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oN THE BEHAVIOUR OF TIME-VARTANT SEMIAUTOMATA
BY

DAN AL SIMOVICT

1. Introduction. A well known result from Formal Language Theory
tates that every regular language is the image through a very fine ho-
omorphism of a local language (see, for instance |1}).

We shall reeall briefly the definition of a local language. Let I be
finite alphabet, [, and 7, two non-void subsets of I and A a [inite
nguage. K S J2 where U™ s the set of all words from [I°, the free

/. having the length wm,m = N. The local language deter-

onoid on [, L L
ined by I, I. and A is the language:

s = (I,I' n PINIKI.

To generalize this notion we will prefer a positive form of this defi-
ion. Lot ns consider the binary relation « = 1 x I defined by :

x = (i) 4) | 4 1a KL

i

It s obvious that:
' E=1.DInI"I.n(lu k),

re
E, = iplp=tiisein 022 (i i) (i £5) geens

(5.1 1,) are pairs from «} < I".
clear that cvery local language can be written as an intersection
ecn a rcgular language, namely U = I.I* n I" I, and a language
ed bv a relation Ko,=T U FE..
Let now Q — §x, [n > 1} be a sequence of hinary relations on [.
hall consider the language Lo = {p |p = @y e n s 0 2 2, (iy i41) €
|<j=n-— 1} The polylocal language defined by Q and the lan-
U is given by:

LQU) = [Un (L U La)].
T . - .
When Q) is a constant sequence and U is a regular language having
ecial form U = I,1* n "1, then L(Q, U} is a local language.
heorem 1. The intersection of two polylocal languages is « polylocal
Al - .

e. The preimage of a polylocal language through @ very Jine homo-
s a polylocal language.



—
8 ——
Let us consider the regular language We = 3. 3" n ¥* 3, where
(30 1. 8) |8 S SRS I, S.=1{s4s) s =84i<l, 5 <8} and
S+ is the whole free monoid generated by Y. The very fine homomorphism
= # s 5 : . . . -
N | will be defined by k((s, 7, s')) =1, V(s,¢,§") = 3.
3 Tll_eorem 2. Kuery lynguage repr Fscnmblc i a tL_'s, exeluding the empty
| gord € 18 the image through « very fine homomorphism of a suitable poly-
| jocal Tongunge L&, W), where W is the regular language previously
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Proof. et Q= {a, | n & Nland Q= {o | n = N1 bhe two scquence)
of binary rclations on 7. We deline the sequence QAQ = {x, 0 2,01 EN
Tt is straightforward to scc that:

LA, UnU) =L U)o L&y, U’),

which justifies the first part of the theorem.
Let L(Q, U)= I" be a local language and h: I = I" be a vey

fine homomorphism, which means that h(i)={ ¢ I, Vi’ = 1. Let dgfz'»ncff-
consider on [ the relations «, given by : Preof. “"ithC:l‘lt _rcstricting the gc‘ncrnlity we can suppose that the
o, = {(i, ) 1 (R(E), (i) < ) Janguage T4, %, T) is represented using a constant set of final states

B, Lot he a ‘\\"O‘]'d from L(d, s,, TJe}. If {p)=1 then p=i € [
If U’ is the language U= A'(U), then we have : i L0, U)) = LY, Ui and fu(s0. 1) = S0 Then (84, 2, f(Sen 2)) € S0 N 2, 5,370 37>y, henee
where OV = {a,in & N

i == (50, 1 f (50 D)) € RS U Lo) n W) = RIQ, W)

A time-vaviant scmizutomaton (lvs) is 2 tiple 4 = (L, 8, {f, | nef Let now p= b daee by, N2 2 be a word from L(A, s,, T). We have
= N}), where I, 5, arc non-void scts representing respectively the inpyfs = fu(So: 11): 82 = fis1, 1) oo = faor (S t.), henee  ((8q, 21 81), (51
alphabet and the set of states and f,: SxI — & is the transition fung@its s2)) € o (51, T2 8a)s (82 T $3)) € s yeres{ (Snogs Baos, Saahy (San day Sa)) €
tion at time m,n = N. If, at time n the state is s and the input i @, Besides, the word w = (S0 T3y $1), (815 42y 82) oo (841, Tns 80) bclongs
at 2 4 1 the state will be fu(s, 9). Tivery function can be extended u 0 5.5 N STS,, hence w & Lan We s (2 U L) n Wy We infer that
a function f,: SxI* - §; namely f.(s, p) will give the state at the = h(w) = WL, Wy))
ment n + I{p), if the state at the n-th moment was s and wc have appli obtain the e — " . . . . )
the symbol(sp of the word p beginning with this moment. 'l‘hcreforle)afJ o converse inclusion we have to follow conversely the

ppuments.
shall take: Theorem 3. Fvery polylocal language is representable in a tus.

Proof. _\Vc shall prove that for any sequence Q = {a,|n > 1} of
pary rclations. the language Lo is representable in a tvs. The result
] follo\\.' direetly, since the class of languages which are representable
a tvs is closed with respect to sct theoretical operations.

- Let us consider the tvs A=(IL I 1 {s.}, {f.|n € N}), where the
psition functions f, are defined by :

fo(s'o, ") = 1, ju({: ?:') e g, Vi, i e,

=

fn(ss (5) = 8, ¥s € S, ne .N,
fn(sr Pi) '_fn+1(p) (fu(s_- p), Vp = I*, § = S, ne N.

Let T: N — (P(S) be a sequence of subsets of the sct of states of
The value of 7' in m will be denoted by T'pe
The language represented in A by the initial state s, and the seque
T is the language L{d, se T) defined by :

Lid, 5o, T)= {p I p = I, folses P) & Tum}- , for n> 0,
Using a result of Salomaa [Th. 4 {from [2]] for every langu = f ) = 4, if te I and (1,7) € a,
L(A, s, T} therc cxists a tvs 4’ and a constant sequence of state 34 otherwise (if £= s, or ¢ =4/, but (i, 1) & «,)

such that L(dAse, T) = L{A’, e T'), where s, 1s a suitable state o
That mecans that there exists a subset S; of the sct of states of 4
which

every @ = 1.
It is obvious that L(4, s I) = L, I i
s & 4 ., — B4 lc Q

g = cbvious th (A, s, I) a, hence L(Q, U) is a language
e o
0\\, let P be an infinite word on the alphabet I and let Qp be
guelncc of relations {z, | n < N}, where o, = (ins Zni1)s 1a being the
3?1 of the word P. Using Theorem 3 we can obtain a part of
I};_ 2 from [2] as a special case. Indeed, it is clear that the set
niml'suh\\'ords of P, Lp1s cqual to the polyloeal language L{Qp, I%),

r s representable in a tvs.
o .Tvs a)nd Nerode-like Equivalences. Let 4 = (I, S, {fu[n € N})
s and s0"p the state which is rcached by .4 starting at the mo-

m from s and feding to the input wire of the tvs the symbols
Ing to p.

L(A> Sos T) = {p Ifl;(s(;’ P)E Sl}’

where f is the extended initial transition function of 4’. To sim
the notation this language will be denoted by L{d, 8¢, 81)-

II. Polylocal Languages and Languages Representable in
Variant Semiautomata. Let 4 = (I, 8, {fs|n € N}) be a tvs. Wed
consider on the set S = & xIxS the sequence of binary relations
= {o,n > 1} defined by: h,

ap= {5, &") | 6= (81, %, 82), &= (527, Sa)y 81 =
& Sz=.fu -1 (31, ), Sazfn(sas i')}, nz L



-
5 ON THE BEHAVIQUR OF TIME-VARIANT SEMIAUTOMATA 191
f
TR is @ congruence, h 0 €< vy and ¢ < yg then E is representable
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The Nerode-like equivalence defined by A and the slate s, is the
equivalence ¢ given hy: & = fp,q) | pog= 17 sop = sq1

Theorem 4. The equivalence ¢ on I has the following properties,

i) ¢ has a finite rank (which means that the quotient sct I'[< consigyQ
of a finite number of classes) s

ii) the equivalence % n € (where X is the congruence n = {p. q) | p. qe
e I, I(p)= {{q)} is a right congruence on I ;

Proof. Let us consider the mapping G [ = S given by d(p)= @
Since S is a finite scb the cquivalence kerg= {po ) g =17 Ypls|
— (g}t has a finite rank, not exceeding |8 | the eardinal of S, By
remarking that kerd— e we obtain the first part of the theorem.

For the second part, we shall start with the ejquality

U (pg) = (s p) g

which holds for every s € S, p, ¢ € I’ and m = N. Suppose that (p, g)e
=30 e. We have:

$9(pr) = (sPp) Py = (sVg) i = s (qr).

beecause I(p)= I{g) and %' p— §9 g. Besides. we have I(pr)= Ugr), hengg
(pr,qr) = . n g and the proof is completed.
. Let us consider now the right eongrucnce vy on I' gencrated |
the language £ < I' and defined by :
v = @) prg= I 2slpr) = vaeler) ¥rs I, _
where 7 is the characteristic function of the language E, vx: 17— {6,

Theorem 5. The lunguage E is representable in a tos A= (1,8, f: |
= N1), E= L{, sa S iff nne= vy and €< Yx where ¢ 15 the Nerog
like equivalence induced by -1 and the initial stute s, and yp 15 the eg
valence v — Ker/ .

Proof. Suppose that I is representable in the tvs A, k= L{, o
and let (p, g} be a pair of words from A n e _

it pr = E for a word r = I* then s@(pr) = (s@p)'* r=s S, Si
s0p = sDq and Ip) = l{g) we obkain s9Hgr) = (s9g) r = (sPp) s
hence qr = E. Therclore pr = E iff gr € E for every v = [, whieh
ints that (p, ¢) = ve-

If (p,g) € ¢ we have sqlp = s@q, hence sPp =8, iff Qg
Therelore p = E iff ¢ € E, which points that (p, q) = ker 75 We
tain £ = yg.

Conversely, suppose that xn e vy and ¢< 7, Let us cons
the sct of states S, = {8, | s,==sQp, p = E}. We shall prove that
= L(A, so,,9,). Since the inclnsion E = L{4, s, ) is obvious, we¢ '
to prove only the converse inclusion. Supposc that ¢ € LA, 5o, 85).
exists a word p e E for which s§'p — s0g = 8§, hence (p, ¢) S & 5
the inclusion €< 7, it follows that (p, q) € 7, and, since p € £
obtain that ¢ & K and we have completed the prool.

Theorem 6. Let ¢ be an equivalence on I' having the finite T8

in @ tus.
Proof. Let us consider the tvs A=, I'fe, {J.|n € N}), where
o i) = [gile, if [p]e contains & word ¢ of length =,

Jo ([Pl arbitrary, otherwise.

The function f, is well defined for, if ¢’ is another word from [p],
with g’} — n we have (g,¢)= 2 and (g g')= e, hence (g,¢')= A n =
| Therefore (¢i, ¢i) € 0 ¢, hence [gi] = [¢7]e.

We shall prove that E = L(d, [e]., §,), where §, = {[pl)p= E},
. Suppose that p < L(A, [e)., §1). We have [e]'Vp = [g), where g€ E,
hence [Ple= [¢). From (p,q) = ¢ it follows that (p, g} =y hence
g € E beeause €S 7 and we have L(A, [e)., S))c E. :

To prove th(; converse inclusion let ¢ be a word from E. Since
[e]‘,"’q = [q) = S, 1’t‘ follows immediately that ¢ € L{d, [¢].. 5,), hence
Ec LA, [¢l. S)) Therefore E = L{A4, [e).,, §,) and E is representable
in the tvs 4.

The last two theorems give the following :
Corollary. The language E is representable in a tvs iff there exists
finite rank equivalence e for which

i) 2 n ¢ is a Tight congruence on I
1) I = VEy

i) eE %g.

 Remark. Let C be the set of finite rank congruences satisfying the
evious three conditions. If. r(a) is the rank of the equivalence o let
min {r(x) | x = C}. The minimal number of states of a tvs in which
e language £ is representable is equal to k.

The following result will allow us to recapture the characterization
languages representable in  tvs obtained by 4. Salomaa in [2}
‘Theorem 7. There exists an equivalence e satisfying the conditions
: mlll) Jrom the last corollary iff there exists a number k for which
t{l vi | €k, for every m € N. Here I'™ is the set of words having
gth m.

Proof. Suppose that there cxists the cquivalence ¢ with proper-

i)—ii) and let p be a word of length m. The x-class of p com-
s all words having the length m. Let us suppose that this class It™
1ns h e-noncquivalent words ¢ ,..., ¢,. Obviously h < | I*[e{, hence
have at most | [*/e |-classes contained in [p]a= I(™. Since AN e < vg
ollows that | I™v, | < | I"™{(An &) | < | I'fe . 7
(n(‘f)o'nverse_l_\_:. suppose that I /vg| <k for every m € N. Each

lls partitioned by v, in classes K{™,..., K{™, where h, < k, VmeN
clear that every set Ky is included cither in E or i * /E.
. § in e =I'/E.
shall denote by U™ the language : 4

U = (K| K < B 5

Xmaining classes K{™ will be re-denoted by U™ ..., U™, where 0<
b ]



102 DAN SIMOVICL I
3 1o stitnfifice ale Universitdgii AL 1. Cuzat din s

N anale !
= 0 being reserved for the case when all Kinfiromu! XXV.s. Ia L]

< €m < by (the value c¢n
= h,, being prescribed when everyfi"

are included in E and the value ¢,
class K{™ is disjoint from E).

The collection {E, W, ,..., W, }, where W =1 {U'™M| mes N, U‘;"’;&g}
1 < d < k, is obviously a partition of I'; let ¢ be the equivalence indUced'
by this partition. k

From the definition of ¢, it follows that A n e < vg, If (p, ) = ;\n; N
then p and g have the same length m and there exists a block U
which contains both p and ¢. Since pi and gqi have again the same length
and (pi, i) = vg it follows that (pt, gi) € A N ¢ and, moreover {pi, ¢i} q
< UP+ for a certain & < k. Therefore (pi, ¢i) € A 0 e, hence A n ¢ j

a right congruence. .
From the definition of e it follows that for a pair (p,g)< ¢ &

have either {p, ¢} < E or {p, ¢} n E = & which points that €S xg.

FQUILIBRIUM POINTS FOR 2xn BIMATRIX GAMES
DY
CONSTANTIN SMADICI

It is well known that for two-person zero-sum games, in which one
f the plzl_\'crs._l\_us only. two pure strategics, it is possible to find all
timal sl‘:_'uicgic:s.by using o graphieal method, [1]. In this note we
Q1 describe u simple procedure Tor finding an equilibrium point for
g-person  NONZCrO-sUbL gamcs in which one of the players has only
o pure strategies.
L 1. Let I'= (.1, B) be & Dimatrix game, given by the payoff matrices
day), 1 ={by). cach ol them with 7 rows and n columns. As usual-
one denotes by X and Y the mixed strategies for the two players, i.e.
X = { afee V-Rm: a2 0, Y, =1}, Y ={yly=sR" y>0, Ty, =1}
_Dfaf.im‘tmn V(2] A pair of strategies (a2, 1 ho(aty y) = X%V, ds called
quilibrivm paint (EP) for the game I' = (1, B) if
zAy < avAy, for all xs X, 2By < "By, for all ye¥.
.D?finiti()z} 2, A seddle point for a game I = (A, B} is called an
brium point (@ y°) such that x* and y° are pure strategies.
Definition 3. Lot T'= (A, BY be a bimairiz game ; the graph associated
is a mived graph G = (V,U), where
) V={({j) i=T1,.,m j=1,.,n}
iyithe arc ({4 4) (D)= U ff i =k and by> by, or =1 and
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yis

i) the cdge {(4,7) (B0} e U iff i =k j#1 and by = by, or j =1
an(l (1-5}:—‘ e '
(V, U) is the :1ssnc‘£u§cd graph to a bimatrix gamc I, we shall
1,3{)}} (i, 1) when ({4,7), (k,1})) = U and (4, 7))~ (& 1) when {{i, 7},

definition 4. Lot G= (V, U) be the graph associated with a bimairiz
her@ case eall the row i of G the subgraph of G the vertices of which
A J=1,.,n, and the column j of G is the subgraph of G the ver-
“which are (i, j), i=1,..., m. )

5. A nondominated vertex in a mived graph G= (V, U)
tex v,v & ¥, with the property that the are (v',v) &€ U for all

}Clclzlr that a bimatrix game has a saddle point iff his asso-
tlI;cl ai,:,:’ml Ll(}(c;n:}c‘)‘nnlnatted \ic_rtc.\'.,l_aud every row and every co-
ed \'crt;ex\;( graph to a bimatrix gamc has at least one non-
.au-(‘ﬁ iy



