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V. FELEA

. In this paper the notions of VT-algebra on the theory T, VT-free
Bochra and [linitc antomaton with a variable structure in VT-algebras
= introduced. The hahavior of the finite automaton with a variable strue-
e in VT-algebras is characterized.
1. VT-algebras. Let S be the category of sets. Tt is known that in
he empty sci @ s an initial object and the set I= {1} I1s a terminal
et for 5. The set {12, n} will be denoted by [n], for each integer
0,1,2,.. . Thus [O|= and [1]=1. Let 8, be thc subcategory of
r which [n] arc the objects and the morphisms between objects are
from &. For every 1<i<n we denote by 4,: I — [n] the mor-

ms in S, such that 1i, =1,

Definition 1.1. [t]. Let of be a category. The family of morphisms
=, i= 1,2 .., n} in oA is called a coproduct diagram if for every
"B and jor each family of morphisms {p.: B — Ay, i=1,2,..,n}
ezists « unique morphism o: B — A, such that 4 9= 3, Jfor each
9., n [t follows that for each n=1,2,... the family {i,, Tapenrin}
poproduct diagram in § and in 8.

Definition 1.2. [4]. A theory T is a subcategory with the Jfollowing

1) the objects of T are [n}, for n =0,1,2,..,

2) S, is a subcategory of T,
8) for cach n=1,2,.. the family {i1, 82,00, 1o} 18 @ coproduct dia-
in T.

iven the morphisms ®¢: I = [p], i=1,2,..,n in T, the unique
m O: [n]- [p], such that &;=4, @, i=1,2,.,7 i.c. the mor-
.dclennincd by {®;, i=1,2,.,n} and the coproduct diagram
o iy}, is denoted by <@y, @, ,..., ¢, >. Let T([n], [p]) be the set
torphisms [#] — [p] and T, = T(, [p]).

inition 1.3. Let T and T be two theories. 4 morphism between
T' is a functor between the categories T and T', such that:

[n] ' = [n], for each object [n] in So3

OF othier types of algebras, see [1, 2]
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(2) fF= f, for cach morphism f in 83 ' Y iy 4

(3) <@, Dy, Vo> F = <O, F oo, P, F >, for cach family of 4 ‘ e
phisms {®y,..., Ou} in T. B

Definition 1.4. Let T be a theory. A4 VT-algebra A on the theoryl) & Eip1
is a system <A, o, P> consisting of : ;

(1) an indexed family of finite sets A= (4,), i=0,1,2 ,..; 3} B '

(2) the morphisms in S oy Ay = Ag, Bir Adi>Aig, , Jor cach ; B, B B

=0,1,2,.3 o
{(3) jor,each morphism @ : [n] - [plin T, there caists the family Proof. We have ( D2 £ = £ (DYR2), for each ®: [n] - [p] in
morphisms in S {(DYPP): A} =~ ATy, 1=0,1,2 ety such that : Fondi— 01,2, Considering = iy : [n] - [n], it folio“_rs that (@, ,.ee, 2]
; H == (mlll'. B{l iy wld'n B;‘) ai+1 = {ml arecy mn) (G:l EH—I = (1‘1 30y 35',.)

(31) if ®isinS,, ®: [n] - [p] and (af,..., 2} = A7, then (ai,.. #pdnn) Gin K
(DU (T s 00, or el im0, 1, 2 e cchire = o, B0 B, SO — (32 Zives B B (DYBD) = (1 B0 B ooy ab BF) = (a1 oy ZR)EAPF:

j =12,.,n; s ) (‘?‘pﬁ;‘) é:+1 = (@1 s0es L) Ef((D!’e%','é), then B-A S = & B?y the-

(8.2) If ©: [n] -+~[p] and 0: [p] - [k] are the "_.rfwrphisms in' bore B Do = PV -
then, ((©0) F=) = (0f?) o (DYP™), 1==0,1,2,.., where o s defined Jff Theorem 1.2. Let E be a morphism between VT-algebras A and B.A
2 mfficient condition for the commutativity of the diagram :

(21 5 2a yeres Bp) U= (21 &ty yeees Zp o).
A

If i =0, we consider 0 as the morphism in S, %
(8.8) If o [n] = [p] tn Tyo = <1, Paseer Pn > then (( <@y e o 5 A ~A,

GEm) = <1 UP) 5 woer (n $22) > = (92 477) 5oy (20 971))s 1= 0,1, 2,0l

{2y sreesn) = (223 yeres az,), z; are the morphisms in S, 3=1,2 ., o&] Zin :,
Remark 1.1. A T-algcbra 4 [3}is a VT -algebra considering 4, =!

i=0,1,2 ., a =0 =L, - ; o? |
Remark 1.2, If n=1 and p=0, then ¢: [1j- 0 and ( (O By B,

€ A

Remark 1.3. The morphisms (©¢F*)in (3) can be defined onlyl
each morphism ®: I — [p] in T.

Definition 1.5. Let A = (4;,0{,pf, i=0,1,2,..}, B = {B:, o,
i=0,1,2,.) be two VT-algebras. A morphism between A and B
family 5= (), i= 0,1, 2,., where £, are the morphisms in S, £;: 4,
such that for each morphism @: [n] — [p] in T the following diagral
commutative ; 1

(4) there cwist morphisms 0: [p]~ [k], ©: [n] > [p] w T, such that
k2) and (DG are injective.

Proof. ¥rom the comlnutati’yity of the diagram (1) for the morphism
it reszLIts {(h0) ','J’j.’,';_) Ti1 = L ®0) ¢7). On the other hand, we have
) 047) £..o = (045l DUENE100 = (0TS (DYED),

Similarly %, ((00) Ok2) = £ (0457) o (0431) = (0452) Suwn ol (DUED) .
equently,

Af (PYRS) AYyy
i for ¢ =0,1,2, i (0U52) G Ty (DYRD) = (0052) By ol (DYED).
(1) Z, i where (..., )5 = S_in~ce (ﬁv,b’j;j,?), 2 Eipr s (D9ED), E,,, of are morphisms in S, (5) implies
P = () Ei yeres Tp Ei) £i10f, if further (04%3) is surjective and (P¢%7) is injective.
! ! emarl; 1.4. A sufficient condition for the commutativity of thedia-
By By, (8) is:

tere cxist k, 0:1 — [k], ®: I - I, ®, 0in T, such that (0¢4%) is
tive and (dJ}}) is injective. This follows from (3.3) and (if (D} V)
ttive, 1 < § < n, then ®¢ is injective, where ® = <®,, @, U I
3 VT-free algebras. Let 7' be a theory and k= N. Consider C,= T,,
5 Co=1T.n morfso (I, [k]); 2, is a morphism, which coincides
With 1c, a, = 8, = l¢p b=1,2,., Yo=Y,V v = Co. We organize

Thus, VT-algebras form a catcgory denoted by C*7. From the Re
1.3 it follows that we can define the commutativity of the diagr
only for the morphisms ®: I — fp] in T.

Theorem 1.1. Let £= (%), i=0,1,2,... be a morphism betwee
algebras A and B. For cach 1=0,1, 2. the following diagram 1is co8
tative : ]
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s define Ogo— (1) fo = (1D) [, - If oy, 1y & Ck and ®: I - [p], then
¢ Ty 1o Tp > € Clyy - We consider

_—— —

ct=(C), h=0,1,2,. asa I'T-algebra in the l‘nllowing way : gl
@: [n]-[p]in T and (2, , Teyern, @p) e Ch, we have r;e Ty, 1 <Jg

xy;: I = [k]; there exists an unique morphism Z : [p]— (%] in T, suchy 0) (D <2y oy p>) Gigr = (T i s T2 80 veens 2y g DL,

(N po— iyl i =1,2,.,p- oking in (10)p =k, 2y =45, =1, 2,..., p, we obtain ®g, ., for each ®=C,,,
We have ®Z: [n]— [k]. If we consider v, = ol PZ), j =1, 2. m, i) Dgir = (Le i oo by &) (DUED).

yit I = (k1 = T = Ciay . We define: We observe that the definition of g;., only for thc elements from

Ty ey 1) (DDER) = (vy 5 Yoo Ya) fOT cach p> 0,  is not sufficient, because the relation of morphism bctween VT -alge-
{8) (2 Tp,)o(1 fck") SORE te) 1 1 ) ; ’ C* and A contains the composition of two morphisms in T. Let
() (D) = PO, where 0y : & — [k] is a . show the commutativity of the diagram (1). Let ®: [n] - [p] a mor-

unique morphism in 7. o fobism in T and ¥y, @y C¥, 3y I = [k], =1, p We haw‘a (1 5oes Ty

Let us show that (3.1), (3.2) and (3.3) arc satisficd. | 4):*"'i)g.'+: == (Y1 yeres Ya)Bip1 = (Y1 Zist 1eves a i)y where vy =g, ¢ <y,
If o= SO! @ : [1’?] = [P]’ then jﬂ ¢ e Sﬂ’ j: 1,2, nBllt ': .. wong Tp > 7 ¢i<"ﬂla"'v (L‘p>,j=],2,...,n, YJETl-a G= <@y, O,,..., (‘Dn >3

=< @, By, P>, o, =0, j=1, ‘.Z],...,l‘n.; it[ follows I(J"(?)(E I 3 Biar = (g Zi yeors T &) (P U2} 5

i —=1,2,.,n ®,e8,.If 10, =1, i< , then @) = i;, v;= Ja (0 -

J= Uﬂq))z_ipz=jmi_';ltl’ja J — {I-! 2,00 [QICI‘CI‘OI‘O (3~1)~ Let @: [n] [z o0 ‘r:p) ((Dl;)g;c’_") gi-1=((3?1 Giseens mpgi) ((Dﬁbﬂ',’,) seevy (iﬂlgf Aoac .'L‘pg,-) ((DnL[}E"l‘))z

and 0: [p]—[h] be the morphisms in T. Let us show that: = (21 Lo sees T3 £0) (D Y01} s (P G2 = (2, G vy @y &) (DYRN) =

— mn

(©) (®0) b} = (0452 (DY), et
H (2 ,., ) = Th, there exists a unique morphism Z in f erefore- ((D‘Pgif?i)gw_li g DYTT). No‘j" we show that g = (‘é’r?a.i =0,1,2,.
[h] — [k], such that @ =%,Z, i =12 .k ' a unique extension of f=(f). i =0,1,2,.. By definition, we have
By definition we have (2, ,..., @) (90) (428) = (5 o ey B bg, = (10); fo = (10) fo = Pf,, because ® & Ci= T, n Morf (I, [k]) =
hj - H Ly oyeeey Ty ok 215 52 9+ =nh {lh 2k o0y kk}' Assume that jkg,- ;jkf!" 7 =1,2,.,n, 12 0. From
=, (D02), §=1, 5 (@0, @) (0070) = (> 2o tph i = b (@) for each ® = Cf,n Morfe (I, [k]} we have ®g,,, = (1 &i seees Ki 81)
= la 2 yeees P ?1 0Z = <T1s Mz seens Tip >-(£E1 gerey mh)(ol‘lr:;:lcr:‘)(q)"pgkn,)':(nl! .' 4"‘). If l(l:) =j‘., 1 -.{.j F-o k, then (lkgf ens kk g') ((I)(pﬁ-'l — (Jl g!) BE —
yor Tl QPER ) = (81, 825y Bads By = jp (D(0Z)) = ja (DOZ) = 5, ] == W Ji) Be= Jiforr = (10} frin = (10)e o1 = Bfira. It remains to verify
Consequently (9) holds. Let ®: [rn] - [p), O=<d,, Oy, WIS the e}xtensmn 8 Is unigue. Let ¢= (&), i=1,0,2,... be a morphism
be in T. We have (@ youes @) (PYZE) = (Yo veons Ya)s 1 =0n (P2, § = reen VT-algebras C* and 4, which is a extension of f=(f i =
Z = LTy gerey Tp >y (B0 .r,)(d),,z,bgf',{:; — 8., 8, = h(®,Z), for h=1,9 )1,2,... We have (zy,..., 2;) (Y72 b = (T seusy Tp) Lo (dgzm), for

k - ; .
where h, is a morphism in S,, hy: I 1, ie. Ay =1, so that 3,={ [n] » [p), @, C;, 1€<j<p, +=0,1,2,.. It results:
(ha ®)Z = h(DPZ) = v, (DYZ0) =Dy UL B (D, P51 )). We shall de
this ¥T-algebra by C*.

Remark 2.1.Let v= C,.,. Then (1,2, Be) (o) = %
h=012,.

Proof. If k > 0, then (1, 2;,.., i) = v < Lis Zeaen
= v.ly = v, where 1,,.., k, arc the morphisms in S, N T, . Fork=%
we have ( }yd% )= v0. = v, hecause O,: & — &, Oy = 1g . Since
exists a 1—1 corespondence between [k] and &4, where 8= morfs (&
nT,, we shall identify i, by i, for each t =1, 2,..., k.

Theorem 2.1, Let 4 = (4., ¢, 8¢, 1=10,1,2,.) be a VT-
and fo: [k] = A, a morphism in S,. Consider fon = fiBi, 1 =10
The family of morphisms f={(f), i=0,1,2,.. admits a uniqueé
g=1(g), i=0,1,2,. to a morphism between VT-algebras C* and

Proof. Let ®e Ct. Then ® is a morphism in S,: 7 -

;(¢I<‘rl yeeey Fp >) tH—l - (ml tl yauey by tf) ((Di 4/?1',1)- j =1, 2 yrens 1
(D = <(I)1 geuny (Dn >.
eover, we have for each ®: I —» [k} in T
Oty = (1 by ke ) (PP for k>0 and

Ot = ( ) (DYYY) for k= 0.
If = Ck dt, = Df, = Bg,. Assume that Ot = dg, for each © = (5,
. From (12) and (18) it follows:
(O <2y oy Ty > ) by = (D <y ooy @ >) iy D2 T ],

(Dt(+l = (Dgf-!-l’ (1): I — [k]-

Theorem 2.2. VT-algebra C° is the initial object in the calegory (Blaeis
Proof. Consider k= 0 in the theorem 2.1. There exists a unigue
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morphism in T, fo: @ - .3 by the theorem 2.1 for each V7'-alg
A= (As i, By = 0,1, 2 ,..) there exists a unique morphism 4 =
i=0,1,2,.. between ¢ and 1. 3
Remark 24, Y ¢e T, then dr, = D% =012
Remark 2.5. €0 = . beeause (5= T, n Morf, (I, @) and th
is no morphism I — & in S,
3. Finite automate with a variable structure in VT-algebras. In §

1, AThiD b

4 Giveon

following consider 177'-algebras with the property: )
5 - ) . 3 wed 29 ILI9T8 Facult Mathemal
(14) there exists &: I = 1Iin T, suclh that for cach 1=0,1, 2,..,@ Recetved 291 ac;ngveziity :f ;;nsl “

1s injcetive. . R. 8. Romania
Let T be a theory. An finile auiomaton with a variable structurey
T (shortly 7 -aontomaten) is {1, ), where 4 is a VT -algebra, =
£, is a subset of A, ¢ =0,1,2,... and there exists m, such that | 44l
i=0,1,2,.. Let (4, 1), (B, t.) be two automata. A morphism & betwg
(4, 1) and (B.t.} is a morphism £ between I"7-algebras A and B, g
that ¢, = . &% Let (4, t) be an 77T -automaton. The hehavior of 4
defined as B((, £)) = t&*, where &, is the unique morphism &4: €4
from the theorcm 2.2. Let 4 he a V"7 -algebra and p a congrucnce
tion on . The rclation p is finite if there cxists m = N, such
for each 4 =0, 1, 2,... | Aol < m. (4] is the set of congrucnce clig
of 4 mod p). Let 4 be a VZ'-algebra and = (&), e Ay 1 =1%
We say that ¢ is admissible in A, if there exists p a finife congru
on A, such that t is closcd for p, that is for each 7—=0,1,2 .4
and a < ¢, implics a' & ¢, It results that the class of all the familiesg
sets from I, which are admissible in A, 1s closed relative  to il
Boolean operations.
Theorem 3.1. The class of all the behaviors of VT-automata coing
with the class of the admissible families in C°.
Proof. Let A4 be an V7 -automaton. From (14) and Remark
it follows (6). Then the morphism &,: ¢ = 4 defines a congruen
on C°:a a' € €, agd il aly; — a8y i=0,1,2,.. Since A4 is fini
follows that p is finite. The behavior of A is closed relative to p:if
and as tiZIA}i, thcn a’i;hi T (II :;:An; 3hi = t.‘, bt . azuh! == ﬂ’ Ezl:is the
a b it i) 1=0,1,2,.., that is B((1, t}) is admissible 18
Converscly, let ¢, be a admissible family in €7 Then we have a
gruence p on C7, such that t, is closed relative to p. There exisk
canonical epimorphism ‘1" : C"—=C7/g. Let us consider A = C°fp and!
= tofpn t={t), & =0,1,2,.. Since there cxists a unique morp
between €° and 4, namcly 2, it results that %, = 7. Let us show
t, = t£3, that means for each 7 =10,1,2,..

(15) t:u,( E.w!)i = ti ﬂ‘nd
(16) for every «;€ (9, ;245 4 implics @, = Lo, 1

Indeed, if a; € i then @l = @i 7., where Z; is the class

contains a,; hence Z; = {;; if a, = (" and a4 < &, then aX
@ i =4y Ly S 1y 1L follows that a; € {oe A



