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0. Introduction. Beginning with the papers of Cook {2] and Karp
[4]. onc of the most important open problems in theoretical computer
science 181 docs P—= NP? (in other words, given a nondeterministic
Turing machine A, which runs in polynomial time, does there exist a
deterministic Turing machine 3’ with polynomial time complexity too
and both M and A recognize the same language?). The importance of
the concept ol "N P-complete problem® for the question P = NP, was
emphazized by Karp [+]. Starting with the vertex cover problem,
which is N P-complete (sec [1], [4]), we will show that the feedback
edge sct problem, [1], with some restrictions is NP-complete and a re-
Jated problem of [inite automata theory is NP-complete, too.

1. Preliminary facts. Let G= (T, E) he an undirected graph. 4
ertex cover ol G is a subsct S = V such that cach edge of G iz incident
gpon sONic vertex in 8. The vertex cover problem is: Given an undirec-
d graph G=(V, E) and a natural number #, does G have a vertex
ver & with A& vertices (|8 |= £)?

Let G == (V. E) be a directed graph. A feedback edge set is a subset
c E such that every circuit of ¢ contains an cdge from F. The feed-
k edge sct problem is: Given a directed graph G= (V, E) and a na-
ral pumber k, does G have a feedback cdge set F with | F |=k?

Theorem 1. The vertex cover and feedback edge set problems

e NP-complete.
Proof sce [1], p. 887.
3. New N P-complete problems. We first define a restriction of the

dback edse set problem. .
Definition 1. Let G- (V, E) be a directed graph and let v, be a

ex from V. An inilial feedback cdge set {i.f.e.s) with respect lo Vo is

ubse! F'< F such that every cireuit of G passing through v, with at

i 4 edges contains an edge from F.

The i.f.c.s problem is: Given a directed graph G= (V, E), a verlex

: V and a natural number k, when does G have an i.f.c.s with res-
to v, and | F |= k.

Theorem 2. The i.f.c.s problem is NP-complete.

Proof. The NP-completness of the if.cs problem follows from

fact that it helongs to NP, (which is obvious), and from the poly-

ially reducibility of the vertex cover problem to this one.
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Let G= (Y, E) be an undireeted graph and L a natural number,
To prove the theorem it remains to construct in deterministic polyno.
mial time a dirceled graph "= (V7, 1) sueh that, ¢’ has an i.f.e.s Fr
with respect to somc @, | B |=k, il and only if G has a vertex covep
with & members. Let V= {v;, ¢a e v.p 3 then we define V'= {v,} |
Ui, 0], [0 1} 1 = i<np and E' consists of :

i) (|z, 0], [v, 1]} for cach » from V;

i) ([vs, 1], o5, 01) for ench undirected edge (v, 7)) = E  and
1<t <7< n.

iit) (ve [v0 O, ([vs 11, v,) for cach {[v. 1], [vs 0]) & I (cons.
tructed in ii}).

Now, let &= V' be a vertex cover of 17, and |5 )=k

We claim that the set F'= {([v, 0], [w 1) & 8} is  an ifes
with respect to v, Indeed, Tt v, 1y Mg yeens U Do he a circuit in ', with
I> 3. It follows that this circuit contains at least one edge of the form
(v, 1], [0 0D, & <3 (because of the construetion of ). But ([v, 1],
[v), 0]) is an cdge of ¢ if and only if (v, vy) is an cdge of . There.
fore either v, or v, belong to S. We note that, if {[o,. 1], [v). 0]) is an
edze in circuit, then both ([zs, 01, [vs 1]) and ({[v;, 0], [v; 1]) are in
cireuit. Ilence, cither ([zs 0} [ve 1)) or ({v;, 0} [z 1}) belong to P

Conversely, let I be an i.f.e.s with respeet to v in & and |F' | =F
The adges in ' can be of the form i), ii), or iii} from the definitio
of E'. We note that if we bave in G’ a circuit of length at least 4, then

1) If it passes through (v, [0, 0]), then it passes through ([v, 0]
[v,1]), too;

2) If it passes through ([v, 1}, v,s), then 1t passcs through ([0, 0
[v,11), too;

3) If it passes through ({ois 1), [v; 0]), then it passes throug
([vsr 0), [vs 1]} t0O3

Replacing the edges of the form ii) and iii) in F' by the corre
ponding edges dcfined in 1), 2), 3), we obtain a set F which is
ifes with respect to ©, and [F” | < [ F |. Therclore, without loss
generality, we suppose that I contains only edges of the form ([z, 0
[v, 1]). We claim that S= {ofv =V, ([9,0} [z, 1]) = I’} is a verls
cover of G. Indced, let (v, v;} be an edge of E (i <j). Then we ha
in ¢ the eircuit: 2o, [vs 0) [vo, 1), [0 0}, [v5 1) o which mu
have an cdge of F'. Hence, cither ([vss 0), o5 1)) or (Jus 0], [vp
are in F' and, of course, cilher v, or v, arc mm S: & is a vertex cov
for C. 3

It is obvious that, the construction of G’ is made in polyno
time depending on the dimension of G. This completes the proof.

Definition 2. Let G=—=(V, E} be a dirccted graph and Ict ¢, be a
tex of V. A l-cwtended i.fes with respect fo v, is a subset I'S L,
that every cireuit of G passing through v, with at least I edges conii
an edge from F, {2 4. “

The l-catended i.f.e.s problem is: Given a directed graph G= (Vs
a verlex vy tn V oand a natural namber k, when does G have a {-exte
i.f.e.s with respect 10 T and | F |=k.

Theorem 3. The l-eatended i.t.e.s problem is NP-complele.

Proof. We will show that the vertex cover problem 1s polynomially
reducible to the l-extended i.f.e.s problem.

let G=(V, ) be an undirected graph, V= {v, 0,0, Oa), and k
a natural mumber. Let us consider the dirceted graph G'=(V7, E') where:

V'= {vo} U {[v5, 0], [w5 1] vy [0 I— 3], 1 <i<n,

I consists of:

i) ([v, ], [, & 4 1]) for cach v € V,ogh <I1—3;

i) ([vi I— 8], [v; 0]) for cach undivected cdge (v, uv;} € I and
1gi<Jjsn;
i) (00 [t 01 ([v), 1= 8], v,) for cach {[v;, I— 8], [v;, 0]) € E'.
It is clear that G' is obtained from G in polynomial time depending
on tic dimension of . It is easy to prove that G has a vertex cover
with [ vertices if and only if G’ has a l-extended i.f.e.s with respect
to v, with £ edges (we will omit this proof which is similar to the
proof of the Theorem 2).

Consider, [3] p. 67, the auntomaton A = (I, S, f. 8), where: [
(the set of inputs) and & (the set of states) ave finite sets, f: SxI - S
is the transition function of automaton and s, is the initial state (s, = §).

Denote the language accepted by the finite automaton A, with
initial state & and final state S, S by

L(4, s, S1)= {p/p € I', f(ss p) & Sy}

he I.-m;__ruagc.acccptcd by the finite automaton A, with the initial state
t 5§, and [inal state set S.(S, $:< 8) 1s the set:

L(4’1, S!, S_g) —_ UsleSlIJ(A, S], lS'g)-

et us consider the following problem (denoted by P(A, k) :
wen « [finile automaton A= (I, 8, f, o) and a natural nwmber Ik, does
e cxist LI, |I,| =k and §,,8.= 8 such that:

' 0 L{d, 8o {s0}) S L(A, 85, 8) . I, . L{A, S, [so}), ¥z 47

Cother words, does there exist a subset I; of I with & symbols, such

t every word in L(d, s, {so}) with length atleast 4 has a symbol of I,?
The next theorem shows that this problem is “hard,,: if there

st a dclerministic algorithm for solving this problem in polynomial

e, then P= NP. )
Theowera 4. The problem P(A, k) is NDP-compleic.

Progf. We will show that the i.f.e.s problem is polynomially trans-

ablc to the P(d4, k) problem. From Theorem 2, if.cs problem is

~complcte, therefore P(A, k) problem is N P-complete, too.

Let us consider a direeted graph 6= (¥, E), a vertex v, in V" and

tural number k. We construct the following finite automaton :

A=(1,5,f, 8, where: i) S= V y {s}, s & V, ii) I=VxV,

iil) 5, = vy, iv) f: Sx I - § defined by :

s ¥, Yo, w) = VXV, f(u, (v, ) ={w ifu=vand {v,w)s I
s otherwise
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V(v, w) = VeV, fls, (o, w) =8

Let us prove that the problem P(A. k) has an afirmative answer, jt§
and only if, the graph & (V. E) has an ifes, I with respeet ¢
vy | 17| = K. '

If. Let F = {{v;, w,)y (Tiye Wiy) veees (Vi wydt € B b an i.f.e.s with
respeet to v Let us consider I,=Fc V % V=T and §,= {vfv = ¥,
Jw € V, (v,w) € I}, S.= {wjweV, o= V, (v, w) = F}. We  [claing
that :

ON CERTAIN VECTOR SPACES ASSOCIATED TO THE
ORIENTED FINITE GRAPHS

BY

I* n LA, so {sa}) = LA, 50.51) I, . L(A4, Sa {8}), Yrn2 4

Indeed, let p € L(d. 50, {8}), p== 01 Gz Gy 02 b From [(so p)= s @ DANUT MARCU

and the definition of .f, it follows that there cxists the cireuit (v,
Day Vg youey Up= Uy) IN G where o, = (v, 1, v,) and v,= f{v, 1, o) 1T <70
Now, F is an if.es with respect  to v, hence, there exists one j{0 g
< j < n— 1) such that (v, v;..) € F and, therefore, 65, € I.. We note|
that f(sg, 61 G2« 5;)= v, v; €85, and p, = 61...0; = L(A, s4 51} 3 Uria |
& 8., [{j41s Gjag oo Gu)= So and pe= 0y.5 ... 60 & LA, e {801). thercfore|
p=p, 0,1 p: and the above inelusion is proved. |
Only if. Let us suppose then, there exist L= 1, | I |=4& §
S,c & such that ¥p € L{A, 5o, {s}). |p 2 H® P=Pi1oPe with p, &
€ L(d, 50, 51), 0 € I, and p, & L{4, S, {sy}). Then, we have f{se pil=]
— 5, =8, f(s,o)=8: € S, f(30 p)= 80 It follows that, if = vel|
s,—=w = V' then o= (v, w) = E. Therefore I, is a subset of edges
from E. We claim that F= I, is an ife.s with respect  to v,. |
let (Tg, U1 yeees V= To) be a circuit in G, m =+ Then we have t
word (v, 1) (v, 02} (V2 TL) woe (T o1y Ua) N I(A4, se {s4}) and
there exist ¢ = I, and j(1 < < m}, such that (¢;., v;) = 7 & I
we have the edge (v, 4. v;) of circuit in F and the proof is ¢
The analogous problem for vertices is studicd in [3].

1. Introduction. In this paper we use the vector spaces ImV and
Kera associated to an oriented finite graph in [4]), in order to define
and characterize two relations (denoted by “J* and "X*) introduced on
the set of ares of such a graph.

We will show that a,Ja, if and only if there exists a non null vector
XME] e Ker A, so that a, = c#(Xg) of a3 € A(Xg) and for every X=

= F TS KeraA we have |, | = |2 |-

E=1

From the graph’s theory point of view, this result shows that if
g, Jag, then there exists at least an elementary cycle w, so that a, €db{w)
or g, = of(w), (we have denoted by cf{w) the set of ares of w).
Concerning the relation ”X“, we show that a,Xa,, if and only if
ere exists a not null vector ¥, 5 € ImV, so that a, € of(Y ) or a3 €
A(Y ) and for every '

q
Y=Y nas ImV, we have jy, | = |y |-
k=1
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1, if ny= AY{a;) # A (a),
Ay =93 —1,if ny= a(a,) # A(as),

0, otherwise.



