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Y(v, w) & VeV, fls, (@, w)) =3
Let us prove that the problem  P(A. k) bas an alirmative answer, if
and only if, the graph G~ (V, E) has an i.l.c.s, I, with respeet  tg
v, | I | =K.

If. Let F= {{v;, 0), (Pige Wip) soeer (v wy)t € 1 b an i.f.e.s with
respeet to . Let us consider I,=Fc V x V= I and S,= frfo &P,
Jw < V, (v, w) € F}, S.= {w/w = V, 30 eV, (v,w) € F}. We [ clain
that :

ON CERTAIN VECTOR SPACES ASSOCIATED TO THE
ORIENTED FINITE GRAPHS

In n L{A, s {s.}) = L{A, 0. SO LA S {so}), ¥n = & BY
Indeed, let p = LA, 5o, {Si}), P 0102 ... Oy > . From [f{s. p)
and the definition ol A, it follows that there exists the cireuit (g,
Day Vg yoeey Up= V) N G where o, (v, 1, v} and .= f(v, o) T <7<,
Now, F is an if.es with respect to z,, hence, there exists one j{0 g
< j € n— 1) such that (v, vj.1) € F and, therefore, o;,, = I,. e note
that f(Sg, Gy 6o evr 0;)= Uy Uj € S, and p, = o, ... 5, € L{4, s, S5 vy e
e 8, fV1 Grsn e Gu)= So and Ps= 0y .. Gp E L(A, S, {so}), thercforg]
p=p1 6. P: and the above inclusion is proved.

Only if. Let us suppose then, there exist I, I, |11 |=4 §
S,= § such that Vp & L{4, s, {sal) [Pl 23 p=pPr1op: with p, €}
= L(A, 50, 51), 0 € I, and p, € L(4, S., {s,}). Then, we have f(8, pil=
— s, =8, o= S f(s0 p)= 0. It follows that, if s,= vel
s,=w = V then o= (7, w) = . Therefore I, is a subset of g
from E. We claim that F'= 1, is an iLfes with respect to v, ed
let (T, D1 seees Um= To)} be a cirenit in G, m 2 -+ Then we have t
word (v, ©y) (21, 2) {(Ta Vo) oo (Vi s © D in L(A, se {80}) and
there exist 6 € I, and j(1 < j < m), such that (6;o v5)= 7 & 1.
we have the edge (v, v} of circuit in F and the proof is

The analogous problem for vertices is studied in 5]
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1. Introduction. In this paper we use the vector spaces ImV and
Kera associated to an oriented finite graph in [4], in order to define
and characterize two relations (denoted by " and "X) introduced on
the set of arcs of such a graph.

We will show that a,Ja, if and only if there exists a non null vector
X < Ker 3, s0 that a, € c#(X(ng) OF a3 € A(Xj,p) and for every X =

g

=¥ oS Kera we have |z, | = |2y |.

k=1

_ From the graph’s theory point of view, this result shows that if

8.4, then there exists at least an elementary cycle w, so that a, =cb(w)

or a, = of(w), (we have denoted by cf{w) the set of ares of w).
Copccrning the relation %", we show that a,Xa, if and only if

ere exists a not null vector Y, 5 € ImV, so that a, € of(Y ) or a3 €

A(Y ) and for every '

[
Y =¥ yrax= ImV, we have |y [= | ¥ [
k=1

REFERENCES This results means that if a,Xaz then there exists at least an
ementary scction 8, so that a, € of® or a3 € of” (we have denoted by
* the set of arcs of &).

2. Preliminary considerations. Throughout this paper we have in
ew an orienled finite graph G= <M, of >, defined in [1], where W=
{t, s ..., n,} is the set of nodes, and A= {a,, az,..., a,} the set of
¢8. An arc a = of will be noted by a= <n,m>, n,m= . We con-
;)the functions A" : of — M and A : of = (X, where A*(a)= n, and

=m.

We call matriz of incidence (see [2]), the matrix A=(A{)i-12 ...»
k=12, uh g

1. Aho A. V., Hoperoft J. E, Ullman J. D — The Design and Analysis of Con

puter Algoritlms, Addison-Wesley 1974.

2 Cook 8. A — The complexity of theorem proving proceilures, Proc. 8rd Annual ACM Sy

posium en Theory of Computing, 151158 [1971). 3

4. Creangd I, Reischer €. 5 imovici v — [ntroducere algebricd in  informui

Teoria awlomatelor. Junmimen, Iasi, 1973, |

+ Karp R. M. - Reducibility amang combinalorial problems in Miller anul Thatcher (cdito

Complexity of Computer Computation, Plenum Press, New York, (1972).

CSimoviei D, Grigoras Gh. - Fuen inftial feedbuck verter sel problem is
complete, Information Proeessing Letters, & (1079 64—G6,

&

Received 25.0V.1978 Faculty of Mathew ined as follows :
University of 19
R, §. Romanid 1, if ny= AYay) # A (a),

i .
Ak =1 —1,if n,= & (a) # &*(a),

0, otherwise.
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3.1. Definition. Lc_t oeoe ol 0+ & be. We call section, induced
gl a sct of arcs with signd= fe1 @y, €2 G, o005 Er ayt, (e,= £ 1, j=
oy 7Y S0 thal for every ag, j= 12,7, one of the following re-

.o

We denote by (see [3]) Vict, R] the set of linear forms X with

oA as basis and R (the ficld of real numbers) as domain of coefficients, L2
=L=

q
X = z 2y T € R, where + a; is the veetor with all a;=0 cxcept for

k=1
2=+ 1 and 8y the veetor with all z,= 0. Similary we define the veg.

P
tor space VI, R} as all vectors Z=Y une =R, where Og;is the f b} A (ag) = 0C and M(ay) = H— ek, if gy = — 1,

g sot A'= (0w Gry e a;,} being maximal (related to the inclusion of
e sct) with this property.

3.2. Df.‘finit,ion. Let a,, a €t be o, B = {,2,..,q) «#p We
gy that a5/ if an'd only if we have simultaneously
91) there docsn't exist any scction with of'= fa,} or A'= {ag}
i8.9) there vxists @ not null veclor Y{%a, = ImV, so that

HMY(2g) = {tw ag}-

3.1, Lemma. If a,day, then the zector Y0, is minimal related fo TmV.
_ Proof. Suppose that Y{flg is not minimal related to ImV. In this
From the definitions of A and V it results that: g there exists ¥ =ImV, Yf 0. so that ~of(Y) < (Y (}g). Because
: [¥2s) = {00 o5}, then AY)= {a,) or AF)= {ap}, and the vector

has onc {and only one) of the forms:

=1
vector with all z,= 0, and -+ n, is the vector with all z,= 0 for zi= 4 L J
Vict, R] is R* and V[@, R] is R”. 1
We will attach (see [4]) to the veetor spaces Vict, B} and V[, B] :
the mappings Aa: Vict, B] = VI, R), V: V(¥ R] — Vict, R] defined
as follows:

AMX) = ﬁ (i Al rrk) ny V(Z)= i‘ (i Al z‘-) a;, where
=l W]

k=1 \i=1

X=§ aae Vict Rl and 2= $ zom = V(A ]
k=1 i=1

P q
Ala,) =Y, Ain, h=1,2,.,9 and V(n) =Y, Ala,, 1=1,2,.,p
i=1 k=1 - _
implying that A and V are two homomorphisms between Vict, R} and} 4 Y = st 2 S B — 10h
V{it, R] with A as linear transformation matrix.
We denote by ImV the subspace vV, R))={¥ = V[ct, R]
there cxists Z € V|3, R] so that V(Z)= Y} and by KerA the subspae
Kera= {X = V[cf, B} | A(X )= B3

For two vectors X = i‘l Z, 0 ¥ = GE yi ap of V[ct, R} we defin
k=1

k=1

) ‘Y = E;’B aa, ?}B = Ig C {0}.

idently, in this case, f’ is minimal related to ImV and, from the theo-
2 2.2 from [1], it exists a soction $= {&1 @, S2 Uk, 2een & ) and t=

R~ {0} so that:
b 'l.

- 7
Y=2gq .’E £y Q-
=1

fing into account the relations (3.3) and (3.4), it results r=1, and
i (3.5) we obtain Y=0. & ay,. Henee of” = {a,}. If Y = y, a;, then
= 1y 4= a, and o= fa,} and when Y=y, ag, then ¢.¢g, =
o 0., = ¢z and of = {ag}. So, supposing that Y{ls is not minimal
ed to ImV, we obtain a section & with of*= {a,} or of"=1ag}, 1.¢.
ontradiction with the hypothesis (see (3.1)). Henee the vector Yi%g
inimal rclated to ImV. (Q.E.D.). '
3.1. Corclary. If a,Jag, then a, = ImV and ag & ImV.

Pr?oj. If o, = ImV then &, is minimal related to ImV and by a
8r judgcment for V, wc obtain a section with oA'= {a,}, that im-
b4 contradiction with (3.1). Hence a, & ImV.

glmll:u'ly a, & ImvV.

) -z;ll'rl\ger?nl. If au 0y © oo, § = §1,2 yos gl @ # £, then a,dag,
d only if there ewists XNyp = Kerd, X, # Oy, with 4, = A Xz

fatemaiyca

a q
the inner product (XY1=Y% & ¥ = Y, Y 2 = ¥y Xl
k-1 K-1
If ¥ is a finit dimensioned vector spacc with B = {by, bz s

as basis and R as domain of coefficients and X = E x b= X, we den
i=1 !

te by B(X) the set B(X)= {b; = B |z # 0}. .
? A vector X €% is mintmal, related to a non null subspace |
of &, if and only if X is not null, X e 7, and for every not null Ye
with B(Y) < B(X), results ¥ & . (see [4]-

q

A vector X =¥, @ &S Kera (or ImV) is elementary, if and @
k=1
if it is minimal related to KerA (or Im V), and v, € {— 1 0, 1}
all k=1,2,...,¢.

3. Relation. "J“. In this paragraph we introduce on the of set |
relation “J*, giving a characterization theorem of it ("d“}. -



/’-.__7 —yt 3
oN CERTAIN VECTOR SPACES ASSOCIATED TC THE ORIENTED FINITE GRAPHS 179

178 DANUT MARCU

X |Y]=0.

Suppose that x, # 03 then @y # 0 and (since jx, | = | r; | wecan
onsider
(3_12) = &g, &= £+ 1.

It ¢ # ™ we can consider (without loss of generality) ¢ =— 1
s[:nt,ﬁ]-_ 1.

In this case X and Xas have the forms:

: | TR0))
or a, & (X u) and for every X =Y, e € KerA, we have | @, = Ima
" . - k=1 .
Proof. Supposc that @,Jdg. By the definition of o7, there exists
vector Y%, e ImV. Y, # 0, with AV )= {a., ag}. Since ot(Y{ly)

= {a,, ap}, the vector Y9, has the form :
. , Y o) — o
(3.6) Y, - yds an -+ e a3 Yam Yes S R— {0}.

Since Vg, is minimal related to ImV, (sce lemma 3.1) and froff

the theorem 2.2 from [+] there exists a section 2 Y= i 21 ap + 70, — vy Xeugy = ﬁ A28 gy + 7B g

§ = {g, Gy, To g, eees Er a,} and o € K~ {0} so that Yol = c.j;l 4, i Sk 2a

Ience, in view of (3.6), we obtain : 4 Py, where 0 # 5 =2, =— & and 0 # t@Fl= 2Pl = glxf),

(3.7) P 2, 6e, = Yl G =y, O €2 = Yl dp= gince X and X, belongs to Kerd, the vector X = B X 4
1

1

< Xia S8l g 4 oraf®®)) g 4 2o7%¥ g, + 0. ay belongs to Kerad
Let us suppose now that for every XN=Y aa = Ker 4, X} X a-z;( £ ) ax a 8 g :
k=1 i

= 0,we have a, & oA X)) and ag 4 c#(X), which implics 2, = 0 and ;=)
T Since a, & ImVY, ¢ & Ima {sce corollary 8.1), Phen, from the thu
rems 4.1 and 4.2 from [+] we have: 0 # [all X|= 2, =0, and (4
#ag | X|=w,=0; contradiction. So, there exists Xp, 5 € Kera, X, p#l

ka2

ve have | 2778 | =0. But <. ™8 # 0, and we obtain a contra-
‘ £

jetion. Henee e = LBl

q
So, if for X= Y ma, arbitrary in Kerd we have x, # 0, then,
k=1

4 m (3.12) we obtain

so that @, & A(Npm) or @5 < AN )
l] .
Let now X =Y & 4 S Kera, be arbitrary chosen. I'rom the
k=1
. . . — 0
rems 4.0 and 1.2 from [4] and from (8.7) we have: 0 = [X YL
= 2, yl&e + g Ylilyy= ¥z 051 T ¥y O (e @, + < g ) chcczDe1 X
— £s ¥, andd breause g1,.= £ 1, we obtain | &, |= |zg I- {Q.E.D.).
Suppose pow that: o, @3 < oA, @, 5 . there CXIS{S fA[“’m e K
X # 04 with o, € c{Npe) OF @ S A(X(y,), and for everys

[X1Y)=2,— B gy =2, — ez =0.
(3.9), (3.10), (3.11) and (3.18) results [X | Y]= 0, for every Xe&
Kera, and from the theorems 4.1 and 4.2 from [4], we have ¥ = ImV.
) If ¥, = Y, we obtain of(Y{ls) = {@. as
In order to show that a,Faz we must also show that there doesn’t

Cany scction with of = {a,} or of'= {ay}. Obviously, if a section

! ith of' = {a,} or of'= {a,}, exists, then, from theorem 2.4 from [4]

— ops o have o, = | ag |-
=Y aax Kers, we have |2, =[] have a, = ImV or ay= Im V, and from the theorems 4.1 and 4.2 from
k=1
) ) - results 0 = [, | Xpom] = 2% or 0 = [a; | X ) = 2f®; contra-
Considering X e Y, al® g, we have | dAef) | = | aff® on with (3.8). : 9 o
‘ ‘ K=1 view of (3.14) we can say that g, Jag. (Q.E.D.).
that implies : 3.1. Remark. In [4+] we have shown that any vector Y = Kera,
I PR I - X ) I L1 — RERO| o plmfl r 5 m o = )
(3.8) aifl = glmsl, lE NG B 1, alp® £ 05 ™t A 0 by has the form Y= Y Y. where Y=o X, with «; € R — {0}

=1

; elementary in Kera, X; corresponding to an elementary eycle
L]

— L]
S0y, e, 2 a*’{), Xi=13 € a With this result, we can say
51

e . - o . . _'
Let X= Y, & tx be arbitrary in Kera. We define the vector Y =a,—§
k=t

(3.0) If X = 0, then [X|¥]=0.

If X = XN then [X[Y]= alodl . glbl, pfofl and by
resulls
(3.10) [X | Y]=o.

It #,— 0, then (as |2, |= |a; | and 75= 0)

m

Y, . XM, and every X[ corresponds to an eclementary cycle,
i=1

m —
om we obtain oA(Xgs) = U A XP®), ie. cA(Xp,) is a union of
=1
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As a consequence of theorem 4.1 if, a, Xag, then there exists at
st an clementary section &, so that g, = A4i or ag € 4;.

o —————

arcs belonging to certain elementary cycles. According to theorem g,

if a,Jag, then exists at least an elementary cycle @y, so that a, Sofy,
or aB ] O‘g((ﬂ;)-
4. Relation "Z“. In this paragraph we introduce on the set
the relation "7¥“ giving a characterization theorem of it ("X).
4.1. Definition. An arec a, = 4, « & {1, 2, gt ts a loop if g
only if B¥a)= & (). i
4.2. Definition. We define a cycle of length as a sequence of
nodes (R, My My soves Nty = Tty) and a sequence of r arcs with sign (e, oll
€y @y, s-ors Er Gi,) where e3= 1 or — 1, and for cvery §=1,2,.,7 we hayl
1. Berztiss A T. — Daia Structures (Theory and Practice), Academic Press, New York
and Londoen, 1971, ’
g Beruc C.— Théorie des Graphes el ses Applications. Dunod — Paris, 1958.
g Marcu D). — O aplicatic a spafiilor vectoriale la caleulul numdrului de componenle conexe
ale unui graf orientat finit. Studii si Cercetéri Matematice, 28, 2 (1976).

g Marcu D. __ Consideratii privind unele spatii vecloriale asociate grafurilor orient i
v nite. Studii si Cercetiri Matematice, 28, 4 (197G). graf ate fi
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A (akj)’ if ¢ =1,

'ngj g

{ AI.(akj): if Ey== 1,
L=

S and n, = {
A (ay), i g5 = - 1,

gy, if &= —1

We denote a cyele by w[ng].
4.3. Definition. Let a,, a3, « B & 1,2,..q, a6 be so th
a,, ay = A. a,Xay if and only if we have simultaneously i
(4.1) the arcs ay, and ag are not loops,
(4.2) there exists X[ig < Kera, X[ # 0x, so that
A(XB )= {@ ap}-
Using similarly judgements as those made for “J*, wec obtain f
following results for “K:
4.1, Lemma. If a,Xag, then the vector X[, s mintmal related to Ker
4.1. Corollary. If a,Xag, then a, & Kerd and ap € Kera, 8

4.1. Theorem. Ifa, a5, € 4, o, B & 1,2, 0} «# B then,
a Kag, tf and only “if there exists ¥Ygp © ImV, Yo * 0y with 6

eccived 5.X1.1977 Paculty of Mathematics
University of Bucharest
R, 8. Romdnia

4
e A(Y,p) Or a4 € A(Yy.5), and for cvery Y=Y % a, €ImV, we
k=1

lya|: lyB i_‘
4.1. Remark. In [4] we have shown that any Y = ImV, Y #§

[ S— — p—
has the form Y = ¥} Y, where ¥, = a; X, with «;=R—{0}and &
=1
elementary in ImV, X corresponding to an eclementary section -

T
_ !
S = {e; By, €2 g, 3000y g a""i}’ X, =Y eay

i=1

n _ — !
With this result, we can say Y5 = ¥ % Xi=®, cvery X{*Fecdl
j=

ponding to an elementary section, wherefrom we obtain 4(¥g

m - [}
= U AXP#) ie. A(Viez) is a union of arcs belonging to certal
j=1
mentary sections.



