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ON A DISCRETE MAX-MIN PROBLEM
BY
CORNELIUS CROITORU

1. In this note, we are concerned with the following problem:
E a jinite set and a function J: Ex@{E) - R, determine

max min f(z, A).

A=k red
. 9, This problem is one of the most interesting in discrete opti-
B ation as it results from the applications 8 and 4. When f is_an arbi-
brary function, the problem considered here is very hard, but, in a
becial case we solve it with an algorithm suggested by Finck
d Sachs [2] Finally, we shall deduce a possible application of
to obtain a lower bound for the stability number of

Fiven

his algorithm
graph. o .
3. Many combinatorial optimization problems can be formu-
ted in the following manncr:
Let & he a finite set and (F a system of subsets of E with pro-
vty that any subset of a member of (F belongs to (F as well. Let
£ R_a wcight function on E. If F is a subset of E, its weight
F)= Y iw(e). Then, the combinatorial optimization problem can
cgl
stated as
Determine max w{F).
reg
bset (' J2 with property C & (F but C — {r} € (F for cvery < C,
lled a circuit of (7. If 4 € E and @ € 4, we denote efx, A) the
ber of circuits € ol (F such that » = C and C = A.Clearly, F =(F
p, F) — 0 for every a in F. Hence the combinatorial optimization
em can be interpreted as an example of a problem 1:
Determine max min w{A)/(1 + Me(x, A)),
A=E red
M is a very large (with respect to w(k})) real number.
Let ¢~ (X, U) be a finite undirected graph without loops and
¢ edges. A set § of pairwise nonadjacent vertices is called a
et of G. The maximum cardinality of a stable set of G is called
ability number of ¢ and is  denoted «(G). Obviously, we have
Tgﬁia({.-ljf,), where [A]; denotes the subgraph induced by A in

ge [1] has determined that «(G) > [ | X [/(1 4+ A(G))]), where
otes the cardinality of X, A(G) denotes the maximum degree
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of a vertex in G and [a]" is the smallest integer greater or  cqual
the real number «. Sinee for a maximum stable sct S of G, the Berg

4 the minimal degree sequenees method” used by Finek and Sac hs
lower bound for the stability number of [S]: is equal with S [,we por

computing the above right side is just the algorithm 6.
9. We note that if f is not nondecrcasing in the sccond variable,

write
, 10 ;0 the algorithm 6 inding « ‘er g
A{G) = nln;;:[ A U4 MIATNT _ ean usc the algorithm ¢ for finding a lower bound for 1;1;; n:g}tj(a,,A).
Hence «(G) — max [14 /(1 4 max dey (@ I, where dy(v) is the For example, let us consider the graph G= (X, U} where
nee a(G) = max [/t + mgy duag(l> el is the degl FOL L g2 i), (1,3), (10), (1L6), (28), (4 3), (6, T

;hﬂ:’c #(G)= max min f(z, A), where f(a, 4)= [1A (Y A+ deag(a)]

B St M iy > v m rey sy
of vertex # in the induced subgraph [4)¢ . Therefore dex zed

#(G) = max min [| A 1 -+ dg L eN) -

the algorithm 6 oIves
dcx zed i The a1g 5

3 ;’ w;, .’I.‘;, .’I.‘;, 33;, -’”Es ‘T';) == (la 3: ‘1‘; Ga 7: 5’ 2),
1';, a‘fx): j(d';! X—) :'“’./(‘T;: ‘Y’.)) : (23 3: 33 2: 3: 21 1)-
fence the lower hound for «(G) is max f(af, X)=3, which is just a(G).

and the determination of the stability number of a praph is a particy
casc of problem 1.

With a similar argument we can deduce that the density nump
of G (the maximum cardinality of a elique in @) is:

w(G) = max min [| A O] AL — diag{an] "

.-ig.t rEAd
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6. Let us consider the following algorithm :

L k:=1, E,=E; ;
Il for k: =1, {E|fa: = min f(a, ), Ei: = E.— {ai} ¥
:reb'k
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TTI. fope : = max f{mg, E..
k=1, |El
7. Theorem. If for cvery F,c= F, and » = F,: f(a, ) < fla
then max min f(a, ) = max f(ax, FOMN
P

AcE zgA
Proof:
We have max f(ri, Ey) = max min f(w, E;) € max min fla, 4).
k=1.1F1 k=10El c€E, AcE zed
Conversely, let 4, C & be such that max min f(a, A) = min f(27 4
AEE zed xe,ln
i, = min {ifa] €4}, then we have 4, = Ey,. Hence min f(a@, ) < flag
red
Q9
Because f is nondecreasing, we have f(@i, A,) < f@5s E;) < ma:‘iE o
k=1, 1B} {1
Thus, by the choice of A,, we have max min f(x, 4) £ max fla
AcE r€4 k= 1,1E)

8. If G is a graph and %(G) is the chromatic number of Gy

and Szckeres have proved in (3] that (G) <1 + max min
et tedl



