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tion. If we put V = d(v°) + A then G(M, 4) must be special, hence
4 — QA. Conversely, if V = ®(V®) 4 Q(A4) then d(V) = V and V is special,
2.4. Proof of the proposition 8. We usc the following.
Lemma 4. The pair (V', V%) is special if and only if the palr (V7 V1) |
is also special.
Proof. If we supposse that the pair (V?, V#) is special, then we

have V&= 20(V1) — Vi It follows now from O(M{V1)} = O(V') that EMBEDDINGS OF C=-SUBCARTESIAN SPACES
(2.3) Vi = ad(V3) — Ve BY
Let (91, V2) be a special pair of conneetions, let V = (V1 + V)2 DUMITRU MOTREANU

be the median connection and let 4— v - ¥t be the deformation ten.
sor field. From (1.14) and (2.3) we find

2 = ] g m 2l .
(2.4) b{V), § 1. Prehmmar‘lcs. The C=-siheartesian spaces were  infroduced
and subtracting (2.3) from (1.14) we obtain (V) = (V') hence we havep by N. Aronszajn [1} and their theory was developed by Ch.

Marshall [61
In l‘ius‘ paper. we show that JH(S, 87) is a C-subeartesian space
and study the Whitiey CHtopology on C+(S, 8'). Then we characterize
Vi oy p g Yy g B IST -.; N N h .
the C -hl‘l}JL.‘.ll(‘Sldll .!pashs. “incp can ‘bg embedded into cuclidean spaces
and prove that Im(S8,.87) and Fanb (S.57) are open subscts of C=(5,8)
N L

We consider only docally compact and sccond eountable C=-subear-
tesian spacces.

We review some basie deflinttions [6].

Definition 1.1. A C-subcarlesian  space is a Hausdorff space S
fogether with «a mavinal C7-atlas A5 = {o: U, — R} such that: ‘
(4,). (U} is an open cover of § and eack 5 is a homeomorphism. {(A,). It
@ Ve ot and p= U, n U, there exists a C -mapping s extending ‘L‘P_l :
olU, n U,) = 9(Usn Uy) in a neighborhood of op). - .
! Remarl: 1.2, Fach topologieal subspace of '§ is a C=-subecartesian
space.

| Definition 1.3. /: 8§ - 8" is « Co-mapping if for every p €8, and

every o= ot and b = oy with p e U, and {{U,) = U,. there exists a

(2.3) Qi) =0,
Conversely, (2.4) and (2.3) implies (1.14) and the proof is complcted,

§ 3. Some remarks. If the manifold M is an almost product mani
fold of type (m, m.), then the almost product structure of M is com.
pletely determined by the tensor field J= =, — ..

In this case, a linear connection V is special if and only if VyJ=1
and a pair of two connections (V1, V2) is special if and onlv if Vi*J=§
— ¥, o — J o V=0, for every vector field X. §

More gencrally, in [4] Cruccanu studied the case in whiclg
J is an arbitrary tensor field of type (L.1) which has the propertj
that rank J—= dim M. For an almost product manifold of type (m,, mi
his general results ([4], the formulae (30), (34), (L), (46)) coincide wit
the relations (1.14), (2.1), (1.13), {L.15). !
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§2. Jets of C=-mappings. Definition 21. Let S, § be C=-subcar,
pes Va neighborhood of p in S and f, g = C=(V,8')
and g have the same 1-jet- at p, gLf = gsg, if Hp)= &(p)
and fop= tp- lct J1(S, 8') denote the sct of 1-jets of C*-mappings. a:
JAS, ST = Se 2 fnf) = is the sonrce map and 8:J4S, 8) =8, Rapf)=
— f{p), 18 the fargel map.
Lemma 2.2. a)} JH(S,S)

lesian  spaces.
We say that f

is a C=-subcartesian space ;

b) « and P are C-mappings ; -
e} if f = CoLV, S, then 3'f = C=(V, JYS, 8 (G fpy==Jpt)3
d) if J = (s, 8), then Jroe OIS, 8) JUS, S (fF{Jig) o

S o), Fag = TS S

Proof.” We verily only a). Let o< ofs and Y € b, . Define y
JHU,. Uy} — R'sx Brox LR R™), 4(55f) = (@p), YUHP): VusnSepPia
considering L{Rse, R' ) € L(R", B™). Let 7" : JHU,., Uy) = R
w Ry % L{R% , B"v} corresponding  to @ Sots and Y = by Thet
o o e g 1) = (5 2 @) W=y bt o™ o MPag" U Puo (m0)- B
Proposition  3.2. |6} there exists a neighborhood ¥ of o' x) an
C=-veetor bundle map & TV — TR" extending o, o %. Then & ¥
is a local C=-extension ol @ - 974y o 5t With this remark the p
of the lemma is obvious.

Assume induetively that we have defined J¥(S, §').

Definition 2.3. We say thal f, ¢ < Cc=(V, 8V neighborhood  of
point p & S) have the samc (k + 1y jet at p if j37%f — 75 1°8-

Remark 2.4, The standard arguments passing through coordina
show that we can identily gygtf= g f for ¢'~-manifolds [3].

Remark 2.5. We note that J'(S. §h=8 x §".

Theorem 2.6. 1) JXS,8), k20, is a Cw-subcartesian space 8u
that the source map = and the targel map B are C=-mappingss '

2} for f = C(S, S, we have j*f = C(S, JES, 8 !

8)7 jo= (S, 87), then fl = Cr(J¥(S, 8), JHS, 870 1 538)
= jull e g):

1) if m <k, then =k e C-(JMS, S), J™(S, 87)) where wk(jkg)
— jmg, jrg = JUS. 8.
Proof. For 1), 2), 3) we proceed by induction on A If k=1

Lemma 2.2. For & >1 we have JHS, 87y < JHS, JS, Y
induction hypothesis and combining the arguments of Lem
it follows 1) and 2). To sce 38), note that ft3
it is sufficient to sh
Definition 2.3.

(

apply
Then by
2.2, and Remark 1.2
= (&) [JHS. S'). For 4), because wh= TR ... wfoy s
; C(J(S. 8, JTUS, S’)) which is obvious by
Lemma 2.2, b).
§3. The Whitney C*-topology. The ideas and techniques of [
13, are basic lor this cection. For cach U < J¥S,5) define

M(U) = {J = €S, SWFHS) = U .
Definition 3.1. T'he topology on C* (S, S’} induced by the basis M(U
is an open subsel of JHS. SV is called the Whitney C*-topology. 1f

is the set of open subscts of C=(S, §') in the Whitney C*-topology. (W= "U

T S

p. 2

is @ basis for the Whitney O -topology.

Remark 3.2. 1/ =C~(8", §”) there is an induced ma o !
Remark 3.2, 1 € C2(8", 87) there is pf. s C7(S, S
= C: (,"S". S”) defined as follows : f*(g)=f o g. For each open subset D);}‘
JHS, 87) we have JTUAM(D))= M((f*)-4(D)) and thus f, is continuous in
every CF-topology. :

Ll'emmzf. 3.3 Lel d, be a complete metric on JXS, 8°). For each f &
= .‘M.(l,) {1 open subset of JHS, S')) the mapping m: S — R, m{x)=
= inf {di(=, 7 f(@))f7 € « Ha) N (TS, S}y — V)}, i bounded below on
any compact subset in S by a posilive constant.

:}:{w prool is elementary.

teorem 3.4. Let f e C=(5,8’) and 3 = C~(S, R). & > 0. Defin

Py \ S -’- g : ] ¢

Bﬁ(f) = {g = C(8, 8)dy(7)(), Fra(e)) < 8(w), @ € S}, Then {Bs(f)} {S a
neighborhood basis of f in the Whitney Ct-topology on C-{S, 57).

Proof. Given V. an open subset of JX(S, 8"), such that f € M{V),

| we must ¢hoose €C(S, R), 5>0, sothat Bs(f) = M(V). Let @{= ULias

be a countable open cover of § sueh that {Udiz is locally finite and

cach U is acompact sel. Let {filiz be a C=-partition of unity sub-
g(?_tl:ltccl to . From Lemma 3.3 it follows that m(r) 2 4, > 0, re U,
eline

Ay fiae y & {J,
gi(‘!‘)z { i jt(r)s & U:
. e U,
Then & = Y & € C7(5, S’y and Bs(f) < M(V).
il

§4. Immersions and embeddings. Definition 4.1. Let f & C=(5, 5).
If rank f,= Ny, o cach p = M, f is said to be an immersion. If f is
%hhom;’om;r;(n‘nspz (qu) and is an immersion, it is called an embedding
he sets of Co-immersions and of C=-embeddings are den )
and Fmh(S8, S") respectively. gr are denoted by Tn(S, 5
Definition 4.2, The manber dim 5 = s ]
\ ‘ . ’ S =sup {ng, =8 s ¢
dimension of the C=-subcartesian space S. e j o callud the

. Theorem 4.3. .f necessary and sufficient ¢ 11 Y
tesian space o be embedded inj.s'omc eugidea: .sf;;(flet;gr;h{srd?nmcé' zulc)g?f)-
| clo’afr)lr%flhl\ccgiqm‘;r 1s qb}'ious. To show sutjficicncy let {(U,, @, R )},~>;
A r:_-htivc] -‘1. as o‘t S such that {U }i5, is an open locally finite cover
oy relath ’L'IV %ompfl‘ct sets U,= ¢7Y(D;), D; open subset of R* and
3 [9]1 : -;ugmlf;uﬁ:\lht,s @, with ng,,= -ni..Let n = dim & < oc. Then
e ,}1‘. SR we can prove that dim, §= m < co (dim, § re-
y the Lebesgue dimension: of S). Apply Lemma 2.4 from [8] to
tlr(l; a locally finite open cover {6} Os,smﬁﬁem refining {U};5, such
6 NGy =@ if B+ 8. Define Vy= y Gy For cach (7, ) choose

I . 2 EBS
Bg S“Sh that G(j,5)C Uitj,3). Define §;: V= B, )G =10uii. 10 i /G s
I . k - . . l' " * ’
b R,::',(J, Bt ‘R.-.,-"-,. - R* is the canonical injection. Then
19 B co e 18 o C=-atlas on S.

Y} After [ su i
‘ submitted the paper to th dacti i is ti m was also
Lut in a different w ay, by M. Brener and Ch. ID. Marshall in Math. Ann. 237 (1978), p. 1112
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Let {0))ocjgm De an open cover of S with 0, V¥, and let {fjociem L= o . o )

= Ci(S, 7£), with 0 éjj <1, f,§0,=— 1 and suppf;= V. We can now| 4y ., 1:22?35:’!:?3?4:1 ffr’ﬁ'g jl'hmb(.'ﬂ,n ) and I sy A8 in Lemma 4.0.

construct a C=-cmbedding = (f. h): S = It > R v Uwhere f 1 8 o R {],(,i .4/[\". 'je“j“' '('.(,,g-)(,l'{b; v ”M,! W of f in {]ae C*~topology, k> 1, such

is an arbiteary proper C-function (which can be constructed as in [2], ' "]j_‘ § wyectoe, b2 %! ../m. cach g = W.

p. T4) and ki S — R™ b s defined as in [8] p. 77, that is the first -”’”J:' 33.\'.14‘3!11!1‘1:1 4.6, it is sullicient to prove that there exists a

components of k are just MW= f;. 0<j<mand the other components are s.rfquc:ncc i 12 1,6 >0, such that g/K, is onec-to-one if d,(j'g¢()
J f) < g, @ @ Ky, iz 1, g e C(8,8) Assume there arce i?]can(i

1 (p) = { l”'k(';’j(](’)))'f;(l’)s P e L'J- ; | thie sequences g, € C(S.87), w,, g, = K, such that:
P S » NN ¢ o Y — o .
: / ey gled=alp) and &G J). 5 6udp)) < 1n, p < K.

for T<h<n 0<F<m :
For p = S. choose (U, . 0,. R"2)= cAx tangential at p such that U,C
C0,, 0<j<m. Then rank h_,—rank (h o o, ¢ i = ranl (&; q);,l)*.;p(m = 1 g}
The fact that If is a homecomorphisn (into) is not difficalt to prove,

Covollary 4.4. If S is «a compact C=-subcartesian space, there earisty
a C-embedding of S into un cuclidean spuce. £

Theorem 4.5. Tm(S. 8") is an open subsct of C(S,8") in the l'l"!zime'y'
Ct-topology, L = 1.

Proaf. Tt is sulficient to consider the case k— 1. Let f & Im(S, 87,
1, =8, K n compact neighborhood of vy, (U, 9, B*) = s tangential
at @, (U, 4. R") = ol langential at f(wre) such that KU and f(U)CU,
Then there exists a finite family (Ui o0 Rih gi=sCols 50 ihat K¢

Since Ay is compact we may assume @
: | ot av assume x,— 2 oand gy, -y From (4% )1
| follows ,-f(.'r!)=j(y) and thus o= . e Sl
| We choose a finite family {U,, 0., B™)), ca<. of charts and a open
op (170 T e o R,

cover IVt cnge oF Ny such that cach T, is a compact set included in
U=,fmd il p = l\]f- there exists 1 € 2 £ s so thalt o f/V, is tangential at
P Then we can I'ind & subsequence of @, and an integer 1 £ ;g s such
that o,/V, rsl tangcil‘tml at every o, . It is rouline to prove that o, is
albtz‘inngc-nlmﬂ abt @ Then using (3£3) we can continue as In the plcfoof
of Theorem 3.10 from [7], p. 30.

Theorem 4.8. Kmb (S, §') ¢

) G D LES S, 8') is an open subset of C=(8, 8"} 1 : Whit-

by Cotometngn B o b } f C=(S, 8"} in the Whit

Proof. 1t is sufflicient to prove for k= 1. Let f € Emb (S, .57} and
oy, . Jugl e . . ' ‘
d an .};1211.5511)]0 metrics for S, Let {U.},s; and {V,};5, be countable

. el that (F7 g T 77
covers O .__‘.sn(,h that {U};s, 18 loeally finite and for every 4, U, is com-
}zzct a[r}d)) i’ic U,. Since f is a homcomorphism, we have 8= d'(f(V,)

- U3 > 0. Choose ¢; > 0 such that d : 2 if ] ,

-t &> ¢ h that d'(f(2), f(a)} < 82,0 d,(5/(x), 5) <
I iy E,UE-I(JS,»S).

L] -
Cc UU; = U and for cach p & K there is 1 < < s with 9, tangential
i=1 b
at p. Let 4 be as in the proofl of Lemma 2.2. Sinee (7' J{K)) 18 compad

and (U €U [o(Un) 0 U7 e {d & LR, B )frank A= n:t] whic
d=]

8 ¥
is open in U [o(U') x U Uy LR, R}, there exists a positive constant

el
3, such thatif ¢ & C(S,8), wek, y=25. then dy(j2 f(a) 3 f(y)) <8
implies that g is an immmersion at p. Then we choose a localy  [linit

. By Lemma 4.6, Theorem 4.5 and Propositi 7ot i
| , B position £.7 there exists § =
EdC (?'j, I??..8.> (), 8(.’:5) S g, e Viand it g & B5(f), then g= Im (S, §7)
Ed%f i ;.s_ 111,|<:(;l1\t'(l),t-z ? ; Assume there would exist g = Ba(f) a sV
= 1, such tht gle)= gly). Then d'{(f(x). f(}) € max 3, ’8 '
@, y = U. or v, y= U, therefore 2= y. 2 ©0 g and
By a standard argument we can find a neighborhood of f in the

itney (-{opoloey whose i ] s
A hose  intersect Jit I
s, polog; wtersection with By(f) consists of homco-

countable family ol compact scts (K Yo with v Int K= § and a cor
i=1

responding family of positive constants {8:iz o that if g = C" (S,

xe K;, y =8 with di{ gt fla), i 8y < 3,, then g is an imiersion

p. Now let {h,}izhe a C=-partition of unity for S withsupp b, = Int K,

Then put: aR’J’”?rﬁ'_i'L £.9. In the case of C-manifolds the theorems +.5. and

f‘: well-known ([2], p. 67—69, or [7]. p. 20--81). .

elf:clm‘)tc!j:fl;&r'mmef._ I am very grateful Prof. V. Oproiu for his helpful
s and sugpestions during the preparation of this paper.

hi(p) = 8 I(p). P E Int &,
Y 0, p e Int K,

and 8= S h; € C=(8, ). Given g= B (f) and p =5, denote 3,= ma
{8;/p & supp h;}. Then (7 S @) g ep)) < 3 and so g is an immersio

Lemma 4.7. Let {K }is be a locally finite countable family of comp
REFERENCES

sets of S with U Int K= S. For each family {ediz . 2> there exis
i1

$=C=(S,R), 38 >0, such that 8(a}y < ¢, ¢ N;. .
The proofl follows by 2 straightforward use of the partition of unt

. 1§Z a i noN, Sulicartesi 5 i i i & Bt v
11 (l NG wlgsinn und subricmannian SPNETES, Not 10es, Amer. Math., Soc.
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:h I;c}v X be tzl Hausdorfl space and ¢ a compaet Lic group. Sup-
pose that G operates continuously on X, If I is a closed s ou
pose et e , s a closed subgroup of

X7 = {r € Xjhe =« for all b € H},

(the subspace of fixed points of ), X7 is a closed subspace of X[2].

_For z = X lIet G, denote the isotropy subgroup of @ and G(x) the
orbit of @ Let 4 be a G.-space and GG x ¢, A the twist product of G

and 4. There is a G-tube about &(x), more preciscly, there is a map
9: G % g A X,

suc]? tlgat oG % o A) is an open neighbourhood of G(z) and ¢ is an
equivariant embeding, The image of [e, 4] € G X A is called the slice
at z and we denote it by ¢fe, A] = S. ’ |
A Theorem 1. [2] Let X be a G-space, let @ € S = X

A < x=! Oy ta L X - =
The following statements are equivalrﬁxt: and. put Ge= I
1. There exists a G-tube about G{w): o: G x o A4 - X

2. 8 s a slice al x;

3. (S} is an open neighbonrhood of G(x) and ) jvari

. ] d there is var
raction f: G(S) — G{x) such that j“(i) _( .%’. e equivariant
Corollary 1. [2] If S is a slice al @, then 8.8 is a slice at g.a.
Theorc?m 2. [2] Let X be a G-space and let @ = 8. Suppose that
1. 8 is closed in G.S; .
2. G-§ is an open neighbourhood of g-v;
8. Gz‘S-_ S;
4& &S8n S.% & then p G,
: ;z a slice at a. .C?nverscly, cvery slice satisfies these conditions,
(‘:1) I? rg:xt h]_vg_otcsxs 15 vc&y important in what follows :

* 1and U, are two G-tubes, there exists two slices §, and S
th:zl.l G-8§=U,,G-S,=U, and U, n U,=G-(S; n §.) L ’

ary 2. Let 8 be a slice at » and let y € 8 sue
type G(r)= type G/H. If G.= H then G, If{ R



