strongly measurable selection f of F(e)
on [e, T|, ic. f(s) F(s, ¥(s)) almost evervwhere on [, T, [ is str
measurable from |a, Tf to X and the functions ., f verify toget

t

- o0 =St S,&;(g o fiss, wst< T (l}.IS) has al least a mild solution on {a, T|.
a eorem_ 2.2. Suppose that (B,), (B.) and (B,) wre salisfied.
L Jor cach x, € 8, (0, r,),  there caxists T €)a, b, such that

(1.3) has at least a mild solution on [a, T[.
‘ifﬁlbc I]))(;‘((;(;:rc;i}élipg tlo thc‘pmnf of 'I'hcnr(‘:m 2.1, we point out, what
in some important particular cases.
R ote that in the ense in which F: [ bl G - X is single-
: [15, Theorem 1.1].

The equation (1.1) is catled the mild form of {1.3). 1t is qb
that in the particular casc of single- valued  mapping I,
nition yiclds to the classical definition of the mald solution d
Browder [6]

Our main results arc concerned with {he problem of loca

tence of mild solutions for (1.3).
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Jf in addilion, we suppose that G is open in X, Theorem 23, (3.1) eo+ MTo< 1
vields to an existence result which improves the main thcorem due tof and
Pazy [17, Theorem 211
It should e noted that in these two last theorems, I is supposeq (3-2) ,,r:,aé% 1:8(8) @o— all + ToM < 7,

io he only demiclosed and locally bownded, conditions which can  casily
be derived from the continuity assumplions on ¥ used by Pazy [17']
and by Pavel [15].

We would like also to point out that our second result, Theorey
2.2) is morc general than Pazy’s theorem quoted above, as we assume
the compactness of S(f) only in X but not in Y and thus, this thcoren
is more convenient In some practical situations.

We note that the idea of assuming the compactness of St s
due to Pazy [17] (Sec also Attouch [1]), while the method of
proof consisls in the construction of a sequence of approximations
of the solution, by using the techniques of Carvtan {7, Chapter IL§
Theorem 1.3.1], Martin [13, 14] and thosc of Webb [21], unde
the form developed in [15] by Ta vel 1

Finatly, we shall state for casy references, two technical resullg
that we neced in the sequel.

where To= T— a. Let us remark that T can be chosen small enough,
guch that in addition, for each ¢ € [e, € + Tu), Bla,,7) 0 D, is clo-
.sed and the mapping & — B(az,,7) n D, is continuous in the Hausdorff
metric on {0, €0 T+ T',]. One may suppose without loss of generality that:

(8.3) sup [ S <1
0 <leTy
Fixe 5 natural number # and define the approximation x, as follows.

Put i3-— a, 2j= @, and suppose that we have constructed a;, on
[a, ], where @, (£3) = af with a} € D, .3 for all 5 =0, 1,..,1% MHere

. i=1 -
we have uscd the notation: 0= M 2 dp, bp = 0. If £ < T, then choose
k=0
' the largest number d! € ]0, 1/n] such that:

Lemma 2.6. Let {d,}2, be a scquence of nonemply, closed and boun i gea
ded sets in X and let {7, be a scqience of clements of X strongly convergeul (8.4) d(S(dp) a7 + S S+ dF — s)fe, ayds; D,, . p.,) < dbf2n
to @ If {Alo., converdes in the Hausdorff metric to 4 and dz; AV e ' o '

then there c¢rists -n.(;,) e N, such that for all n = nle,), the following !
inequality i
r4d =, < T

In (3.4} f(1%, 27) is an arbitrary clement of F(i}, a?) that we fixe

- what follows, while 5%, is defined as ) i
_ . b 1 ined as above., The existence of such
is guaranteed by (A,). Now, one has to define »7,,. From (3.4) it fol-

s that there exists @}, = D, ,» such that:

diz, 3 1) € 2e

holds.
and the following result due to Kato 2]
Lemma 2.7. Let X be a reflexive real Banach space and let {ud;
be a sequence of LP(a, T3 X), p > 1, such that u.(t) is bounded for alme
all t = [a, T). Let Y(8) be the sct of all weak cluster points of ta ()0
w, converges weally in Lr{a, T3 X) fo u, then : u(t) = conv Y(#) alm
everywhere on [a, T} ‘
The next two scctions are concerncd with the proof of Theorem &
3. Proof of iheorem 2.1. First part. We divided the first patt
the proof of Theorem 2.1 in several steps. |
First step. Construction of the approzimations of the solution.:
Zo € G. Then by (Ay), it follows that there exisls g, |0, 1[ such
@ = D, As Dy is locally closed, there exists 7 > 0 such that B(x, 7}
is closed in X. From the fact that F is locally bounded, it follows &
one can choose r small enough, and 7> a in order that the restri?'
of F to [a, 1) B(we.7) 0 D is hounded by M—1 > 0 for ally
s |0, 1[. More precisely one has : 1 F(t, 2} < M—1 for all & €
and all @ € Bla,,r) n D, where ¢ € ]0, 1{ and )| F(t, @) | is give
{1.2).Choose T € }a, t] such that:

r{'+d}'
”ﬂﬂHT+SSW%w#—ﬂﬂmmﬂ@—whl

tﬂ
{
. Denote by p7:

< difn.

1
i +al

L
ﬂ-@ﬁmuswmwﬂsm+w—mmwmmy
‘ﬂ

Then, from (8.7) one obtains:

B, an
by

T = S5, — ) i + SS(t'}+1 — s 2, aP) ds + (3, — 1) PP,

13
&
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where | ]l = Ifn and 1, is (lcfint;:l as before (e 1, = 6 4 d}). Now,

Indeed. let 7 > . Using (3.10), we obtain:
let us define for cach & ¢ [t s

¢
G () =S - mar + St —ase e ds + - WP

1
4§

\ i-—l

G — =l S — ) e — w4 Y | (S — &)
(3'13) n n fi o "

D St @ =60 B I SE—8) ph—ph 1|t~ Ta) + M —E).

m=0

Let us remark that a2, (tp) = a? and thas r, is conlinuous on it
domain. By a simple caleulation that we left to the reader we o pgep
from {3.9).

Lot = > 0 be arbitrary and consider A(¢) € N large enough in order
(=3
that : |

(@.14) & <[5 S — ) ey — x|l < f6, for all j 2 2 k(e

it t
i _ = B . Y —— | where € — &/2.
. 10)-% () = S{t — a) a ng S S(t — s)f(t3, al)ds 4 SSU ) A8, afhds ¢ Choose &(e) = h(e) such that the two relations:
’ 7 7

(3.15) |'S‘("j = t.!l) P;:; == ])::II = s:’-'I:}"T‘;, m = 0, 1 FEERS) ]1'(5)— 1, j =2 ‘1'2 I(g),
816) 1| (S — 1) — DA aR) | < BT m = 0,1, k(e) = 1,

i—1
+ E (0 — ") S(t — 5a) PYoF (t— 17} pis for all 1 = [, Sk
i=o

_ Define now the step functions : a, (s)= ¢ for s < [{}, a0 a{T) =
— 7. Then, it follows that: . (a. )= a, (&) = a7 for all s = [, 83,
Let us define the function g, by ':

iz iz e
hold. Then, it follows that :

Joun 1 o= 17 47 n n e

(8.11) G () = 3 (B — S — B pi o+ (¢ — 0P 8.17) X 15 1) o — Pall (G — 3} < & Bf3T + 28 —
im0 .

— o) = 8 4 & fBnM< &2
Using (3.8), we obtain from (3.11): [ g. (DY < (¢ — a)/n for i / ¢/ &2,
t s [a, T} _
Onc can easily remark that (3.10) may be rewritten (using (3.1%
as follows:

@ is large enough.
One also obtains:

i=—1

5150 0 DGR (G — 8) < < fiof3T +
oM — 1) (1 — f)< 2€)3.

(3.12) 2, ()= S({— a) 7o + R S(t — $) fu (5) ds + £n9)

where f, (8)= fla(s), Zn (a, (5)))=f(t}, «}) for all s € [, 3.
Ve shall prove below that by the construction above, all the app

ximations of the solution arc defined on the whole interval [a, fil}
then, we suppose realised this fact.
Thus, we have constructed the approximations of the solutio
(1.3), given by {3.12). _
It should be noted that the values of z, arc not gencraly 10
one ean only assert that @, (tr} are in G (by construction).
Second step. The convergence of the scquences faple . We hav
prove that by the construction above, for ecach fixed n € N, onel
lim a® — a* and that al < D, o Here, B denotes the lin
[ 5
the increasing sequence {bj7q-
Let us observe that for cach fixed n = N, the sequcnce{
is a Cauchy sequence and therefore, the limit z7, exists.

Using (3.17) and (3.18), we can easily conclude :

.“ ar — |l € Y6+ &6 4 &2 - 2¢'/8 £ 3’2 < 2¢"= ¢ for all

1%;}'(9)." Therefore, {7 is_ strongly convergent to an clement o?.

’th: f(.,(n.n z‘11.~;o pjtl'ove (by induction) that x,(¢) & B{a,, 7). Then

_us . 1Jt ]timt at € Blag, ryn D pand € — B(r,, r)n D, is con:
in the Hausdoerft metrie, it follows that a”

- [y s that &7 belongs to B(ax,, 7) 0

Third step. The
Phird step. The convergence 'f-! the sequences {*.q to T'. We shall

th: v paeh e ) A

hat for cach 'n = N, a - Za’?—l, i.c., that by the construction

i 0

.}c;\nc. mayv cover the whole interval [a, 7.

me ;(1‘;?:11._ of the proof is essentialy due to Cartan [7, Chapter II

3 usL 5-1 :.mrl Martin [13 1+]. However, in our context, we
- i techniques of Pazy [17], involving the compactness
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of the semigroup S(t) for all t > 0. Suppose by contradiction that fo

a fixed n € N onc has: ¥, df = d< T
=0
the strong limit of the scquence {a7}i=o. Then, by the
it follows that a7e D .- As the sequence {f{#, m?)}:-n
is bounded and X is reflexive, it follows that {f(ff, afhim, is weakly
compact in X. Let us consider now the set W of all weak cluster pointgll
of {f(f, al)}, From the remark above, one can easily assert that Up
is nonempty and in addition WCF(a + d, 2"). Let us choose Sfla g
+ d, a") in . Then, there exists a subsequence of {f(ff, a)in, denot
again by {f(t}, P}, weakly convergent to f(a + d, a"). From the cop
dition (A,) it follows that we can choose 2 small enough in] 0, 1
such that:

Let z? be
preceeding step,

a+d+h*

(3.19) d(S0) a* + | Sl -+ d+ b= o) fla & @2)ds 5 Desarsn)< B
a-td

and :

(3.20) a+d+hr <T.

Let us consider also the sequences:
i’,:-Hl‘
ﬂHM@+S&$+M—ﬂﬂ$ﬂMmmﬂ:

1]
4

vﬂ_..

Mhr—c

v}(e) = S(h*) af + 5 S+ b — ) f{ts, x4} ds, where 0 < € < A" J

g

Then, using standard arguments involving the propertics of
semigroup S(t), onc deduces:

LU p—
l,‘-}h' e

(3.21) vﬂd—SWM?+ﬂﬂSﬂw+w—sﬂ@ﬂmﬂM&

‘,’ﬂ

i
From (3.21), as the scquence {f(f, a)}z, is bounded in X
S(t) is compact for all ¢ > 0, we conclude that {z} (e)}p, is precom

in X. On the other hand one has :
ot —of ()]l € (M—T1) e |

and the remark above, one easily deduces
X and thus, there exists a subsequence of

(3.22)

Now, from (3.22)
fop} , is precompact in

(3.24)

.__.__._'__,._——
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YT o MY o . . o
denoted :i:gltl]llnxthy {e23 . strongly convergent to an clement o, Let
us remar at:

atdtht
ot == S(h') a? - S S(a 4+ d |

a i

R —s)fla

(8.23) d, a) ds.

This sitnple fact follows from the condition that f(i}, 27
WS : hs poat) — fla
+d, 7 and from the uniqueness of the weak limit. S Slaes
We remark further that the continnity of the mappi
1 : : . B : 1z B(ay, r
ﬂist in the Huousdorff metric, implics : s

:? A

S S+ 0= ) J(8] af)ds De_,+b}'-.m;~) = h*2n

n
¥

d(S(h) 2l -

for infinitcly many, sulficiently large ¢ € N. We recall that here 7 =
{1 - (]
= MY, di. Let us observe ihat we arve in the hypotheses of Lemma 2.6

K=0

by taking i D yurpape 0 Ble, r) b= Dy ysjacane 1 Blay,.r), @ =},
g=1" and o= A*[tn.

! Bnt (.‘}.‘_’4«) contradicts the maximality of @7 for sufficiently large
e N, as limd¥= 0. -

f—von

4. Proof of theorem 2.1. Sccond part. In this Scction we shall
ove that the sequence of approximations of the solution given by (3.12)
a strongly convergenl subscquence in the norm topology of Cla, T3 X)
T < T '

4 'Ijo this end, we shall prove that {z,}~  (where &, is given by (3.12),
I?.FIVC?._\'. compact in C(a, T; X), by applying the infinite dimen-
}’:1 version of Arzela and Ascolrs Theoren.

_To complete the proof of Theorem 2.1 we shall also prove that

limit of a2 sucl G J ; .
a such subscquence p L . e .
lem (1.3). quenee of {,l” o Is a mild solution for the

};\fe begin with the proof of the relative compactness of {@utumo
irst ol all, let us rve TSI T il '
1]= - [] 11}], let s observe that {,)7  is unilormely bounded on
|- o AT q b a1 H ] 1

xd, by a simple caleulation involving (3.12) we geb:

“ Ty (l) |'< “ Ty ” T(ﬂ[- I) 1 (T_

INow PN - . .1- o . 1 o 1 i 5
A in, tllv(!z. us'rlcmmk that {a}r , is equicontinuous on fe, T'|. A
l ]l o g .y » ey a *
- niform convergenee topology and S{/— @) z, does not
1, it suffices to prove that:

alln.

2

{S(t— #) fu (5) ds

o

Hn "j)

tematicsi 240
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[ 2 (n ()= ®(s) 1= () — af, 140 @ () wls) | -1 ga (8) —

- .'fﬂ(”) “ ‘{‘ ” S(t?,, o (l) Ty — S(S - a) Ty H + QT/H,
!

ere ¥, = a,(£1, ) and y, is defined as before, e, Yau(f) = SS(t—s)_f,,(s) ds.

1.46 NICOLAE PAVEL gi 10AN VRABIE 10 §

is equicontinuous on [a, T1. We recall that f, ()= fla. (s}, @ (@n (8)))=
— f(ir, at) for all s & (7l
After a simple calenlation we get
2

(4.2) g (D— gu 1< M=) 1= s | (M — DA ISE =) =

oy

jon, from (£3), (10) and (L7), as a? & Bla, 1) 0 D, - Which is
blosed in ,.\, we ret :::(t) € B2y . 1} D, 43¢0 = G- We have used here
Bic continuity of the mapping ¢ — B(x,, ) 0 D, in the Hausdorff metric.
Therefore. @ is valued In the domain of F. To complete the proof,
e have un‘l_v to prove that a is a mild solution for the problem (1.8)
a [a, 7] To this end we shall apply Lemma 2.7,
Consider  the sequence  {fulilg, where f, {s)=f(a (8), ®ala, (8)))=
0 27) for all 5 = [, 05,1 A" £, ()€ Fla, (5), #, (an (5)) for all s =
£ [a, T]. it follows that {f, (s)hee is uniformly bounded on [a, T] and
us rel;;t;\';:l.\'“wc;lkly compact in L*(a, T'; X). On the other hand, the
‘ T 1 ‘ ¢ W(s) of all ¢ uster points (in the weak topolo of X) of =
(4.3) 17 (1) = S.‘;(t — s) fuls) ds = .S(E)S S{t — = — s)fu(s) ds. & nonemply and _in(:luded in F(s, x(s)) since Fpis ggmiclos?zd(.) U (5o
. Let us consider a subsequence of {f,}o.,, denoted again by {falmuos
jch converges in the weak topology of L3(a, T3 X) to some function f.
en, as }7 1» convex valed and W(s) « F(s, a(s)), it follows from Le-
a %.7 that f is a strongly measurable selection of F(., (- ).
Now, we shall prove that the sequence {ifn}n.o, defined as above
¢

S(s— <)1) ds,

for all @ <s<t< T. But [rom (4.2), as S(I) 1s continuous in the unpj.
form opcrator topology for &> 0. it follows that {y}u-o 18 equicontj.
nuous on [a, T

We must prove that for each © < {a, T] the set {y, ()la-o 18 pre.
compact i X. For f=a this is clearly the casc inasmuch as ¥, (a)=
— 0 for all » = N. Then, we must only consider ¢ = |a, T]. Let e e
e ]o, t— af and define :

(=€ I=%

a o

As S(f) is compact on v for all t> 0 and {fu}ro is bounded, i
follows from {£.3) that {. (O)}ae is precompact in X, On the other hang

one has:
(t.4) Ly, (D — yE (0] = (M= 1) e

Now, one can casily remark that (+.4) and the precompactness @
{45 (1o imply the precompactness of Sy, (D)1eg. Thus, we have proves
that {y,1r .o satisfics the hypotheses of Arzeli and A scoli’s Theore
and theorefore {i,le, is relatively compact in Cla, T3 X). This last assel
tion implics that {r,j.o i relatively compact in Ca, T 5 X) and col
sequently, one can choose a subsequence of {@ulr. o denoted again
{@pbnge strongly convergent in Cla, 775 X} to some continuous functi
v, We shall prove that x: [a, 7] = G and also that is a mild so N <
tion of the problem (1.3) on fa, T]. '

Yor prove the firs! assertion, let us consider an arbitrary § € [8,:
and also the set of all i, N such that s = [e1., th al- i

Then, s— I, < I — B,< 1/n, a,(s)= 17, ¥alta ($))= af,. Therefo

ongly convergent in Cla, T3 X) to y(t):SS(t — $)f(s)ds, where |

. « C
g . i x . 5 14
- weak limit, of { fulneo in L¥a, T3 X). Let 2" e X* be an arbitrary
t and et us consider: ’
¢

<y ll), 2 > =§ < St — 5)fu(s), 2> ds.

a
... > is the usual pairing between X and X7, 1e. <o, > =

from (4.8) one casilv obtains:
¢

<y (), 2> :R < o (s), St —8) a* > ds,

t"(t- s} is the adjoint of S(t— s).
us remark that for each fixed ¢ = [a, T'], the mapping s —

] :)'33' belongs to L3(a, £3 X*) and thus, taking the limit in (4.9),

Lan(s)— s 1= | Bh— s 1 < 1,
w3) e (@ () — @)l = () — @l < e ()
— ()] A 2 () — 2l ]
From (3.12) we get succesively :
o e (23— e ()< Ly () — wa (8211 -1 i S(e, — @) 2o -
— S — a)a, | -+ Tin,

< y(t), @ > = S < St — s} J(s), 2" > ds.

aq
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Let us remark that from the uniquencss of the weak limit g
from the strong convergence of the sequence fyabe o in Cla, 75 X),

get from (4.10): 5.3) | S(8) o o lly TMRK < r, where To= T— a.

{

(£.11) ut) =\ (e — 9)4(s) ds.

N, Wwe shall construct a scquence of approximations of the solu-
Rion using the same techniques as in the proof of Theorem 2.1.

Let n be an arbitrary natural number and define #§ = a, &) = &,
nd  assume thal we h:wc~ constructed @, on [q, ] with o, {tH)= af,
e By {re, 1) and < T. Choose the largest number dF < 10, 1/n]

G

Now, taking into account that in (3.12) {g.lm.o is strongly cony

gent to 0 in C(a, T3 X), the relation ($.11) implics :
t

(4.12) 2() = S(t — @) 2y - Ssu — s} f(s) ds.

[

* l5.4) W, ) — B, at) |y € Ynoand 8 + dF < 7
for all (6, 7) = [7 T} 8y (0,10) for which jé— 841+ y—alily < d.

Thus, we have proved that a is a mild solution of the Pl'obl St = 1 & di and:

(1.8) on fe, T']), and this completes the proofl of Theorem 2.1. i
We conclude this Seetion with gseveral remarks and  commenj Aty = S{th, — ) af + \S( o — s) By, af)ds
) : ‘ . ®, &) ds.
Remark 4.1. First of all let us remark that our main result—The .
o

rem 2.1 — remains valid if we supposc that X is the dual of a— nonm
flexive Banach space, but in addition F is locally weakly compact;ig
for cach (&, @) = [a, b G, there exist 8, >0, §, >0 and a wea
eompact set K = X such that F(t, 2) € K for all t = |a, b with |
— 1, < 8, and for all 2 & ¢ with || 2— @ |t < 8., Indeed, in this ca
onc can obiain an appropriate version of Lemma 2.7 and thus the p
is very similar to the present onc.

We shall prove later that af,, € By (@, ).

One has to prove that there exists a natural number 4= i, (1)
h that o — 1 TP this end, let us observe firstly that {2}z, is stron-
convergent in X. Indeed, it is easy to verify that of,, defined by
) can be rewritten under the form:

5. Proof of Theorem 2.2. We begin this Scetion with the ng i
tions we shall use. ‘ . i
_ oy = S(th, — @) @ s,y — ) F(e, @
X, Y are two real Banach spaces with ¥ © X such that the o (o ) +;§:S (81 — 5) F(e], a) ds-
clusion above is continuous, ic. there exists ¢ > 0 such that | | m

From (5.6) it follows that :
| o— afy lly € B8t a) 2g— 2olly + KT M <7

s Xy, = Bi(re. 7).
Now lct j > i. Using (5.1), (5.2) and (5.6) onc obtains:

<el @l
Here ||+]lx and [|-|ly arc the norms in X and respectively in ¥,
Denote by [| S(8) |1, the norm of the lincar continuous opers

S(t): ¥ = Y in the uniform operator topology and by [1S) lzex

corresponding norm in the uniform operator topology on X.
Now, we procced to the proof of Theorem 2.2. We point outd

several parts of the proof will be only outlined as these parts arcy

similar to the corresponding ones from the precceding proof.

Let 2, < Sy(0, 7). As F' Is continuous in the norm topology o
it follows that F' is locally bounded in Y. Thus, there exist r > 0,
and M > 0 such that: '
(53) U@ )l < M. for all (¢ 9) < [a T] x By (20,7)

Using the continuity of the semigroup S(f) on ¥ we cal g
that there exists A > 0, such that:

"o - o an 5 dl )
gl — a7y < C Y S — 8 2 — 2o llx + C Y I (S — &) —
m=0

1) F( 23) llx (s — ) + Co cM(5 — 7).
(5.8) we have used the estimations:
F(te, 2) lly < el Flte, @l < cd,

I S 0rx < C

’ 3 [0, T'y), where C; is a positive number.
oy 1S Loy < K, for all ¢ [a, T note that therc exists such a number as S(i) isa €, semi-
N (5.8), {

We choose T small enough such that in addition : 5
eorem 2,

( . = 1 1
9y and (3.10), using the same arguments as in the
1, onc may easily deduce that {¥?}i2, is a Cauchy
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sequence in X and thus it is convergent to smud clement  denoted
a®. Suppose by contradiction that for all /= 0.1, 2.0 < T. 7
it follows that df = ifn only for a finite number of i. Therefore,
may assume that 0 < dr < ¥/n for infinitely many .

By (5.4) and by the maximality of dF = ]0. 1/n|, it follows g
for infinitely many i = N there exist #, P such that: '

(| @alt) —2a(s) llx < || S(t-a) o—S(s—a) wallx4-cCoM L5 |4

‘5.16) + r:J[S b S(t— =)— S{s— )i nn d=

(]

—

fara]lassstsT.

(5.11) dP< T It —af -<dr -1/, 1l F(f, al)y— @t 1) iy 2 1) As t - S(1) is continuous on ]O, -} o[ in the uniform operator

topology, from (5.16) we deduce that {x,}y., is cquicontinuous on [a, T].

But (5.11) implies that lim @ = lim al= &' in X, and from Let us introduce :

i ioren
fact that lm =1 we get a contradjction. Indeed, the remark ag .
1= - . | +
and the second inequality in (5.11) arc in contradiction. Thus we M@ (5.17) (L) = S{t — a) @ + Sb(t — s} F(a, (s), & (@, (51)) ds,
proved that after a finite number of steps, onc may cover the ¥ p

. . r 1 , <t i N " Y i :
interval [a, T]. Define now the function r,: [e. T]— ¥ as fol ® or ¢ > 0 arbitrary small.

Using the samc arguments as in the proof of Theorem 2.1, we

( -
conclude that {@z(8)}o, is precompact in X and consequently {», (1)},

: S — )y at N\ S s) Fitr, 2ty ds, .
(5.12) T, (t)= S(t— &) af S ( ) (e, 78 is precompact in X for each ¢ < [a, T], where @ < 7T < T.
o A Thus by Arzeld and Ascoli’s Theorem, we assumc that

{m,}:'., has a subsequence, denoted again by {x.},.., strongly convergent
in the topology C'(a, T; X) to some continuous function r. "

One can easily prove that @ is a mild solution of the problem
.8) on [a, T[. The arguments used here being more simpler that those
sed for the preceeding proof, we left to the reader to prove this last
ssertion, thereby completing the proof of Theorem 2.2. B

for all t = [, 81, (1=0,1,2,.., i,— 1, where i, is defined above,
Clearly, z, is continuous on [a. T] and (5.12) can be rewt
under the form:

m t
j=1 I : 1 1
. n the next Section we shall give some results on the coatinuation
(5.18) ()= S(t— @) T + E RS(t — s) F(r, x}) ds -!--S.S(t — sy F(ty, the solution on a maximal interval, as well as we shall frc:Lt several
=) ; amples and applications.

1y : a . 0

i P 6. Contlnuat}on of thg sqlutlon_s, examples, applications and further
for all 436 [, By [, 5200, 1. 20y 8653 1. marks. We begin this Secction with the following results concerning

e continuation of the solutions in the two considersd cases. -

Combining (5.3) with (3.13), one obtains , () € By (%, 18

tion which implies : Theorem 6.1. Suppose that all the hypotheses of Theorem 2.1 are

sfied, G is closed in X and in addition F: [a, +oo[ < G - 2V
ps bounded scts in bounded scts. Then, for cach v, = G, were exists
nild .9olutwir, of the problem (1.3) defined on a mavimal interval of
tence [a, 1,,}1_‘[, where either Ty = + o0 or, if Tha < | 0 then
solution = is unbounded on [a, T\yax[. '
:I'heorem. 6.2. Suppose that all the hypotheses of Theorem 2.2 are
fed, Y is closed in X and in addition I: la, + w0 [« Y =2V
: bOIf;lnded sets (in the norm of X) ir bounded sets (in the norm
) -1 3) eg,) Jor each xy €Y, there cxists a mild solution of the pro-
3 _tjmed on a n’mwmml tnterval of existence @, Twaxl, where
mr= + 0 or of T < + © then the solution » s unbounded

(5‘1'1‘) [l T'n (t)_ rolix = cr

for all t = [a, T1 and n=1,2,. N N ;

Define now the step functions «,: [a, T = [a, T}, by ol
for all s = [t 8,0, ay (T)= T. Then, it follows thal x, (@
= gz, ()= a} for all s = fer, 2, and therefore a, can be T
under the more convenient form:

i
(5.15) (1) = S(t— a) 2o + RS(t 5 Flan (3), @ (an (s)) ds.

a

From (5.15) we get casily

TmAX| -
» In addition, we suppose Lo o

se a more restrictive grow ‘
we obtain : ’ PP strictive growth condition
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Theorem 6.5. Suppose that f: [a, b[X O x R~ R is a continuous
papping: Then, for each y, = L= (Q), there exists T < la, b[ such that
the pmbh’m (6.3) has at least a mild solution on [a, T|.

Proof. We shall apply Theorem 2.1 Take X = L2(Q) and let us
ve that the Nemytskii operator f defined by (6.5) is continuous

Theorem 6.3. Suppose tha! all  the hypotiveses of Theorem 2.1 an
satisfied, G is closed in X and in addition I |a, - o[ <7 =2V verifieg.

(6.1) || £, 0N NN all bk )

for all (t, 2} & [a, +col > G, where Iy > 0 and Ly = R B obser

Then, for cach xy = G, there exists a mild solution of the probleplgrom [a. 0 [x L-(Q) to L-(Q) in the topology induced by the norm

(1.8) defined on [u, ool Fiopology of L2 (£2). In other words, for each [(f,, ¥,)}5e from [a, b] x L=(Q)

Theorem 6.4, Suppose that all the hypotheses of Theorem 2.2, gy bwith (4 Q)"(fa w)=[a, b L*(Q) in the norm topology of L¥Q), one
satisficd, Y s closed tn N and. in addition ' [a, -—ool 0 Y - ¥ werifies: #pas also f{ta, #a) — f(& @) 1n the norm topology of L3Q).

Lot & be a positive number such that y, € Sp»@ (0, & - 1). Now

Jet us define G=Sp=.0y (0, & + 1) and D= B, (0, & + ¢}, for all 0 <’

e < 1. It is obvious that G= |J D, and also that D, is closed in
eEgJi. 1

§(Q) for cach = €]0, 1[. On the other hand, the mapping ¢ - I}, is
pptinuous i the Hausdorff metric induced by the norm of L3}, All these
marks, show us that & satisfies the properties (1), (2} and (3) from
stroduction and thus, & is semi locally closed.

Now, let us remark that the linear C, semigroup S(£) gencrated
v the Laplace operator on Ly Q) 1s compact and therefore, c’wc have
aved that the hypotheses (), (A.), {A,) and (A;) of Theorem 2.1 are
sfied. Then, it remains to verify (A;). To this end, take @ =G
[a, b[ and ¢ = ] 0, 1[, such that z = I),. We shall prove that: ,
(28]

At &+ S + h— )1 ) ds5 D)= 0

4

(6.2) [FG ) lx € Bl e lle 4 A
Jor all (1, 2) = |o. - el Yo where by >0 and ke = A !
Then, jor cach »y €Y, there puisls a wmild solution of the p;
blem (1.3) defined on o, +oof.
\s all these results may be proved by using standard  argumen
we left lo the reader the proofs of the four theorems stated -abov
We would like only lo point out that all the results concerni
the continuation of the solulion do not remain valid if & or Y. .ap
not closed. It should be also noted that using the same remark, of
may corrcct an error that appears in [15, Theorem 3.2] by takin
the set D as a closed sct in X and not as a loeally closed sct.
We shall indicate several situations in which our results  are app
cable. We bagin with the perfurbed heat cquation casc. e
A. Let us consider an open and bounded sct QO in R®, with sul
cient smooth boundary 1. Let f be a continuous function definrd

[a, b] T« R and consider the following problem:

=

s, for all & > 0.
As D, = Brwg, (0, + e) and Da-mm = B, (0, k-4-z-4-Mh), (6.6) 15

tih

SR 2 Ssu + h— $) f{t, @) dsfp=q; < k + € + Mh,
t

I.Ut’ iet us remark that (6.7) is a direct consequence of the well
maximun p'rmmple for parabolic equations. Indeed, for each
one has | S(k) z|re@ € || 22 and, on the other hand,

D) sy )+ it @ ylt @) Tor () fa, T

ct
6.3
( ) ?l(f: 1) |1 Q,
HO. 2} i)

where g, & Lo{Q) and A: L? Q) - L2 () is the Laplace operator
Lot us remark that (6.3) may be rewritten under the " fa
wing form : '

Eh o s)f(t, @) ds|| y=q < Mh, since Mis the upper bound of f on

g(@) — Aylt) 4 S 0y Lor t = [o T
#(0) = ¥o

where 1= A, the domain of .1 being TI{¢) n 17+ (Q), while f: [ab
x L= (1) » L= (Q) is lhe Nemylskii operator indueed by £, e !y

6. ; ;

(6.4) (;:" Thus, it foliows that all the hypotheses of Theorem 2.1

: ied and therefore the proof of Theorem 6.5 is complete.

: ttz]r;k 6.4, (i) “:(’: note that the semi locally closed set G consi-
e proof of Theorem 6.5 is not locally closed and thus our

Ito semi locally closed sets is not trivial.

t should be pointed out that Theorem 6.5 may be also dedu-

Lgl(lgrl).second main result, Theorem 2.2, by taking X = L¥Q)

(6.5) f(t, y) (x) = f{&, &, ylt o)) for all (¢, @) = {a, b[x L and yEL“’(“

One may casily deduce the following result :
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(iii) It should be very intercsting to know if the conelusiop
Theorem 6.5 remains valid in the case in wich the initial data 4
taken in L2 (Q) such that f(¢,-y, (+)) is also in L) for all t € [q

(iv) We would like to mention that there are several results g
tained by assuming additionally growth conditions on f, results v,
closcly related to our Theorem 6.3. Sec for instance [1]. [13]. In,
these results, a growth condition of the type (6.1) is assumed n oy
to assure that the domain of the Nemytskii operator is the whole Ly

B. The next example is concerned with the study of the jn&

(Ag) Dom, H= X and 0 = int Dom. H. )

(A;) There caists at least a pair of functions (i, u) in C(0, T; X)X
« 140, T3 U) satisfying (6.9) and (6.11).

Under the hypotheses (Ag) and (A:) it was proved by Bar bu [4]
that a pair (z u) € C(0, T; X) = L:(0, T;U)is ’optlmal for (“6.8), (6.9)
if and only if there exists functions p € c(o, T'; X) and ¢ € L¥0, T'; U)
such that (a, 10) verifies (6.9) and in addition :

T

C?i%m]me problem for the closed loop system arising in & convex probigh = (6.12) p(t) = S (T — ) p(T) SS' (s — t)q(s) ds,
of Bolza. '
Consider the following control problem : ‘
7 (6.13) (B(t) plt), ¢(t) = AL(x(2), u(t)),
{6.8) Minimize SL(.z‘(t), w(t)) dt almost cverywhere on [0, T}. .
et us remark that from (6.13) it follows that = may be expre-
0

gsed Aas:
(6.14) u(t) = 8, H(z(t), B*(t) p(2))

almost cverywhere on [0, T].

‘This simple fact may be deduccd from the convexity assumptions
on L and from the properties of the conjugate of a convex function,
stated in introduction.

Let us consider the following function :

T
D(t, o) = inf { R Liz(s)), u(s)) ds; 2(t) = a:n},

[

for @ = C(0, T3 X), v = L¥0, T ; U), subject to the constraint:
3

(6.9) 2(t)= S{t) a - S.s*(z— s) B(s) u{s) ds,
0

where X and U are two real MHilbert spaces with norms [i+lx,
and inner produets <.,.>y and <., .>;. &
In zall what follows, L: X</ - ] - . co] is a convex and lo
semicontinuous function, while H: X % U - [—o0, -] is the Ha
tonian function associated to L, i.c. .

(6.15)

(6.10) H(z, p)= sup { <p, 0>, — Lz, u); v = U}. here (2, u) verify together (6.9) on [t, T].

Then, one asserts that for each t & [0, T), @(1,.) is convex and
swer semicontinuous on X. The proof of this property of ® may by
pund in [3. Chapter 4, §4].

Thus, from (6.12),(6.13) and from the subdifferentiability of ®(z,.)

e deduces :

.16) plt) & — 9D, (1)
Combining (6.14) and (6.16). we get:

17) u(t) = &, H(z(t), B*(t} (— o ®(2, (M),

tion that rcpresents the optimal jeedback law for (6.8), (6.9). )
Therefore, it is easy to see that the optimal arc x must satisfy
& closed loop system :

It is obvious that H is the conjugate of L with respect to

For cach ¢ € [0, T'], B{t) is a linear continuous opcrator fro
to X, whose adjoint is denoted by B*(t). We suppose also that the
ping t - B(t) is continuous on [0, T] in the uniform vperator topo
Consider the following sets:

Dom, H= {z € X; H(x, p)>—oo for all p = U},

Dom. H = {p = U; H{z, p) <+« for all v = X}

The set Dom I = Dom, I » Dom, H is called the cffectiv
main of H.

Denote by € the set of all attainable pairs for L, i.e.,
of all pairs (7, ar) & X x X such that there exists @ = C(0,
and w = L0, T 3 U) verifying (6.9) with &(0)= x, ()= @r ang
(6.11) L{z,u) = L' (0, T ; &).

Now, we are able to formulate the hvpotheses we need

sequel, hypotheses that are derived from those of Barbu [4
studied this problem in a morc general setting.

i

8) a(t) = SO xo + SS(t— s) f(s) ds,’

Wy 0

Te f is any strongly measurable selection of the multivalued mapping

B(t) (0, H(x(t), B*(t) (— 0®{t, (1))
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where £ > 0 is smf!'i'cicnt_];;‘ smali and .- X = X\ salislies (Ay), has
at least a mild solution il in addition the mappings i, i—=1, 2, are
conVEX valued.

\s (6.20) appears in the mathematieal modclling of several pro-
plems in quantum mcchamct;. it should be very lnteresting to know
what arc the most appropriate operators ._I_ilmt we are atlowed to
R i (8.21) and what is the physical significance of such operators.

Seknowledgements. The authors wonld like to thank Professor V. Barbu
or huwing proposed this subject, for his helpful comments and also to
C. Urscscits . facoh and C. Zdlinescw for their wscful remarks on this work.

Obviously, {6.18) is the mild form ol:
Aty = Aa(t) - B (E{a(t), B (— 001, #(10)))))

(.19)
2(0) = @y

where A is the infinitesimal cenerator of the lincar €' semigroup Sy,

From Theorem 2.1, we goi:

Thecrem 6.6. Suppose that (\)., (\;) are satisfied and, in addition,
the operator A in (6.19) verifies (\.). Suppese further that o® s contys
nwous on |a. b [« X. Then, for cach v, = X there cxists T S Ja. b sugh
that the problem (8.3%) has at least a mild solution on |a. T[.

Remark 6.2, This last example shows us that Theorem 2.1 s o
good tool in establishing existenee results for the closed loop syslems i
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we must c¢hoose in order to obtain additionally propertics of the solyd
tion. On the other hand, et us observe that such a suboptimal icedbag
law has to be chosen in such a way that, fist of all, the suboptima
closed loop system has at least a solution.

Thus, in this context, Theorem 2.1, shows us what kind of sub
optimal fcedback laws can be considered in order that the corresponding
suboptimal closed loop system has solutions, when -f gencrates a linea
¢, semigroup S{f) of compact operators for £ > 0. ‘

Scveral examples of such control problems, in which one need
consider suboptimal feedback lows, may be found in [20].

We conclude this paper with a remark concerning the gercralizes
Hamiltorian systems of the form:

(6.20) a(t) = H, (¢, 2(t), p{t)), p(t) = Hu{t, 2(8). p(1), @(0)= &, {0)== Py

where H,: [0, T] « X v X - 2%, == 1, 2, are two demiclosed and' e
cally bounded mappings, while (2,,ps) = X 2 X, ]
In the particular case in which H\(¢, x, p)= ¢, H(t, z. p) and Hy
@, p)=— 3.0, &, p}, where I(t, @, p)= [ ¢ Hit, o, p), oML, p)l
is the subdifferential of an everywhere finite ITamiltonian function
(6.20) becomes the system studied by Rockafellar [18] in t
finite dimensional easc and also by Barbu {2] in the infinite dimel
sional casc. It should be neted, that in this last paper we mention
above, (m,,p,) is supposed to be in an appropriate necighborhood 0
saddle point of If. 4
owever, it is well known that even in this very particular cas
(6.20) may not have solutions if X is any infinite dimensional spé
and (@, pe) is arbiteary in X 0 XL i
On the other hand, using our Theorem 2.1, one may  assert M
the associated nerturbed syslem :

a(t) = = alt) L 2t PO p(O)= =dp(t) |- ILAL 2{0), p()
.1?(0)— oy P(O)= I
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(6,21) R. 8. Eomania



