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ALMOST PRODUCT STRUCTURES AND SPECIAL ALGEBRAS

BY

MIRCEA MARTIN

§ 0. Introduction. The differentiable manifolds with an almost pro-
duct structure, and the existence of linear connections related to such a
struclure, were investigated by many authors, as for example [1]—[4].

The purpose of the present paper is to generalize a result of Cru-
ceanu [t} and to obtain a complete caracterisation of the pairs of
conncetions compatible with an almost product structure,

Using the methods of [4], [5], [6] and also the results from [7]
we define in §1. the notions of special and respectively *-special algebras
of the vector ficlds (definition 3), special linear connections {(definition 4)
and special pairs of linear connections (definition 5) and investigate the
basic properties of these objects.

§ 1. Definitions and statement of the main theorem. All geometri-
cal objects in this paper are assumed to be of class C~.

Let M be a wm-dimensional differentiable manifold. We denote by
(F(M) the ring of all real functions on M and by (M) the set of all
vector fields.

Definition 1. An almost product manifold of type (m,,...,m,) is a
manifold M with a system of distributions Ty, a= 1,...,r, i.e. 7 differen-
tiable plane fields, such thai [1]:

(1). for o # B the planes T, Ty at any point are disjoint;

(i). >, T, = T where T is the distribution of tangent planes on M;

(iti). the distribution T, is m, -dimensional.

From now on let the indices «, B run over the range 1,...,r.

Let us denote by =, the projection tensor field corresponding to
he distribution 7',, and for every « let us definc the tensor fields =
d J, by the relations:

TZR—I Ra=ZB'anB’
o= 7w, — 7

re I is the Kronecker tensor field.
From (1.1) and (1.2) we obtain:

Ty O Tq == 7y 0T, = 0,
oy =T om = (B £ )

J =1,
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Let S be a tensor fickd of tyvpe (1. s). Then we denote by =5 the

Definiton 4. 4 pair of two linear ST & 1 oy}
tensor field of  tvpe (1, ) such that sperial pair, if we have / ngar connedifons (V& WSl s callid o
(1.6) w, SIX, e X) = =S e YD) (1.14) Vi = 20(V1) — V1,
We can casily verify that We remark that a lnear connection V ois speeial, if and only il the

pair (V. V) is special,
For ﬂ}l'e desceription of the special pairs we obtain:
. . roposition 3. The pair (V Nt emecial if o :
Let M be au almost product manifold and et .1 be a tensor ficld comu‘rtioﬁ(\;lo? \?2) {’:i Z):i”. (!\“, 1’VI) is special if and only if the linear
of type (1, 2). If we define the producl of two veetor fiolds X and ¥ 2 i special and the alyebra (U(M. V¥ — V1) is *-special.

L Al
I'heorem 1 and proposition 3 giv
‘ | ‘ : n 3 give a complete descripti
as the veetor field special pairs as follows : : ription of the

(1.8) XY = (X, Y, Theorem 2. Lol V° be a fiwed linear connection on M. Then the set

| of all speeial pairs of connections coineides with i
of the formn: with the set of all pairs (V', V2)

(1.15) V= a(Ve) Q) — A7)
Vi = (V) 4 QA') 4+ QA7)

(1.7) S' == \)‘_—1 ‘.':uS.

then the module (M} hecomaes an algebra over GFM), denoted by @M, 1)
(sce [7] or [8])

Definition 2. Lot us consider an algebra (M. A). Then e eall
speeial and *_gpecial parts of - those defined by the equations:

(1.9) QAN Y)=S, m (X, =), whgrpﬁ.é’ i,_),;gn‘fin-;;;e t\z‘c_n t.(!zn.sﬁr Jiclds of the type (1.2).
and sespectively *-spe(:ial' uh(.]n::-m-.}“.': ¢ shall give first o deseription of the special and
(1.10) N, V)= S, =X, =), Lemma 1. The algebra LM, 4) is a special algebra, respectively

g *-special algebra if and only if A= Q(d), respectivel
i - P ), respectively A= "Q(.1).
Lemma 2. Al aloebras of the form (M (]1( .-1“( !f
'Q(A)}) m'fl S{)(’{‘i({f. rcsﬁcctirrei y * .epc}'ia.’ alge(bm,s.h (). respctively UM,
roof. 1t mav be easily proved ihe ¢ have *
B0 . k casily proved that we have "Q{Q(.1)) = 0 and
};\(c m(‘lfmj‘.‘.lnh]k}: to prove the following result :
roposiii uppine  defined by 2} i ¥ :
;;u:[-jcctiu[f’ :mdm e mapping  defined by (1.32) is well defined is a
(2.1) MV 4 ) = d(V) 4 Q.1),

Proof. Clearly (V) is a line: ) ]
- _f wly V) is a lincar connection. 1t is a special connec-
4 L)ecmm‘ for cvery ¥V owe have (V)yom, = =, o D[ V)
of ¥ he a snotial conncebion. Them. from FLIT) we
B e 1 s‘i‘)& mlo cvo.mcclmng_ ‘hen, from {1.11) we obtain the
b=, moVyom =3, mpom, oV = (3, 7,) ¢ s .
nce @ is o surjection. e x =A% m) 0 Vy = Vy3

"~ The formula ( i

a (2.1) ean be obtained from the definitic

ame he defimitions 2

From the above arouments we get tong {1.12) and {19,

so that A = Qi + QA
We shall now state two definitions
Definition 3. The algebra U3, -1} is called a special algebra, res-|
pectively a *-speeial algebra, if "QA=0, respectively Q4= 0. ‘1.
Definition 4. . lincar connection ¥V on the wlinost prodiet anani fold]
M is called a special connection if each projection =, is @ V-parallel tensor:
Jield, ie. the cquations:
{1.11) Vema Vyom, — T @Yy = 0 y

i 4
are salisfied.
Lot (M) and I(M) be, respeetively, the set of all lincar connge-
tions and the set of all speeial linear conncetions on Al
Using the method of [H]. we define o mapping:
(1.12) & DM - Ty M), D(V)x= 2,70 Yy 2T A
- Lemma 3. A lincar con 1 [ ol §
: 3. . ar connection Vois speciel If and only if ¥V =
: 2t , V).
1.22.3. ,?“f()f (})l" the proposition 2. Let V' be a spcmfal jconncctgmz
a connection, then using (2.1) and lemma 3 then we obtnin:
B(V?) = V2 — OV — V1),
From lemma 3 and (2.2
(l%— Ve s special
R . .
Qv Vil= 0, i.e. (M, V* — V') is special, are equivalent.

8 Proof ] S seqguence I
3 Of 1]]9 1]1001‘(‘!‘]’1 2 'I‘l i i

il . P Heorcm 1 15 & SHil )l(] [ 4] :
OPOSIII()II s :l]]d ”\C lel]l“]ﬂ. 3. I ! q ! v

et V" he a fiye i
E ¢ a fixed connection and let ¥ be a special linear connec-

We will prove in section 2 that & is well delined (proposition 1) and
we have also:
Proposition 2. Lot V! and V* be two lincar connvetions. If the connees
tion VY is specicl, then the conneelion V¢ is special if and only if the als
gebra (H(M) V? V') is special.
Theorem Y. Let V' be a fived Linear conneetion on M. Then the S

_ bret ' , ‘ . . we conclude that the conditions
Uy ) coincides with the sel of all connections V of the form.

(1.13) V = OV 4 Q)
where A is a lensor field of the type (1, 2).
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tion. If we put V = ®(V°) 4 A4 then (M, A) must be special, hence
A — QA. Conversely, if V = d(V°) + Q(A) then (V) = V and V is special,
2.4. Proof of the proposition 3. We usc the following.
Lemma 4. Thepair (VY, V?) is special {f and only if the pair {V°, V1)
is also special.
Proof. If we supposse that the pair (V3, V%) is special, then we

have V? = 2d(V1) — Vi. It follows now from M{B{V1)) = O(V!) that FMBEDDINGS OF C=-SUBCARTESIAN SPACES
(2.3) Vi = 2b(V2) — V2 BY
Let (V, V2) be a special pair of conneetions, let V = (V1 L V=)f2 DUMITRU MOTREANU

be the median connection and let 4— Vi Vi be the deformation ten:
sor field. From (1.14) and (2.3) we find

(2.4) V =0 (V), § L. Preliminaries. The C=-subeartesian  spaces  were  introduced
and subtracting (2.3) from (1.14) we obtain ®{(V?) = $(V') hence we havel E\)Iv IN. : A 1] 10 1{1('317. ajn [1] and their theory was developed by Ch.
) . Marsha O ’
2.5) Q1) = 0, In this paper. we show that J¥{S, 8"} is a C»-subeartesian space
Conversely, (2.4) and (2.5) implies (1.14) and the proof is completed. and “"“”]." the Whitney C%topelogy on €(S, §7). Then we characterize
§ 3. Some remarks. If the manifold M is an almost product manis the C=-subeartesian spaces which ean be embedded into cuclidean spaces
fold of type {m, m.), then the almost product structure of M is com and prove that Im(S, §7) and Finb (5, 87) are open subsets of €=(S,57)
pletely determined by the tensor field J= 7, — Ta. : ) We constder only locally compact and second countable C”-subcur-’
Tn this case, a linear connection V is special if and only if VyJ=1 tesian spaces. ) o
and a pair of two connections (V?, V?) is speeial if and only if Vi@J= We review some busie delinitions [6].
— VL oJ — J o V4= 0, for every vector field X. ' Defir.aitiogl 11 A Ce-subeartesian space is « Hausdorff space §
together with a maximal C7-ablus oA = {9: U, - R} such that:

More gencrally, in [4] Cruccanu studied the case in whid /
J is an arbitrary tensor ficld of type (1.1) which has the propertl (4,). (U} is an open cover of § and eack 5 is a homeomorphism. (A,).
o, 0= ofs and pe U, n U, there exists a C*-mapping s cxtending H';(P_I:

that rank J—= dim M. For an almost product manifold of type (m,, 7 )
o(Us, n Uy) » WU, 0" Uy) in a neighborhood of ofp).

his general results ([4], the formulae (30), (84), (+4), (16)) coincide wil _
the relations (1.14), (2.1), {1.13), (L.15). Remark 1.2, Each topological subspace of § is a C~-subeartesian
space. '

i
[
| Definition 1.3.r /- 8§ — 8 is « C*-mapping if for every p < S, and
g)ery Qe c{,q"_and bed with pelU, and f(U,) = U,. there exists a
=-gxtension j of Gfo™r dn a neivhborhood of of p). The s i
L I oof v r . ¢ set 530G
domotod by Co(5.5") 4 f of p) set of C=-mappings
It is well-known that such a C=-subcartesi i
{ cll-k al s i -subcartesian space : s C=-par-
bon of uniey 101 n space admits C=-par
. The sl'.!'nctura}ldimension ol S at p is the number ne, = min {n_fo €
ifsnand pe Ul o =dyis called tangential at p"if p s U, and
S, )
1 In 3110 .<;cl;r ‘01' t_rip[cs {2, p, _v), where p € 8, ¢ € of is tangential
and v = 1, R", we define the cquivalence relation (¢, p, v) ~
,tq; w) e p =g au‘ud'w = 5 (v), where s is as in (,), Definition 1.1.
_'?t%enft space of S at p, 1.8, is the seb of all equivalence classes
P ?ootll)'olsxjt 7’,1“ k 0;‘, cach o € of. tangential at p we have the
< Pup i Lpy = gy R, g, {[o, p,v]} = v (where I
lt.eI-I}ce class defined hy (o, -p,p;))). i Saipdl s
= o gy, i ‘ : I
= C(S,87) and p €8, we define f,: Tp8 - TS by fu=

)] 5
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