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SEMI-SIMPLE INFRA-NEAR RINGS

BY

MIRELA STEFANESCU

The concept of left infra-near ring was introduced and studied in {11j—
[t4], as a gencralization of left near-rings and weak rings (sec Climescu
[6]). In this paper we introduce the notion of the semi-simplicity for left
infra-near rings N satisfying the minimum condition for right N-subgroups.
Qur results generalize the definition and the propertics of simple and semi-
simple near-rings, given by Blackett [31—[4]) and studied by Ber-
man and Silverman {2)and Deskins [7]. \We obtain structure
theorems for semi-simple left infra-near rings (Propositions 2.1—2.5). In
Section 3. we give a characterization of semi-simplicity, Ly using a special
right ideal of ¥ built up with ,right annihilators” of the left distributive cle-
ments of the minimal nonzero right N-subgroups of N,

!. Definitions and notations. Recall some definitions and notations in
the theory of infra-near rings. For further informations see Stefinescu
[117— {141, '

Definition 1.1. A left infra-near ring is a lriple (N, =), where (N, +)
15 a group, (N.-) is a semigroup and the multiplication ,,-* is left infra-disiri-
butive over the addition ,+", 1.e. the following identity holds :

(1.1) xypr) =2y —a0-pa-z, forall x, v,z e N,

If x:0 =0, for all ¥ € N, then N is a left near-ring, If (x4+y)'z =
= x-z—0-z-+ y-zisvalid for all x, v,z € N, and the addition is commuta-
tive, then N is a weak ring. If v-y = x-0, forall v, v & N then VN is called
a frivial left infra-near ring.

Examples. 1°. The set of all affine mappings of a linear spacc ¥ over
a field K is a left infra-near ring with respect to pointwise addition and map-
ping composition. It isalso a right near-ring (a gencralization of this infra-
near ring is given in [12]).

2°. Let R bearing. Then N = R®is a left infra-near ring with respect
to the following binary operations :

X+ M= (x4, Xt Ve, Xad v, Xatu. Kb X g veb ),

Xy = (33, X ¥y, Ay, X, %), for all x, v e N,
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37, The evelic group of order 3, Z5 = {0, 1, 2}, is a left infra-near ring
with the multplication given by the equalities :

O-v=10, V1x=1 2-v=x for all v = 7,

4. The symmetric group, S5 =10, a, b, v, v, 2} (with2-a = b, Jru=
— 2y =0, xda= v, r4b=1:), can be structured as a left infra-ncar
ring with respect to one of the following multiplications

(I) 0-5-0, g s==x §=y-§==7-§==4, b-s=s, for all s & 55
(11) 0-5-0, ars=x-s=yv-s=u, b-s==v-5=5, for all s = 5
(IL1) 0:5=0, a-s=x-s=a, b-s=y s=25=5 for all 5 = 5,

The clements of a left infra-ncar ring verify some identities, as:
(1.2) (== 20 —x3yv+ x0
(1.3) x(y—zr4+8H=xyv—xzx-4 x4,

the last onc leading to a ternary interpretation for the addition {[11], ¢ 2).
In the examples and cverywhere in this paper, we assinme that N satisfies
also the wdentity .

(1.4) 0-x==0,
i.e. N is a left C-infra-near ring Definition 4.4, [11}}.

Definition 1.2, (Definition 3.1, [117). A normal subgroup (A, +) of (V. +)
s a left dideal of N. if it satisfies the property .

(1.5) xca—x-0e A, forall a €A, x eN,
and il is a night ideal of N, if it satisfies the property :
{1.6) (g4 x)y—xved forallas A v y& N,

A left and a right ideal of N is called an fdeal of N
N and 0 are ideals of . _ ) _
Definition 1.3. (Definition 3.2, [117). Let N be a left infra-near ring,

(M,+) be a group, M is called a right N-group, if there cxists u mapping

u: M x NSM, denoted by wlm, x) = m-x, for all m = M and v = N,
such that the following axioms hold :

(1.7} m (x4 yy=me x—m-Oydm-y,
{1.8) {m-x)-v==m-{x-y),
(1.9) Oy x =0y, forall m = M, x, y = N,

Remark. Obviously, N is a right N-group. Morcover, cach right ideal of
N is a right N-subgroup of N. To prove it, we take ¥ = 01n (1.6). However,
a right N-subgroup T" of N is not always a right ideal, since {(T,4) is not &
normal subgroup and (1.6) is not valid in 1.

Definition 1.4. Let M A’ be fwo right N-groups. A homomorphism of

yight N-groups is a mapping »: M — M, which satisfies the properlies

3 SEMI-SIMPLE INFRA-NEAR RINGS r

110 { lmy-t-my)==q(my) 4 o(m), for all my, m, € M,
{1.10)

glmy)=oplm)x, for all m = M and v = N,

The image of . Im ¢ = {g(m)| m e M}, is a right N-subgroup of Af’, while
the kernel of 3. Ker g = {m | m & M o(m) = 0y}, is a normal right -
subgroup of M, having the property :

(1.11) {mo-t-m) 2 — m-x & Kerg, for all me € Rit o, m & M, v = N

A bijective homomorphism of right N-groups is an isomorphism, hence p is
an isomorphism if and only if ITmp =M, Kerg = 0,

M we take N oas a right V-group, then the kernels of the homomor-
phisms of right N-groups ¥ : N~ M are just the right ideals of . Indeed,
A Bisaright ideal of N, then N[B —~ {v+ B v & N1 can be structured as
4 right N-group with respect to binars operations given by :

(x4 B) H(vb- Bl=(v4 )+ B (x+ B) ve=x- v B, forall x4+ B, y+ B« N
and v N, The mapping 7: N = N/B, g(x)=v+B, forall x & V. is
a surjective homomorphism of right N-groups with Ker =B,

Consider the following subsets of a left infra-near ring V. formed by
all left distributive clements of N and, respectively, all weakly left distri
mative elements of N

{1.12) D= {did e N, d-0=0],
[1.13) W fuwweN, wi=wl.

It 15 obvious that : 1). (I,-} is a semigroup of (N} ; ) ' n 1Y =0
Nwa=w vw=1MW, forall v € N, w = ¥ If the element 0 is right
distributive, then 1 is a left subnear-ring of ¥, (D, +) is a normal subgroup
of (N,+) and 1" is a right N-subgroup of N. In-Example 1°, D(V)=Tom,
S, WY = T(1). the set of all constant functions on I ; in Exumple
2° DIN) = {2, ¥, 0,0.0) x5, vy & RY,IV(N) = {(0, 0. x5, v, 1) ¥, = K.
1 — 3, 4. 55 0 in Example 3%, D(N) = {0, 2}, W(N) = {0.1}; in Example
4%, D110, 8L Dy < {0, b, 2k Dy = {0, b v, zboand W=, = I
= {0, al,

We necd the following :

Proposition 1.1. (111, Proposition 5.1) Let N be a left infra-near riny
and ¢ « D be an idempotent of N. Then the mapping 3,: N = N, defined by
@ (¥} = e+ x. for all x & N_is an endomorphism of the right N-grou b N Mo-
reover, N — ¢ N 4 Ker @, a semidirect sum of additive subgroups, e- N is
a right N-subgronp and a left subinfra-near ring of N with ¢ as a left wdentil v,

Definition 1.5. Let M be a right N-group. The sels

7] 2

{1.14) Auny(m) = {ala = N, m-a = m-0y],
and
{1.15) Ann (M) -dala & N, m-a = m.0y, for all m € M}

a;e called, respectively, the right annihilator of m' and the right annihilalor
of M. ) ) . _
We can easily verify the following properties of the right annihila-
tors: (i) Ann, (m) is a right ideal of N : (:1) Ann, (M) is an ideal of N ; {171)
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Ann (@) = Aun (1) = N, for all w= W (iv) Ann (D(P)) is a right ideal;
for cach right N-subgroup P of N, wheve D(P)={plp= P, p- 0=0}=
=PnD

Proposition 1.2. The intersection of a family of right N-subgroups (right
ideals, idcals) of N is a right N-subgroup (respectively, a right ideal, an ideal)
of N. If A and B are two right idcals (ideals)y of N, then A + B = {at+bla = 4,
b e Bl is a right idcal (an ideal) of N.

Proof. The two statements can be verified by straightforward calcula-
tions. For example, let 4 and B be ideals of N, We know that (A4 B,-4-)
is a normal subgroup of (V,+).As 4 and B arc right ideals, then for any
a+b e A+ B and x, v € N, we have: ((a+(b+x)) vy — (b+x)2) + {(64
+x)a—xy) € 4B 1f A and B are also left ideals, then, for any x & NV
and ad-b € A+ B,wehave: x-(a4-5) — x -0 = (x-a—x0) + (x:b—x-0) =
e A} B. Therefore A-+B is an ideal of N. )

2. Semi-simplicity. Now we are able to define the notion of semu
simplicity for left infra-ncar rings. _

As usual, a nonzero right N-subgroup M of N is called minimal, it M
does not contain anv other nonzero right N-subgroup 3M°, M’ # M.
We denote the set of all minimal nonzero right N-subgroups of N by M.
We say that N satisfies the decreasing chatn condition for right N-subgroups
(shortly, (D.C.C.)), if every strictly decreasing chain of right N-subgroups of
N is finite. This conditions is equivalent to the minimum condition for right
N-subgroups, i,e. every nonempty collection of right N-subgroups of N {or-
dered by set-inclusion) has a minimal clement.

First we have to prove two lemmas: _ '

Lemma 2.1. If M is a minimal nonzero right N-subgrowp of N, contai-
ning a left distributive element m, such that m-M#0, then M contains also
a left identity ¢, such that M = e M = e N.

Proof. Consider the mapping =: M — M, defined by ©(x} = m-%, for
all x « M, ; this mapping is an endomorphism of the right N-group M.
Since m-M # 0, Im = =m.M # 0 is a nonzero right N-subgroup of M,
which is minimal. Therefore Im © == M. Now Ker 7 is a right N-subgroup
of M, different from A, hence Ker = = 0 and < 1s an isomorphism of right
N-groups. Therefore there cxists ¢ =M, such that m = zle) = m-e. Bzy
multiplving this equality by ¢ at the right, we obtain: m = m: ¢ = m €%
hence <{e*)==(¢) and e*==¢, because of the injectivity of . In the same man-
ner, we prove that ¢-0 =0 and ¢'x = %, for any ¥ € M, hence e ls a left
identity of M. We have M = e¢. M = ¢ N. —

Lemma 2.2. If M is a right N-subgroup of N containing a nminimal non-
vero right N-subgroup Mo, which satisfies the condition in Lemma 2.4, then M —
Mo+ (Ker g, n M) — a semidirect sum of groups — where Mo—eo M,
with e aleft identity of Mo and p,, the endomorphism of the right N-group N
given in Proposition 1.1. _ )

The proof is straightforward and we pass over it, noting only that
m = ey M+ (—eo-m—+m), for all m = M, where eo.m & Mo, — €a-m+m €
< Ker g, n M. o

Definition 2.1. A nontrivial left infra-near ring N is called semi-simple,
if cach minimal nonzero yight N-subgroup M of N contains a left distributive
clement m such that m-M # 0 and N satisfies the (D.C.C.) for right N-sub-
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groups. A semi-simple left infra-near ving N without any proper right N-sub-
group is called simple.

Remark. In a semi-simple left infra-near ring N, each nonzero right
N-subgroup M satisfies the hypotheses of lemma 2.2; therefore M has a
decomposition in a semidirect sum of subgroups which are right N-subgroups,
namely : M = eo M + (Ker 9, n M).

Proposition 2.1. A nonzero right N-subgroup M of a semi-simple left
infra-near ving N is a finite divect sum of minsmal nonzero right N-subgrowps
of N contained in M.

Proof. f M e M, the statement is proved. If M & 9, then there
exists a minimal nonzero right N-subgroup Me< M. Let ¢, be the distribu-
tive idempotent in M, (Lemma 2.2) and M = M, + (Ker ¢, n M). If M,
is a normal subgroup of M, then we take M, = M., e = e, M=
= Ker ¢, n M. If M, is not normal, we consider M'=Ker g,,n M, whichisa nor-
mal nonzero right N-subgroup of A. If M’ is a minimal nonzero right N-sub-
group, then we take M, = M’, ¢, = ¢'— the distributive idempotent of Af’,
such that M’ = ¢'. M —and M| = M,. If A" is not in R, then there exists
a minimal nonzero normal right N-subgroup M, of M contained in 3°. M,
15 also in M, because. in other case, M, = M, + Kero; n My, with M, = 9.
But Ker o n M, is a normal right N-subgroup (in M) properly included in
the minimal normal right N-subgroup M. Therefore A7, = M,. Now we have
M=M @M, where M,=¢," M,=¢,"M . ¢,- M1=0. By applying the same ar-
gument to M;, we obtain M;= M,+ M2, hence M= M;® M.® M;, where
M,, M, arec minimal nonzero right N-subgroups of ¥ and M, = ¢, M, ==
=« ¢ M, eg- My = ey- M= 0. By repeating the argument, we obtain a de-
creasing chain of right N-subgroups Mi= M;=..2 Mi = ..., which must
be finite. Therefore there exists a minimal M, _, and we take M, =M, =
= ¢, M. We have M=M,® M. ® .. ® M, where M;=¢ "M, i=1,
2, ...,p, 8".“1_’ == O, if 'l"?éj, 'lt, j = {], 2,...,?}.

Such a direct sum of minimal nonzero right N-subgroups of .V giving
M is called a complete direct decomposition of M in right N-subgrou ps.

By taking M = N in Proposition 2. I, we obtain:

Corollary 2.1. If N is a semi-simple left infra-near ring, then it has a
complete divect decompositon in right N-subgroups:

N=N, @ N.® .0 N,

where Ny=¢, Ny=¢,' N, ¢ Ny=0, for iskj, 1, je{l, 2,...s}

Lemma 2.3. If N is a semi-simple left infra-near ving, then each mini-
mal nonzero right ideal of N (respectively, cach minimal novinal righl N-sub-
group of NY is also a minitmal nonzero vight N-subgroup of N,

Proof. It was noted that a right ideal R of Nisa right N-subgroup
of N. Assume R is a minimal nonzero right ideal, but it is not 2 minimal
right N-subgroup of N, hence there is A, = 9, contained in K. Let ey be
tl}e idempotent of M, given in Leomma 2.1 and Mo=e¢ Mo=1co- N. The map-
ping $: R = M,, given by ¢(x)=g¢," ¥, for all x € R, is a homomorphism of
right N-groups and it has Im =21, Ker ¥=4, with 4 a right idecal of N
contained in R and different from K. As R is minimal, Ker =0 and & is
an isomorphism of right N-groups. But Im ¢=M, g K and $ja, = 3.



10 MIRELA STEFANESCU 6

Therefore Mo=R and R is in M. The second statement has a similar proof.
In the Proposition 2.1 and in its proof, we may take a right idcal J # 0
(instead of the right N-subgroup M) and minimal right ideals (instead of
minimal right N-subgroups). So we obtain:

Proposition 2.2. I'n a semi-stmple left infra-near ring N, a nonzero right
ideal [ is a fintle dirvect sum of mintmal nonzero right ideals: =], & [, ®...
@ Jp where Ji=e; J=eo N, =1, 2,..., p. Moreover e=¢,+co-...+&, 15 ¢
left identity of J.

We have to prove only that ¢ is a left identity of J, We need the fol-
lowing equality : (e, + e+ ... $-e4) -d=e;-a-eg-a-t...+¢y-a, for any a<j,
1 € h £ p. We can obtain it by using induction on A. For A=1, the equality
is trivial. Assume the equality holds for all 4, k€ & < p and prove it for
h=k-1. The scts ¢, J@®...@¢* J and ¢,,,- ] are right ideals of N. Therefore
we have: {e+...tetern) a—(e1+... e a € gy J, (a4 et een) @
ety € €0 J@ey [ B... Dey J. Because of the direct sum, {e;+...4+-&)-a+

depyra=ep;y a+{e;+...+e) a and we have: (e; 4. Leptery) a—(e+...
k

e ad—e gy rae [@c"]] N ixay'J = 0, hence it is equal to 0. We have then
i=1

(4. dedan)a={a+...te) ateag-a=c-a 4.+ e-ate,,a. But
a¢ = [ can be uniquely writien as a sum @ as=a+... +d, witha, e [, 1=1,2,..,
p. Then we have: e-a=(e+..+e¢) a=e dteat+..+eoa=a+a-i
+...+a,=a and ¢ is a left identity.

Now by taking /=N in the lasi proposition, we have:

Corollary 2.2. If N is a semi-simple left infra-near ving, then it is a
finite direct sum of minimal nonzero vight ideals, N=/,® ...® [J., with J; =
=g N, 1=1, 2,1, e [,=0 fori==Fk i ke {1, 2,..., 1}, Moreover, e=e;-}
+... e is a left identity of N.

Proposition 2.3. If a right idcal ] of a semi-simple left infra-near ring
N iswrilten as a finite sum of nonzero vight ideals 1 | = [1® ;@ ... ® [Ji, then
there exist loft distributive idcmpotenis e; & Ji, with the properties: ei* Ji =
ey Ji= Ji, eireb =0, for 1 £k, i, ke {1, s}

Proof. Let ¢ be the left identity of J, existing from Proposition 2.2.
Then ¢ = ¢} + ... + ¢, where ¢ & Jj, ecei = ¢}, 1 =1, 2,..., 5. By using
the same argument as in the proof of the Proposition 2.2, we obtain: (¢ +
ot e)a=e-a+ . +e-a, for any a & J, and é;ra € Ji =1, .., 5,
as fi is a right N-subgroup of N, Then e-ej=ej "¢} +...-F et € +...+ e,
= g;, for 1= 1,2, ..., s. By the unigueness of the sun giving ¢}, we have
ef ey = e, exr¢; =0, for i k, ¢ and k from {1, 2, ..., s}. Taking a; € Ji,
t== 1,2, ..,5 weobtain: e'a; = a, = ¢,"a, + ... + € a,, therefore ej*a; ==
a;, etra, =0, for 1 # %, ¢ and % from {1, 2, .., s}

) The normal nonzero right N-subgroups of a semi-simple left infra-ncar
ring N play the part of the submodules of a semi-simple module over a
ring or the part of the left (right) ideals in a semi-simple ring. We shall
siow it in the following :

Proposition 2.4, Let N be a semi-simple lefl infra-ncar ring. Then:
(i) N has only a finite number of nonisomorphic manimal nonzero right
N-subgroups; (ii) any normal wmintmal nonzero vight N-subgroup I of N
ts a wmember of a complete divect decomposition of N in right N-subgrou ps.
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Proof. (i) Indecd, let M7 be a minimal nonzero right N-subgroup of
N and M’ ¢ - M e N Let N=N,@ .. N, be a complete direct
decomposition of N in right N-subgroups. Because M’ # 0. there exists
1 §1, 2, ..., 0 so that o - N # 0 (in other case, for all v - x; 4 .. 4
+ & N, e v+ e, =0). The mapping <,: Ny = M,
given by wdxy) ¢ xy, for anv xy € N, is an isomorphism of right N-
groups, Therefore any minimal nonzere right N-subgroup of N is isomorphic
10 some N, in a complete direct decomposition of N in right N-subgroups.
(i) In the proof of the Proposition 2.1. we take M = N and we start with
R, which is a normal minimal nonzero right N-subgroup of N.

Now we analyse the part of nonzero ideals in this theory.

Lemma 2.4. 4 nonzero ideal B of a semi-simple left infra-near ring N
15 the direct sum of those right ideals [y, in a complete direct decomposiiion of
N in right ideals, N — [, @® ..@® [, which have the property fo n B # 0.

Proof. 1 b = B, b+ 0 iswritten as b = by -+ ... + by, with b, & [y,
h I, 2,....p (we consider only the nonzero comiponents of the sum gi-
ving &), then, for A= 1,2, .., p, 0# b, = B n [, because of the equa-
lity by, = g, b ¢5, 0 and the fact that B is a left idcal. But B J,(0)
i< a right ideal contained in J,, which is minimal, hence B0 [, = [,

4
Therefore f, = Boh—1,2,.., pand B=@ /.

k=1
Obviously the ideal B of N is a direct summand of N, as N=8® ],
!

where [ =@ /.
i=1
3ad

Lemma 2.5. If the semi-simple left infra-near ving N is a direct sum of
groups, N = B@ A, where B is an ideal of N and A is a right N-subgroup
of N, then anv right A-subgroup of A is a right N-subgroup.

Proof. Indeed, if € is a right A-subgroup, then (C.--) is a subgroup
of Nand, foranvx € N, x=b4a, b e B a = A.c= C.wehavee v =
e b — 0t cra. where ¢cb—c¢ 0 € Bt -0 since A is a right
N-subgroup. ¢. = A and B is a left ideal of N. Therefore ¢-b = ¢-0 and
¢'x = ¢-a e €, since € is aight A4-subgroup of A. Hence € is a right
N-subgroup of N,

We note that, by taking € = A, we obtain ab=a-0. foralle € 4
and & € B, hence B € Ann, (A4).

Proposition 2.5. Let N be a left infra-near ving satisfving the following
conditions : (i) For any nonzero right N-subgroup M of N.Apn, (M} # N ;

(1) N = @ B with B, 1= 1,2, ...,5 nonzero idcals of N, which are (semi-)
im]

simple left infra-near rings. Then N is semi-simple. The mudtiplication of

Noas given by : (x; + oo + 1) (b o ) = x4 vy, for all

Ot .o t+a, mt.. Ay, = N,

Proof. Obviously, (1) implics that any nonzero right N-subgroup W
of N is pot trivial and M, == M n Bisdifferent from 0 forsomesin {1, 2, ...,
st M= 0, foralli= 1,2, .., s thenforeachm € M. x € NV, x = 3 +
+ b xamea={mx-—m0) + ... 4 (mox,—~-m-0) + m-0 =m0, be-
cause m-x, —m-0 & M,= 0, for y =1, 2,...,s. We obtain a contradic-
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tion. If M, is diffcrent from 0, it is & nonzero right Bi-subgroup. But B;
is (semi-)simple. Therefore 3; has a distributive clement my, such that
me M, # 0. Wehavealso my M#0, and m, =M. Let M oM*o ... oAM=
be a decreasing chain of right N-subgroups of &, Then the chains M} =
oMio..2M o, where M} =DM"n B, h=1,2,...,i=12,..,5,
are decreasing chains of right B, -subgroups in By, 1 =12, ...,s. They
are all finite, Let /; be the length of the chain number ¢, i = 1,2, ..., s and
take L=max /;. Then A*= "= and the given chain is finite. Therefore
12558
N is semi-simple. To verify the equality giving the maultiplication in .V,
we use induction on # for proving the equality : (@) + ... + @) () + ... +
Fyp)=% 1+ ... +@p- e 1 € < 5. Remark that oo v, = %70, for ¢ # 4,
since @ y; — a0 € Byn B; = 0. Assume that the equality holds for
all k¢, 1 £ k2 < &, and prove it lor i4+1, We have: (¥, + ... + a5 -+ 2a0)°
“{n+ "'h+ M) = @+ o+ 4y On b o dea) — @ (O e T

+ Vrs1) G(‘_@ch)ﬂBnu =0, hence:(xy + .. 4 Ak ) On + o+ +

F ) = (@ + o+ )+ ) — (A )0+ (@ A+

) Y — (% + R c0) 4+ (2 4+ o xa) O+ (e s (90 + +

+ Vn) — Xa41°0) A+ Xnyr V=21 Y1t A0 Ve Aasy Vasy, Decause the inner

terms arc cqual to 0. Indecd, for cxample, (z; + ... + @4} vap — (3, + ... +
h h

+2,) 0 & (i@le) N By =0, sincc@)1 B; is a right ideal and By, is a left

ideal of N,

Remark, If W # 0 and 0 is a right distributive clement of N, then
W is a nonzero right N-subgroup of N which does not have a distributive
nonzero element inside. Hence the left infra-near rings of affine type (sce
(12]) are not simple.

Having some simple left infra-near rings, we can build up a semi-
simple left infra-near ring in the following manner :

Proposition 2.6. If N, ¢ = 1, 2, ..., s are simple left infra-near rings,
then N = Ny X Ny X ... X N, 1s a semi-simple left infra-near ring with
respect to componentwise addition and wmulliplication.

Proof. We can verify immediately that N is a left infra-near ring.
In N, the subsets N; = {(0,0,...,2;,...,0) |x;& N}, i=1, 2,..,5are

4
ideals. But N = @ Nj (as an additive group). For any ;, which is a simple
im]
left infra-near ring isomorphic to N, we have Ann, (NVj) # N, because of
its simplicity (there is an element ¢; = Nj, ¢;:0 = 0, ¢-N; # 0). By Pro-
position 2.5, we obtain the semi-simplicity of N, (Of course, one can prove
this proposition by straightforward checking).
The left infra-near rings in Examples 3° and 4° are simple. For the
three left infra-near rings on the group S; given in Example 4°, consider
the left distributive multiplication associated to ,,+“ by:

¥xy = x.y — x-0, for all x, y & N.

We obtain left near-rings, but they are not simplein thesenseof Blacket't
([3], Definition on p. 780). There are two nonisomorphic left near-rings which
are simple (see Clay [5], p. 370, classes 20 and 34), on the group Sa.
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3. A characterization of semi-simplicity. [For a left infra-ncar ring

Nyodenote 5 = 0 Ann (D)), where R is the set of minimal nonzero
M=

right N-subgroups of N and DR} = {d | d = M, d-0 = 0}. Assumec that

D(af) # 0, for any M =90.

Proposition 3.1. [f N is a semi-simple left infra-near ving, then S = 0.
Conversely, if the left infra-near ring N satisfics (D.C.C.) for right N-sub-
groups and has S-=0, then N is semi-simple.

Proof. If N is semi-simple, then for any M = 9R, therc exists d =
& D(M), such that -3 £ 0. As S is a right NV-subgroup (because it is a
right ideal), if S # 0, then there exists 7 = 5, T € M. But T does not ha-
ve any d € D(T), such that 4.7 # 0, because T = 5 = Ann, (I(T)).
Hence S must be equal to 0. Conversely, let § = 0. Assume there exists
M, € M, such that for all d, = D{M,), d,-M, = 0. If for anv M =
and [or any d € D(M), d-M, = 0, then, by definition of S, 3/, £ 5§ and
S is different from 0, Therefore there is a minimal nonzero right N-subgroup
A5, such that for a distributive element of M,, ds = D (32}, - M, £ 0.
Define ¢ : My — M,, by & (m,) = dy-my, for all m, = 3f,. This mapping
is an isomorphism of N-groups, as one can casily verify, because A, and
M, belong to 9. But, from the surjectivity of ¢, there exists an element
d = M,, which must e left distributive, such that ¢ (d) = dy-d = d5. We
have (dad) My = d,- M, £ 0 and also (dy-d)- M = da{d- M) = d-0 == 0,
a contradiction. Hence our assumption on M, is false and & is semi-simple.

We ramind that Deskins [7] has given a similar characterization
of the semi-simplicity of the left near-rings, by using a set S which is 0 if
and only if N is semi-simple. When we consider the multiplication ,»" as-
sociated to ,,+”, we obtain a left distributive multiplication which is as-
sociative or not. But cven if %" is associative, the obtained left near-ring
(¥, 4. ) is not always scemi-simple, asone can seein Example 4°, Section 1.
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SUR QUELQUES STRUCTURES ALGEBRIQUES DANS LES CATEGORIES

PAR

I. TOFAN

Soit @ une catégorie et 4 un objet de €. Par définition {i. cap. 3
1. cap. 4] on suppose que A est dold d'une certaine structure algébrique si
VX e 1€, (€] désigne la classe des objets de @) I'ensemble € (X, A) esé
d oté de la structure considérde et ponr chaque morphisme u . X =Y (Y =€),
€ (n, A) est un homomorphisme pour cefle structure, On peut montrer {1,
cap. 3; 2. cap. 4] que cette condition est équivalentc & une condition de
factorization pour le foncteur contravariant € (—, 4) : € - LEns {LEns dézigne
In catégorie des ensembles).

Nous allons supposer dés maintenant que, sauf mention spéeiale.
€ a des produits finis et un objet final, cas dans lequel on peut expliciter,
comme ci-dessous, la condition antéricure,

Soient p,, pa. p3les projections pour A « 4 A, gy, g5 les projections
pour .{ » 4. Notons par . > le morphisme qui correspond par la pro-
priété d'universalité du produit a un ensemble adequat de morphismes (de
méme source). -

Soit un morphisme /1 4 x A4 — 4, nomné opération sur l'objet 4.
Pour chaque X = [@] on peut définir sur € (X, A) une opérationsg
par wyv=f <u, v>, o u, v € @ (X, A

Remargue 1. VX € |€], v, ve@ (X, dy et Vg:V o X, (usv)g=
= (ug)+x{vg).

Lemme 1. Les conditions sutvantes sonl équivalentes

a) flluxX f) <puy, < pu, pa>>=f{f X 14} << py, P2 > . 2>
> (condstion d associativité powr f)

b) VX = |@|, l'opération %y définie sur € (X, A) est associative ;

c) Popération * 4 44 définie sur @ (d x A XA, A) salisfait a I'égalité .
Pr*acaxa{Pe * acaxaPs) = (P1 % axaxaPa) ¥ axaxa Pa

Lemme 2. Les conditions swivanfes sont équivalentes :

a) f < g, g1 >==f (condition de commutativité pour f)(<gs ¢ > #
F <Gu g2 > = L)

b) VX = |@|, Uopération =y définie sur @ (X, A) est commutative ;

c) lopération * .., définic sur € (A xA, A) satisfait & égalité:
T1*axade = G2%axaf.

Soit 1 Vobjet final de € et les produits



