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tion de g) et hoelh) cst I’application indentique de prik (domaine des
valeurs de k). En choisissant h= g= ¢x(f), les formules déduites assurent

que f== c*(f). . )
Corollaire. Si € est une C.A. contenuc dans ®@, il y a une scule
S.A. sur €.
En cffet, la condition A.2 appliquée pour fet e(f), nous assure que
o(f)=/f.

Théoreme 8. Si € est une C.A, il y a une seule S.A. sur c.
Démonstration. Supposons par absurde que ¢ ct d sont des S.A.
distinctes sur @: c’est 4 dire qu’il existe u < @(d, B) tcl que efwn) #
# d(u). Soit D la sous-catégorie pleine de € ayant seulement les objets
A et B.@ aprés le théoreme 4 il y a un fonecteur bijectif «: D = &
oll & est une sous-catégorie de @. Evidemment & est une C.A. Mais r{e(w))
et g(d{u)) sont des Inverses généralisés de (u) donc e(e{u)) = e(d(u)), Cga-
lité contredite par e{u) # d(u).
Une démonstration analogue permet de renoacer 4 la condition queg
@ cst contenuc dans @ dans le théoreme 7.
Théoréme 9. La condition nécessaire ct suffisante afin que la caté-§|
@ soit une C.A. est Pexisience dune S.A. dnvolutive sur €. :
Démonstration. La néeessité de la condition énnoncée a Gté prouvée
plus haut.
La condition A.2 assurc que si ¢ ecst une S.A involutive sur €
alors quel que soit un morphisme u de €, c(u) est un inverse géncralisé
de . Suposons que u admet encore un inverse géndéralisé; puisque ¢
est involutif on peut la désigner par e(v). On a donc: w-e(v)-u =
u pe(v) u-c(v)= e(v). Ces égalités deviennent, grice & Iinjectivit¢ de c:
w(u, v, wy= A (v, w, V)= ou v < UA w < v, donec u=v. II résul
ainsi que si e cst une S.A. involutive sur @ alors quel que soit le mor:
phisme » de €, le seule inverse géndralisé de u est c(u).
Soit « un idempotent de €; on déduit que linverse aénéralisé d
x est @, donc e{z)= x ct par conséquent : 2= &-¢(x)= c(x)- 2. i
Si x et y sont des idempotents et appartiennent 2 @(4, A) on dé
duit &4 UPaide de A3: zy= 1,-ca)-z-cly) y=s(z(1a, & x), ¥, Y)
— o(2{1as Y Yh X T)= 1-¢(y)-y-e(y)-c(@) a= y 2. Nous avons prou
ainsi la conditions C.A.2 et donc que € est unc C.A. ;
Nous considérons cc dernier résultat une justification pour Y utili
sation du terme proposé plus haut de catégorie-amas ; le théoréme 4 donal
ainsi simultanément une réalisation binaire propre pour uh ensemble d’am

gorie
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A GENERALIZATION OF THE CONCEPT OF NEAR RING:
INFRA-NEAR RINGS
BY

MIRELA STEFANLESCU

In this paper, we hegin ] ic s i
generalizes thepcgnCCpts of rin trlllcfmityffy of' K ‘glgcbralu.?_ystem M
‘ ; > ng, ring, weak ring (quasiving) ; we call
it a !cjt mjrqmear ring. It is a (nonabelian) group with rcs;cét to the
addition. having also an associative multiplication, that satisfics a ¢
dztlon' of lcft gcqera!lzed distributivity over the ad,dition. o

The generalization of the distributivity in the definition of the linear
algebra anc% the ring is an old question, whose roots can be found in
Dickson’s paper: ,On finite algebras“ (1905). The substantial deve-
lopments 1n the theory of near-rings and near-fields (initiated l()y L. E
Dickson himself and H. Zassenhausin the years thirty) su Jaest it

In Scction 1, we give basic definitions and properties asé{:'ell as
some examples of left infra-near rings. We discuss there the place of
t!]eh element giving the ,deviation” from the left distributivit)lf) in the
i‘l% t-hand side of the equality in the definition. Scction 2 obtains the
:ftitlgfri?i-l:iiitrlbutilzgtf of:_ an infra-necar ring from the left distributivity

ary 1multiplication over the composition of nary
gertgpéfz.%}. Here we consider ternary groupspin Cer toi iaﬁ EG; ngggsegl(‘([)g]p
e te:'.n{;t.)y fgll:o:;gm(angf te)rr;;zr%f n(cela{f'. rings of first type and a new
lary groups f. 2.2) for defining ternar near rings =
E‘Z;gnﬁiﬁi' {‘)h'e ﬂX‘l)O:,llS defining a ternary grzup of s}t’zcond typggagg fr(:
ppende qu£}1map-te~1:;r)u-3mg]1 ;:lllllgzl‘e(Pcmstsoal )gr‘(;;lp dassocial;cd canonically
: ary gr rop. 2.1). We distingui ;
cases, namely the cases when ternaryp composition :ztllirl;zllijgelzld t{:)cf ;(lafau{?il—‘

- nary group addition (sce the equalities (2.6) and (2.16)). We show that

tﬁg ?;?gri):l ;yster?m? associated with the left ternary near rings are exactly
- c;‘z:)-ne‘uv}rmg_s introduced in Scection 1. In the following sec-
S’ection 13033' 1 1e‘bmary approach to the theory of infra-near rings.
o 5 r.e present congruences, homomorphisms, ideals of the
congrucnceql?gfi. As usual, there is a bijection between the set of
o giences and the set of the two-sided ideals of a left infra-near
e therel?e right and left I-groups, left ternary I-groups and we
ks roums Oiétn Icrqulvalence between the catcgory of the left regular
R o or't' and the category of the left f-groups. Section 4
e position of a left infra-near ring I as a semidirect sum
group)} of its maximal Z-infra-near ring and C-infra-near
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ring. This is a generalization of o resultof Berman and Silverman
[3] for ncar rings. In the jast Seetion, we study the idempotents in
left infra-near rings and the decomposition of a lefl infra-near ring asso-
ciated to them.

In our other papers [13} [14], we have studicd the set of the
left infra-distributive multiplications on a group ¢, respectively some
special classes of left infra-ncar rings, for cxu‘mpfc the class of those infra-
near rings which have a great .:ma.logy with the left infra-near rmg of | z+y={m-+a, 2+ Ty Yo+ &y Yo+ o Ys d o Ys - Tt + T,
the affine transformations of a linear spacc (scc Example 5° Section 1).

In the development which follows, clementary ring and near ring woy = (@ Tetifes Tor Tas 7s),
properties and constructions which can be readily translated to infra-near rings
arc used without comment. Any standard resulls in near ring theory used
without quotation may be found in [4], [3] and [10]. x + y= the same as above,

§ 1. Definitions, examples. Definition 1.1. We eall o left infra-near
ring (Li-nr.) «a triple (I, +,.), where I is a nonempty set, + and . are bi-
nary compositions on 1, addition and multiplication, satisfying the follo-
wing conditions : &) (I, 4} is a group (in general, nonabelian) 3 ) (£, .)
is a semigroup; iii) the multiplication is left infra-distributive over the
addition, 1.c. the equality:

replaced by a gencralized distributivity : @ o (y +2)+aex=xoy | oz
and (z +y)ox+z=rxozxtyouz If (], +,.) is a ring, then (I, +, o),
where @ oy=a + y — vy (for Cupona)or aoey=a-y+ o+ ¥y (for
Climeseu’s first type) is a weak ring or a quasiring).
Ezample I°. Let (R, +-,.) be a ring; then J= RK* is a l.i-nr.
| with respect to one of the following pairs of binary compositions :

or

aoy= (T Y1s Te Y2, oy Qs @) with a,,a,,a, € R.

If (R, 4,.) is a distributive near ring with all products in the
centre of (R, ), then (R, +,.) — as above —1s a l..-n.r.

Ezample 2°. Let (G, +) be a group. Then I=§G* is a Lli-n.r.
with respect to the operations:

(1.1) ey o 2)=ay — a0 -+ a3 x4+ y= (&, + yi, T2+ Y2}

ey= (e + i, ¥ Yo,y € L.

Ezample 3°. Let (I, 4) be a group. Then (I, +, +) or (I, +, +.),
or (I, 4+, Lo} where: 2 4, y:=a+a+y ve,ys{ and x 1, y: = a,
Vz,y = I, a = I fixed, are infra-near rings. ‘

Eaample 4°. Every binary composition on the cyclic group of order
2 is infra-distributive, but some of them are nonassociative.

Example 5°. The set of the affine transformations, 4(V), of a linear
space V over a field K (namely, the functions f: V - V, f=h +¢,
with A € Homg(V, V) and ¢ = T.(V) a constant function on V, ele)= ¢,
Vee V, c eV, fixed) is a li-nr. (and a right near ring) with res-
pect to the point addition and the usual composition of functions.

In a l.i.-n.r., one can casily verify the identities:

holds for all @, y. = in I (0 is the neuwtral element of (I, 4-)).
If the law of ,right infra-distributivity=, ie. the cquality :

(1.2} (4 y)z=az— 03 y=

holds for all z, ¥, =z in T (instead of (1.1)). then (7, +..) will be called a
right infra-near ring. A left and simultancously vight infra-ncar ring will
be called a two-sided infra-near ring or, shorter, an infra-near ring.
In a general Li-nr, 0-0+#0,0-2# 0 and 2.0 # 0, as one can sce
in some of the following examples given to clarify the definition. !
Remark 1.1. A left near ving is a Li-n.r. for which :

(1.8) 2:0=0, Yrel

In gencral, if an clement 2 in I satisfies the equality (1.3), then we

call it a left distributive element of 1. (1.5) a(— y)= @0 — -y + 20, Vaye<l

Remark 1.2. A weak ring (see Climescu [7, 8] is an L-n.r. . o
for which the group (I, =) is abclian and the clements are weakly leftfl (1.6) w[ y,): (g, — x-0) 4 29 T = |
and right distributive, 1.c. they satisfy the cqualities: i 8 ;t ‘2 Y Yo LEA
(1.4) r-0— 2, 0-x=a {for the first Lype, scv L713. Remark 1.3. The multiplication defined on I by the formula :
or

g an zoy=ay— a0 Ve,y<l
(1.4Y 2-0= o) + $(0), 0-x=2(0) + U{x) (for the TI™ type, see [s]k

where o(-) — 9(0), $(-) — 4(0) = End (/, +).

\WWe remark here that the definition of the ,quasivings. given by
G. Cupona [9] in 1969, is analogous to Climesc u’s definition 0
the ,weak ring* [7], given in 1961 We quotc it after Math. Rev.: th
left and richt distributivity of the multiplication over the addition werS

18 left distributive (with respcet to addition), but sometimes it is not
ssociative. We have discussed the conditions under which the multi-
ication (1.7) is associative in [13].

Remark 1.4. The two-sided infra-distributivity implies the per-
utability (with respect to the addition) of the elements of the form :

8= —0-2 + yox— y0 4 00, b= — x-0 4 x-t — 0-f + 0-0, as
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(v -+ )+ (= + 1), for|

one can sce by developing in two ways the product
- y. z, b= z-1, and

all &, 9,2t in L. If 1is a distributive near ring, o
we obtain a classical result [11]. '
Remark 1.5. Replace the condilion (1.1} by the following onc:

(1.8) z(y + o)+ 2 0=ay-+a
Then, by taking y= 0 in (1.8, we obtain :
(1.9)

Yo, y, 2 = L

@z b oa-0=a-0 + 2% va,z €1

Thus, by (1.8) and (1.9), we have: z{y +N=ay + -z - a0=
=gy — a0+ a3 Vo, = I henee we reobtain the left infra-dis-
tributivity given by (1.1). Howcwver, this time the condition (1.9) 1s ne-
cessary, whilst by the first definition, the condition (1.9} is not neces.
sary, as one can sce In Examples 19 27, 8 {(when the given additive
group is not commutative). Henee there are Li-nr.—s which do not
satisfy (1.9). \

§ 2. Left ternary near rings. What happens when the group (I, +)
is replaced by a ternary group havine a lelt distributive multiplication
over its ternary composition? We recall that the notion of ternary group
is known from the papers of Baer [1], Ceriaine [6] cte. Cer-
taine’s ternary group operation was a siight generalization of the ter
nary operation of a ,Schar, used by B acrin connexion with the Erlan-

en Program on groups, more precisely, in connexion with what can be
called ,the affine gcometry on groups:. We shall explain the left infras
distributivity of the multiplication of a 1i-n.r. as a ,reflection® of
its left distributivity over a fcrnary group composition defined by mecang
of the binary group composition. |

We give first the basic concepis:

Definition 2.1. Let I be « monemply set and [eo}: I3 = I be g
ternary composition on I. If there exists O in I. such that the followin
axioms are fulfilled: :

(2.1) [z, 0, [ =z 11]= [[&,0, ¥} = 1], Ve, iyt
(2.2) [2,0,0]= 2 V&< I,
(2.3) [, 2, 6]=06, Y2 =1,

then we call I a ternary group of first type. If, in addition, the equality;

(2.4) [z, v, 2]= [ & @), '

holds, then I is called semiabelian.

It is known that, by defining o binary operation:
r+y:={x0yl

with 0 as its neutral clement (Certain
and the ternary groy

Ya, .z = I,

(2.5) Vi, y < 1,

we obtain a group (I, ),
[6], Def. 8, Th. 1}. When the group eomposition

composition arc related by the equality :
(2.6)

[, 1, 2l= 2 — ¥+ v, y. 3 = 1,

5
~y
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then the ternary group of (irst type will be called regudar. In every ter-
nary group of first type, the following identities hold :

(2.7) [0,0,2}=2a, Vael,
(2.8) ([0, 2. 0], 0, 2]—=0, V& <l,

since 0 1s the ncutral element of the ¢ ( S is
additive inverse of @ = I in (I, -+ 3. group {f: ) and [0, «, 0] i the
If in [, there are two clements 0 and 0, which satisfy Definition
2.1, then the two corresponding groups (f, -+, 0), (f, 4+ ,,0,) arc isomor-
phic and the iso_murphiqm between themm s given by: a - [2, 0, 0,]
v = I.(C. crtaine [6]). Morcover, the same binary :r1'011p is ol;taineci
from distinet fernary groups of first type by means of (2.5), In this
sense, one can sce Certaine’s example for the eyelic group I= {0, a}.
But we have also other examples. Let = ]0, a, b';L be the eyelic trr’oup
of order 3, hence b= 2¢. We have found three ternary trroﬁps oF first
type, namely : :
the regular one, i.c. with the ternary composition given by (2.6) 3
. with the following special products: ] _ b,

_ [a, a, a]= [0, b, b]= b,
[b, b, b]= [0, a, al= &, b, @, a)= [a, b, b}~ 0, the other ternary pro-
ducts are regular;

3°. with the special products: [a,a,b]= [b, b, a]=0, {0, b, a]=
= [b.a,b]= a, [0, a, b]= [w, b, a]= b, the other ternary pro:iuct,s ’begng
regular. ‘

Definition 2.2. Let I be a nonempty sct and (.....): I8 — I be a ternary

operation on I. We call (I,{.,.,.)) a ternary group of second type, ¢
: s {ogeye s d if there
exists O = I, such that the following azioms i:old I O

1=
t_)‘

(2.9) ((z, ¥, 0), 2, 0)= (&, (3,5, 0),0), Ve,y,z <],
(2.10) 0, 2,0)=a, Vrel,
(2.11) {(0,0, a), &, 0)= 0, Yz = 1.

Proposition 2.1. If (I, { ) is a ternarg
) s {oyes o)) 28 y group of second type,
then (I, ), where - is the binary operation, given Zy : 2 ”

(2.12)

e+ y:=(ry0), Veyel

8 a group.

Proof. The axiom (2.9) implies the associativity of +, the axiom

(2.10) implies 0 is the lelt ncutral element of (I, -} and the axiom (2.11)

implies that {0, 0, ) is tl St additive invers ;. We e
B lis { ) 1e Jeft additive inverse of 2. We have also the

(2,0,0)=x, VY el
- {2, (0,0, 2),0)=0, V& el
RBemark 2.1. (I, +) is an abelian group if and only if:

15) (z, ¥ 0): (EI» z, 0),

= Matematici

Ve, y « L.
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Remark 2.2, 16 (F. 4) 1s a group, then (I, (.,.,.)), where the ter-

nary comnosilion on T is given by:
{2.16) (r,y.z) =+ y—2% < I,

We eall it regular. But there are ter-
Consider, for example,

~
-

v, ¥,

is a ternary group of sccond type.
nary groups ol scrond type which are not regular.
the ternary group of sccond type on [f= 50, a}. given by: (0,0, 0)=
= (a, 0, @)= (a, ¢, O) = (e, @, @,)= 0, (0, &, 0) = (0, 0, a)=(a, 0, 0)=(0, a, a)=
—  where (@, @ a)—= 0 # a + a — a = a. We denote this example by ().
We have (2.16) if and only if the equality :

(o, . 2) = ({2, 4. 0), (0,0,2),0)

is verified for all @, y.x i L.
Proposition 2.2. The avioms

arc #ndependent. )
Proof. We have the following ternary operations on J= {0, a} which
satisfy only two of these three axioms !

@) {

{satisfying only {2.10) and (2.11)),
( (0. 0, 0) = (0, 0,a) = (0, a, 0) = {0, a, a) =
- (a, 0, ) = (a. a, 0) = (@, a, a) =

(2.17)

(2.9) — (2.11) (from Definition 2.2)

0,

(a, e, a) =a

(9, 0, 0) = (a, 0, 0) = (0, a, a) = (a, a, 0)
(0, 0, a) = (a, 0. ) = (0, a, 0)

7 |

0,
| e, 0, 0) a

("atlsfylng On]y (2‘9) and (2.] i )),
@ (0, 0.0) = (a, ¢, a) = (0, a. @) = 0.
Y1 (0,0, a) = (a, 0, 0) = (0, @, 0) = (a, a, 0}=(a, 4, 4,)= @a

(satisfying only (2.0) and (2.10)).

Bemark 2.5, Like the ternary groups o
ternary groups of sccond type associated wit
of the identity (2.12) (sce. for cxample, the regular
second type on (£, |}, with [ 10, ¢}, and the example (&)
is not rcgular).

Now consilder a binary multiplication on 1.
tive with respecl to the fernary composition on I,— denote it by [.,.,]=
i.e. the equality : |

(2.18) o Ju, 2t

holds for afl ., i, 3 in [

Definition 2.8. .1 ternary group {of first or second type), :
with an wssociative binary mulliplication on i, which satisfies (2.18), wt
be called a left ternary near-ring (of first or second type).

Remark 2.4, 101, -,.) Is a Li-nr., then the regular ternary grou
of first type is a left ternary near ring of first type with respeet to th
same muitiplication. Indeed, @[ 2, t]= o (y —z+-O= vy + (— z-0

| .

[@-y, ez a-t], [

~
P

f first type, there are many
h the same group by virtue
ternary group of
which

|
which is left distribus
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~ 1T

g2 (— =) Pe0) -t =y — -t = [wey, vz, xet), for all a,
eEtom I (by using (1.3)). Obviously, a regular lelt ternary near ring
of first type can be | canonically™ organized as a Li-mr. with the bi-
nary addition given by (2.5) and the same multiplication. This state-
ment is true for all left ternary near rings of first type.

Proposition 2.3. If (L. ].,.,.]..) #s a left ternary near ring of first
type. then (I, +-..), woith - given by (2.5), is a Li-no.
Proof. We know {Certaine [6], Th. 4) that (I, ) is a group.

So we must prove only the left infra-distributivity of the multiplication
over the addition. We have, for all @, g,z in I: a-(y +z)= @[y, 0,3]=
S ER RN w-z] =[x 50.0),x-0,a-x]=]a-y 0|0, 2- 0, w-2]] =
wo — [0, 20, 2-3]5 but -0 + [0, 2-0, @-z] = [2-0, 0, [0, @-0, x-z]] =
[[r-0.0,0] & a-x)= [0-0, -0, w-2} = x-[0. 0, 2] = @-2 hence
[0, -0, rez]e= — a0 3w, and @y 5 D=y — a0+ a-z the lcft
infradistributivity.

Remark 2.5, If we take a left regular ternary near ring of second
type, we oblain, for the addition given by (2.12), the cquality :

(2.19) a{y4-2)=ay+az— a0, Ya,yzel
But this is the relation (1.8} and it Implies that :
(2.20) Yo,z € 1,

hence _{ho left infra-distributivity (nothing new ).
For o ieft ternary near ring of second type, we have (2.19) if and
only if the following identity is fulfilled :

(2.21)

ez et e — 30 ez,

(@ y, @z, @ 0), 20, 0)=(a-y, 2-2,0), Va,y, =z <1

But this cquality implies that :
(-0, @-z, 0)= (x-z, 20, 0),

hgnce 20 - 2oz @z 4~ a0, Yo,z = I, and the 1l.i.-n.r. correspon-
ding to the left ternary near ring of sccond type with the property (2.21)
is a usual 1.i.-n.r. (sec Remark 1.5). y

~ We note that the concept of left ternary near ring generalizes the
notion of ,préanncaus (prering), given by P. Janin [11] and used by
A. Bathcedat [2, 3], because, in their papers, the ternary group is
upposed to be seminbelian or miorcover idempotent, while the distribu-
ity of the multiplication over the ternary composition is supposed to
:cwo-mdc-d.

"~ § 3. Congruences, ideals, homomorphisms of left infra-near rings.
e theory of congruences of a Li-n.r. is connected wilh that of ideals
_lllomo-mprphisms). as usual.

- Definition 3.1. 4 fwo-sided ideal of a 1i-nor. I is a nonemply
et J of I, which satisfies the conditions: (&) (J, +) is a normal sub-
pof (I,4); (i) wj—a-0=J, Yol VjeJ; (ili) (j+a)y—
i 1:?:; € J,'_ Ve, y s 1, V) < S If J salisfies only the conditions (i) and
) f)‘jfﬁé’;twr.’ﬂ,ﬂ (&) and (), J is called a left ideal (respectively, a right

Y,z e 1,
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It is obvious that I and {0} are ideals of 1. ) [ Definition 3.2. Let (M, +) be a group and (I, +-,.) be a li-nr.
Remark 3.1. Taking a= 0 in (iii), Definition 3.1, we obtain : If there exists a wmultiplicalion o : M I~ M, such that the following

conditions are fulfilled: m o (2 + y)=mox —m o0 + moy, mo (v y)=

p S . = { i i C i, rey)=

(8.1) jey—o0-y=J, ¥Yjed, Vy=l ={moayoy, Ym =M, Yo,y = I, then we ecall M a 7ight I-group.

when J is a right ideal; this identity does not imply the condilion (iii),
This last implication holds, for example, in the easc when {I, +..) is an
i.-n.r. The econdition (iii), Definition 3.1, is cquivalent to the condition

(3.2) (x+jyy—wysd, Vj=l,

as it is easily proved.
Remark 3.2. It {1, +,.
in I, and (i), Definition 3.1, becomes :

vj &= lI,

Y, y =1,

X

Yo 1f.

=

a-f e J,

) is a left near ring, then @-0=20 for all of (a1, [y ]

If there exists a multiplication o: I > M — M, such that the conditions :
go(my +my) =axom — ol H-wam,, (w-y)om = xolyom), hold
for all Yy e I and my,m, = M, then we call M a left I-;Qroup.

We note that, becanse ol the behaviour of the multiplication over
the addition of A or I, the f-groups cannot be considered groups with
operutors.

We can also defline a left ternary I-group, when I is a l.i-n.r.,
) is a ternary group of {irst or sccond type, and the multipli-

I M~ M s left distributive over the ternary composition
Yy, Mg, M, = M,
M. Then we

cation @
in M, ic. xolmy,m,, m] = [womy, eom,, rom,),
, and (z-y)omy = awo(yom), Yo,y =1, Yim, =

(3.3)

In this ease, Definition 5.1 is the definition of the ideal in
ring (sce [10], [5]).

Remark 3.3, In gencral,
l.i-n.r. I is not a subinfra-ncar ring of I,
elements of J, 7.4, Dbelongs to J il and only if 4.0 = J (respectively,
0-j € J, respectively 0-0 = J). for all 7 in J. i
The set of the left (right, two-sided) ideals of a li-n.r. I.-we de
note it by £.(f) (vesp. L,(I). L{[)) — is a ccmplete (modulay) lattice with
respect to the sei-theorclical interscetion and the addition of two ideals
There exists a bijection between £(1) and the set of the congrucnces of I

If J is a two-sided ideal of £, then I}S= {x |+ Jfo = I} is a lis
n.r. (usual operations belween elasses). |

Define a homomorphism between two left infra-ncar rings, I, L
as a mapping o from I to £ which preserves the two operations, 1.8
ole - y) — ola) + oly), ole-y) = 2(@) -oly), Ve, y =l The clas
of the left infra-ncar rings =and the class of their homomorphisim
form a category, J,. The kernel of ¢, Ker o= fwje € 1, ola)= 0" = I}
is a two-sided ideal of I, and the imege of ¢, Imp= {g(z)/x = I}, is
subinfra-ncar ring of I. Thus, the two sided ideals of a lLi-nr. I a
kernels of the homomorphisms from I to some li-nr. The isomophisnl
theorems and many other theorems from the theory of rings arc valid
for left infra-near rings. 4

Let us deline now a homomorphism between two left regular ternar
near rings, ({f, [...-], 0. (I, [sss-], ©'5.) as a mapping ¢: I-1r, wit
the propertics : o([¥, 7, 2]) = [2{z) o(y), #(x)], 9(0) = ¢, gl y) = (2}
o(y), Vo, y,z = 1. The class of the regular left ternary near rings,
gether with their homomorphisms, forms a category, let us denete it b
J,. By using results of Scction 2 (Proposition 2.3, Remarks 2.4, 2.5k
we prove:

Proposition 3.1. There caists an equed
J, and ;.

Now, we gencralize the notion of module over a ring (or a nes
ring), giving only the basic concepts : '

a nea

a left (right or two-sided) ideal J of g

valence beteeen the  categorié

YvacsT

sinee the product of twof

obtain {for the first tvpe):

'Proposit-ion 3.2. Let I be a 1i-no. If M is a left ternary I-group

| of first type. then (M, +), with + defined by (2.5) is a left I-group with
respect Lo the given multiplication. Conversely, of (M, + ) s a left I-group
then the regular fernary group of first type, together with the same multi-
| plication, is « left ternary I-group of firsi iype.
Proof. To prove the fist statement, we have only to show that
leo(m L m)—=xo0om — 200+ aom, Yol Vm ’, m. € M. But
zo{my + me) =ao[my,0, m]=_[ron,vec0,zom]=[[vom,?0, 0],
1200, »omy]=xom + [0,200, zom,]. As @00 4 [0, 200, & om,]==
= zrom,, we have zo{m, +m,)— 2om, — 2ol -+ @ o ma The second
statement can be proved easily.

Define a homomorphism between two left I-groups (left ternary
I-groups) as a mapping preserving all the operations (and the distinguished
element of the ternary group). The class of the left I-groups (left ternary
I-groups) and the class of their homomorphisms form a category, &,
(respectively, C,). By using Proposition 3.2, we can p1'0§re: )

Proposition 3.3. The categories T, and G, are equivalent.
| The kernel of a homomorphism of right (left) I-groups, ¢:
8 a normal subgroup of M, satisfying the condition : ‘

|

M - M,

-(3:.4) fa+m)ow —mouw = Kerg, Vo € Kero, Vm € M, Yo =1
respectively :

3.5) toa-—- 200 = Kerg, Vo< Koo, Vaoesl

IHencc, the kernels of the homomorphismis of right {
— M, arc exactly the right (left) ideals of I.

We call the right annihilator of a right I-group M (of an clement

M) in I, the subsct of { given by :

left) I-groups,

}&llllr (J[): {,’r‘/__'y = 11 Lo @— M O 03
pectively :

vm = M}
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(3.7} Ann, (m)— {rfe € 1, mor=mn o 0})

and it is a two-sided (respectively. right) ideal of 1. .

§ 4. A decomposition of a left infra-near ring. The definitions  ang
the constructions of this section gencralize those obtained by G. Bermay
and R. J. Silverman [4] coneerning the decomposition of a left neak
ring as a sum ol its maximal Z-ring and C-ring :

N = Z(N) + C(N), where Z(N) = {njn & N, 0n =mn), C(¥) =
0}.

= {nfn €N, O-n 1

Let (£, +-,.) be a Li.-n.r, that satisfies the condition

(‘lu]) 0-0 = 0.-

ie. 0 is a left distributive clement.
Consider the subscis of [

C) = {wlae I, 0-2 = 0}, Z(I)

We have: '

Proposition 4.1. If I is a lLi-nur. satisfying (1), then C{I) i
subinfra-near ring and a right ideal of 1, Z(I) is a right I-group, I
= C(I) + Z(L) and C(I) n Z(I} = §0). Moreover, 0 defines an endo
phism . of I considered as a right I-group.

Prooj. Dectine 9,:1 — I, by pofw)= 0.7, v = 1. Because of (&
pol - ) = ou(@) + ody) and gdfw-y) = 0-(@ ) = (0 ) -y = al)
Yo,y € 1, i.e. g, 15 an endomorphism of the vight f-group e

But Ker 9,— C(I), hence C(I) is a right ideal of [, which is clos
under muitiplication. Because of the equality Im == Z{D, Z(I) is
right I-group. We have also w= (@ — 0-2) + 0.2 C{I) + Z(I), Yaxe
and this decomposition is unique (C(I) n Z{I)= {o}). .

Definition 4.1. If the Li-nor. I is cqual lo CUf) (respeetively, Z(1
we eall it a left C-infra-near ring {(respectively a teft  Z-infra-near ri
In this case, o, is trivial. When T s a lft near ring, e obtain  the
sults of [4].

The 1i-nr. (I, 4.} in Example 37 as well ag 117 in Foxam)
5°, are left C-t.nr.s., while that in Fxample 27 s a lefl PARIRW

Remark 4.1, In a left C-inr. a right ideal J is 2 normal rig
sub-I-group, since. by e J. y= I, in the rclab

(4.2) - Aafes 1, 0-0= a}.

taking @ = 0, j i
(j+ 2)y—ay=J, which characterizes the vight ideal, we have j-y €
Vi e, Yy = I. i
Remark 4.2, TE I is a left C-inr. with weakly left distributive
ments {i.c. 0-x= 0, #-0 = =, v e I). then ils multiplication is given
(4'1') Gl o= & V'P’ = ]:
since x-y={w-0) y= r-{0-y)= w0 = . Then (f. 4+ ..} s a right Z-1i
Moreover. its {wo-sided ideals are just the normnl subgroups of (I3
It is obvious that every group (f, 4) can be organized as a left C-k
with weakly left distributive eclements, by using the mulliplication (

11 A GENERALIZATION OF THE CONCEPT OF NZAR HING

DINPRA-NFAR RINGE

]
~

rll;lfl'f E‘efnorf: the constant lunctions on a group (f, +), T.(I). is such a
Remarl: £.3. When we give up the condition (1.1), by dofining
C(I) = {xfx &1, 0-0 —0-0 =0}, Z{I) = {xfe = [ 0-(‘1.' —)—’0-(-: -_——d.'.';\]m\l:'g
have: C(I} and Z({) are subgroups of {I, -}, C({) n Z({)= {0} ()"‘-,-B —
—00=a, n2 1, Vo = Z{(I) and 0*-y=u*.0, Yy = C{I). IFJ‘([ ) s
a group, a is a fixed element in 7, and we define the Ill!l“‘.ip[i(.:zt’ti()ll! 01.1
I by x-y== +a+y Ye,y= I then ({, ;) is an Z(1) is
the normalizer of « in (I, 4}, while C{J) is {0l l
§5 Idempotents in left infra-near rings. We consider some types
of idempotents in a Li-n.r. I, with the condition (4.1}, namelyv: a) E(ﬂ
dzsiralzu.tw(’ zd(:(mpo:en;s (coe=u0 ¢0=0);h) right distributive Flempo-
tenls {e-¢c = ¢, (@ -} y)e = x-¢ ye, Yo,y € Iy e) centr o
g e (!,Jc-O =0 g‘i)’_ o V"I? E][)’ e) eentral distributive
In Example 1° the left distributive idempotents arc those of the
form ¢ = (c, ,€:,0,0,0), with ¢, ¢, idempotents in B, 0 is a left dis-
trihutl\'c_1dc.1np0tcni:, while the elements of the form s = {0, 0 Sh $ s*)
are nondistributive idempotents in I, with the property .a--.v,t’s ::.f'('nl" "lel
zin f. In Exan}ple 3°, cvery constant function is a right dist’ributi‘vc
idempotent, but it is not left distributive. In lxample ‘.? the elements
of the form y= (0, .) are left distributive idempotents, and 0= (0 ().)

is a left and 1‘1ght distributive idempotent, but it is not,m ntral. ’
The following three propositions give the decompositions associated

to every type of idempotents : e
Proposition 5.1. Let e be a loft distributive idempolnt of I. Then
the_junctwn Pe: I -1, ofa)=-cx, Yo 1, is an idempotent cadomor-
phism of the right I-group, I, Im o, is a right I-group, on which o, is
the zderfuty Junction and e s a left identity, Ker o, is « rivht ideal ?o} 1

and I is a semidirect sum {us an additive group) b/; Ker o. and Im

Proof. Because it is casy to verily dircctly all the rsL:ﬂ.cmcn{s(?f)t.'
Proposition 3.1, we give only the decomposition of an clement ¢ =1
This is: »= (? ex)4e-x, where v — c-v € Ker o, and o € Im o )
By taking e¢= 0 in Proposition 5.1. we recobiain E’mpo.sii‘ion.: L1,
'Proprosnmn 5.2. If e s a right distributive {dempotent of I, then tla;
function U.: I I, d(a)= a-e, Yoe I, is an idempotent end :;norpki.e)n
cli{eihi left It-g;o:ulp,ll, irm Yo @5 o left I-group with e as a right identiiy
z's' a B »l( / 3 N » .. , |.|' . c‘ - o
o Imch andf Kef-aap(:j. and I s a semidirecl sum (as an additive group)
Proof. As above, we give only the decomposilion of an element

e =l ?namcly_: p={(x — ae) | x-e, where v — aree=Ker &, 2v¢ Eim"
4 “.hen 0 is a left and a right distributive i:l(‘lnpolcn'!'_. but it is n?:;l:,
_-(igntrfml one, we have: I = C()+ Z() and [ =D 4- W, where D=
t erd, is the set of_ lel'i_i distributive clements and 1= Im 2, is the
of left weakly distributive clements of I. Here D is a left neaz-ri 2
0 C(I) is a left Cring, D 0 Z([) is a lefl Z-ring. e
ing It';;gpomthgp 53. I f,c 5 a cen{ml distributive idempotent of I, then,
B ni':o 'l zor}z!s oj_ Proposition 5.1, we lm;:e: o. s an idempolent en-
of the Li-nr. I Invg, is a right and left I-group, with e

b-n.r.,



MIRELA S1EFANESCU 12 |

56

as its identity; Kero, 15 a two-sided ideal of I, which is a left C-ring;
Im o, -Ker 9.,= Im 9,..{0}, Kero. dm o~ {0LIme, , I— Kero. - Im o,
(a semidircct sum of groups).

We have also lhe identitics:
4+ 0-a,, for all @ = @, + @5 i, a, @,

bew=b-x,, £:b=a,h, a-v=a -+

- |
= Kero, b, @, = lmo,.
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SUR LES ESPACES BITOPOLOGIQUES s-CONNEXES
PAR

5. N. MAIIESHWARI ct U, TADPI

Dans un ecspace topologique X, une partic 4 de X est dite semi-
ouverte [3] s'il existc un ensemble O ouvert dans X tel que O = dcclO,
oit el 0 dénote I'adhérence de O dans X. Un cnscmble est dit semifermé
si son complémentaire est semiouvert. L’interscetion de tous les ensembles
semifermés contenant of est dite semiadhérence de A4 et est notée sel A ;
elle est toujours semifermé [1]. L’cnsemble A est semifermé si et seu-
lement si A = sel A [1]. Afin que p = scl A, il faut et il suffit que tout
ensemble  semiouvert contenant p rencontre 4 [1]. De plus, 4 <
cseld = el 4, et o4 = B implique sel 4 = sel B. Un espace bitopologique
(X, T,, T.) est un ensemble X muni de deux topologies T, et T,.

1. Ensembles < i, j>-semiséparés. Définition 1. Deux ensembles A
et B dans un espace bitopologique (X, Ty, T.) sont <i.j>-semiséparés
gi AnTi—sclB= g =T, —scl 4n B, 1, j= {1, 2}

Remarque 1. Deux ensembles  <i, j >-semiséparés sont nécessai-
rement disjoints. La réciproque n’est pas, en général, vraie.

Remargue 2. Soient les ensembles A, B <4, § >-semiséparés, Cc A4
et D = B. Alors, C ¢t D sont <i, j> scmisépards.

Remarque 3. Soient 4 un ensemble T',-semiouvert et B un ensemble
__I_‘,-scmlouvert. Alors, 4 et B sont <i, j >-semiséparés si et seulement
si An B=¢F.

Proposition 1. Si 4, B sont <i, j >-semiséparés et A U B est biou-
verd, alo’rs A est _T,--semwuvcrt et B est T';-semiouvert.

Démonstration. On utilise les relations (4 U B) n (X ~T; — scl B)=4.
et (du B)n (X —~ T,—scld)= B.

_ P.ropositit_)n 2. Soient (Y, T,, T;) un sous-espace biouvert d’'un cs-
ace ‘batopolqgfque’ (X, T.,T,), A<cY et Bc Y, Alors, 4 et B sont
<i, j >-semiséparés dans X st et sculement si ils sont <i, j>-semi-
arés dans Y.

La démonstration est immédiate.

i-_ Espaces bitopologiques s-connexes. Definition 2. On dit que Ues-
2 atqpolpgcque (X, T, T.) est s-connexe, s'il ne peut pas sexprimer
me reu]:'aui:z de deux ensembles non vides <i, j >-semiséparés.

-J. Pervin [6] a introduit la noti e i i
- [6] ion d’espace bitopologique

Proposition 3. Un espace bilopologique s-connexe est connexe.



