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ON SOME FUNDAMENTAL DISCRETE INEQUALITIES OF THE
WENDROFF TYPE

BY

S.M. SINGARE and B.G. PACIHIPATTE

1. Introduction. In recent ycars several authors have successfully
applicd discrete analogue of Gronwall’s inequality [3] and its va-
riants to the study of many problems in the theory of finite difference equa-
tions and numerical analysis [4] — [11]. Tt is perhaps unfortunate that the
discrete analegue of the two independent variable gencralization of the
Gronwall's inequality due to Wendro f{ given in [I, p. 154] scems to
have heen overlooked by the rescarches in discrete inequalities and their
applications. Our objective here is to cstablish a number of discrete ine-
qualities of the Wendroff type which can be used in the analysis of various
problems in the theory of finite difierence equations involving two inde-
pendent variables.

2. Main Results. Bcfore giving the main results in this section, we
first recollect a few of the basic notions and definitions from {7} — [11].

Let N be the set of points no k(k =0, 1,2 s}, Where 7, 2 0 is a given
fu==1

integer. The expression z(no) + Y, b(s) represents a solution of the linear

a= fy
difference equation A z(n) = b{n) for all ne N, where A is thc operator

ne—1
defined by Az(n) = z(n+1) —=z(n). It is supposed that Y, b{s)= 0. The
n—1 ¢
expression z{ns) [l ¢(s) represcnts a solution of thelinear difference equation
F=Tg Ng—1
z{n 4 1) = c{n) z{n) for all nEN. It is supposed that [I ¢fs) = 1. In our

subscquent discussion we also usc the following notions of the operators

Aulz(x, 3)] = Az(x, y) = s(x + 1, ) —=(x, y) and
Aylz(x, ) = Azlx, y) =z{x. ¥y + 1) — =(x, »), and

AfAn(x, )] = APyl 3) = Auidx, 4 1) — w5},

and so on. We frequently use the letters x and y to denote the two inde-
pendent variables which are the members of N.

A uscful discretc version of the Wendrofl's inequality is embodied in
the following theorem. :
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Theorem 1. Lef u(x, v

_ . L X, ¥y and by, ) be real-valiucd nonnceati

. 3 o Ry L) T ore . Hegative -

;}1{;’;:5(;1(‘1_[1#1:4{ for xz 0, v 2 0, and let a(x, v) be positive, nond:',crv;:'z’){:nzi:
e variables, and defined for x 2 0, v 2 0, for which the 1‘71(‘(}1{‘(1[1';\'

(1) £--1 v-_‘l
wv, V) < alxv) - Y, Y bis, 1)ul(s. 1),
S0 =0 )
hoids for x2 0, v 2 0. Then
- 17 ¥ b
@) ) < a1+ 8 0 5],
5=} -
Jor all x 20, vz 0. o
1, oo o ) i s . e .
- roof. Since a(x. v) is positive, nondecreasing, we observe from {n
ﬂ("-. .\.) 2 -ly-1 .
(3) R I T O J il VY s 0
a(x, v) ,%'(, ,l'o (s.4) a{v.v) < lsk _.),.:(,,‘g', A6, a(s, t) '
Define a function m(x, v) by |
v (s, 1)
mx, y) —= 1 - § ' 3
(x. 39 1 2_,0 r;u b(s, £) o) mix, 0) = m(0, v) =1,
then
) . = (x,2)
m{x+1, v}~ m{x, ¥) = Y, b{x,{) —
o Tla(xf)’

and from (4) we have

mx4 1y 1) —m(y, v 1) — m(x + 1. v) - m(a, y) = blx, y) Mz 9)
which in view of (3) 1mpllgs ax, .V)

(3 Amg(x, v+ 1) — Amx, v) < d(x.y) m (x,y).

}Orrmll >th0<: (\ieiin(;tiolp _of m(}.‘x:. \'} we observe that m(x, v) < m(x, v + 1
20, v2 0. Using this fact in (5 7 e Amo (x. v d- ] '
Am, (x, v) < 8x, v)m(x, v+ 1), i.(g. }owe bave A (x, v ) —

(6) Ante(x, y+ 1) Am, (v, ¥)
- = < b(x: }’)
m(x, v+ 1) m(x, v+1)
From (6) we observe that
Am, (x, v4- Am, (v
7 s (X we lv, v
7 b Bta(Y ) bx, 3),

mix, v- l)_ m(x, v)

Now keeping x fixed in (7) ituti
~ kee 5 and substituting v = 0 , &
obtain the bound of Am (x, v)fm{x, v) suchihthxat Dt

Amyx,v) ¥
(8) ) < t%’o b(x, 1.
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From (8) we observe that

v-1
(9 m{x-1, ) < mx, y) ll + ¥ b(:c,t)] ,

1=0
for x 2 0, y > 0. Now keeping y fixed in (9) and substituting x =0, 1, 2, ...
.., x — 1, we obtain the estimation for m(x, ¥) such that

m(x, v) gzﬁ[i 4—05_:1 LIER t)] .

80 § =0
Substituting this bound on m(x, y) in (3) we obtain the desired bound in(2).
We now apply Theorem 1 to establish the following interesting and
useful discrete inequality in two independent variables.

Theorem 2. Let u(x, y), b(xy) and o(x,3) be real-valued nonnega-
tive functions defined for x 20, y > 0 and let W(n) be continuous, positive
strictly increasing function on I == (i, ), e > 0 suppose further that

the inequalily

(10) wix, vy € M 4 tg: :‘;Lbf_s, t) uls, f) + ii: :g:c(s, £) W(u(s, 1)),

is satisfied for x2 0, y 20, where M > 0 is a constant. Then for
0 <xsx, 0<ysy

z=]1y—1 -1 t—1 z--1 y—1
(11) u(x,y)gQ"[Q(M)-}a Y Zc(s,t)W(l'[[l+Z b(r,n)]ﬂ-ﬂ[l-}-;ob(s,t)}
g0t =0 ra0 n=Q =0 L
vhere
. dr
|,12) Q(f)':Sﬁ'(—'s). r 2 re>0,
Q-1 is the inverse fumction of Q, and
-1 y—1 =1 -1
a0 + 5 % o,y w(TL[1 + F o) <Dom @
smD | =D r=0 ne=0
for all x, y lying in the subiniervals 0 < % < %1, 0<y< vy of N.
Proof. Define
z-1 p—1
(13) a(x, y)= M+ Eo ‘Eo cfs, £) W(n(s, 1)), a(z, 0)=a(0, y)=M,

z—1 y-1
then (10) can be restated as #(x,y) < a(%, y) + Y ¥ b(s, ) u(
=0 ¢ =0

a(x, ) is positive, nondecr: asing, we have from Theorem 1

s, ). Since

(14) “(x! y) < a(x’ y)jlf«‘;{l +:$ob(sl !)] :
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Further, W{n(v, v)) < W(a(x, 1)) ”'(21--][1 4 ’2 b(s, t)n, since B is sub-

§= 1 i=0
multiplicative. Hence,

c(x, ) Wn(x) 21 v—1
Wz oo ( %[' + 2 b, ’D

Because of (13}, this reduces to

Aa(r, v4-1) - Aa, (v, v K
(13) il'(a()r..a-))l( n< e I ( UPIRE ”]J'
From (135) we observe that
Aalx, v+ l)_ _ Aa,(x, ¥) '
Waw a3 W, ) < ) ”(

x

(16)

'[1 + st r)])

Now keeping v fixed in (16) and substituting v =0, 1, 2, .., v—1, we
obtain the estimate for Aa, (v, v}/ (a{r, ¥)) such that

-

Ay, V) vEl
() e < Zeton (T 5 sen])
From (12) and (17) we have
| | ik b Lt s Aar(_x, }') _ !
Qfa(x+1, v}y — Qa(x, 1)) _“Sw 0 < T (7. 3)) < ‘go clx, 1) 1F
(ko[ Z b(s, n) )

Now keeping y fixed and substituting x = 0, 1 ..., x—1 in the above ine-
quality, we obtain

e I Al =1
(18) Ofaix, ) s QM)+ ¥ ) ols, ) u‘[ l Z b(r, n)
=0 1 =0

The desired bound in (11), now follows by substituting the bound on «(x, v)
from (18) in (14). The subintervals of N for x and v arc obvious.

We next establish the following two independent variable gencrali-
zation of the discrefe inequality recently established by Pachpatte
(8, Theorem t1.

Theorem 3, Lef uix, v), b(\ v}, and (v, v} be as defined in Theorem
2; and let alx, v; be as defined in Theovem 1, for which the imequality

(19)  u(x, y) < a(x, 3) 4 :Zo :io bis, f)[:t-’_s,i) Z Z c(r, n) uir, n)}

r—0 a»0

kolds for x> 0, v= 0. Then

T T cF T <
ON BOME FU NDAMENTAL DISCRETE INEQUALITIES OF THE WENDROFF YPE 89
5 ¥

(20) u{x, 3} < afx. «,)[ 721 VE bs, t) IL{1 + Y (b{r, n) + clr, n))“,

y=0 { =0 r=D |, n=0

0. ' -
Jor u]fi’rxoof S\?\ce a(x ¥} is positive, nondecreasing, we observe from (19

that

z-1 p-1 1'!(?’ n)
oy SN 4y T + Y% ) s )]

(.‘C ‘\r) gm0 L =0 : ( r=0 n=0

Define a function m(x,¥) by

z 1w} uis,t) ‘' u(r.n)
m(x, vy =1+ g‘, ‘5'30 bis, ) W) + rgo “go elr, n) ;(‘—r,)} 5

m(x, 0) = m{0, ¥) = i,
Tien o
v-! w(x, &) 1 =0 wir.n
(22) m(x+1.,v>—m(x.,v)2‘§0b(x.r)[5(x—‘t—)+Z %, clrum) o n)]

t=0n-{
and from (22) we have

m{x4 1.y + 1y —m{x, ¥ b ) — m{x 41, ¥ A mi{x, ¥v) =
v ulrn)
b, ¥ lu(z ¥) )

- elr. 1)y /—=1
a{x,v) ~ ¢Zo n-o a(r)

which in view of (21) imolies

2 Ly-—1
(23) Amglr, v+ 1) — Amg(x,3) < b{.\',}’){m (x, v ;,0 ﬂg v, ) m(r, n)]
If we put o
x 1"} :
(24 w{x. ¥) —m(x, ¥) + 'go "go e(r, n) mir, n), v{x. 0) = v{0, ¥) = 1,
then .
(25) vy 4 1, ¥) — vz v) =Am,(x, v) 4 ngo c{x, n) m(x, ),

amd from (25) we have . ‘
(26) Avfx, y+1)— Av(x, v) = dm,{x, ¥4 1) — Any(x, 3) 4 efx, ¥y mlx ).

A from (23)
ts that dmg(x. v 4+ 1) — Amdx, ) < blx, ) vy, V)
llr::f';n[(l:.b\f)a:i(:a\) fmx(n (24) in (26), wesce that the mcquaht\

(27 Agx,v+1)—A4 vl x, y) < [blx, ¥) c(x.y)] vl v

is atisfied for x> 0, y = 0. Now by following the similar '\fgumle]ntla;
in the proof of Iheorcm i, we obtain the estimate for v({x. v)., such tha
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a1 vt

wr, W< {1+ Y [6s, ) + cfs, i)]l. Substituting this bound on o(x, v)
8=t} Ledr -

in {23} we have

r—1 v—t
(28)  Am vy 4 1) — A (x, ) € b(x, ) H}T 4 p b(s,t)-}-r(s,r)]}-
e=) | =0
Now kesping v fixed in (28) and substituting y=0, 1, 2

veeny ¥, we obtain
the estimation for Am (v, v) such that

{29) Amfx, v) € :gn b{x, #) 'é}[l + i (s, n) 4 (s, n)].]-

A=

Keeping v fixed in (29) and substituting x =0, 1, 2, ..., x -1
obtain the estimate for m{x, v} such that

W

’

mlx, vy < | 4 ,20 vi bis, ¢} ']_[ b+ E [b{r. n} + cfr, n)}]-

Substituting this bound on m(x, ¥) in (21}, we obtain the desired bound
m (20). .
We now apply Theorem 3 to establish the following more general
inequatity which can be used in some applications.
Theorem 4. Let u(x, v), by, v), c(x.v), and k(x.y) be real-valued

nonncgalive functions defined for v 20, v 2 0 let W{(n) be the sume
Srunction as defined in Theorem 2, and suppose further that the inequality

z-1 y—1

w(v, y< M+Y ¥ s

a=0 I +~U

=1t -1

s, 1) -+ E Y. clr, n) u (7, n)] -+

re z=0Q

(30)

z-1 a—

4 0 X ks ) W (ufs, 1))

=) =0

is satisficd for x 2 0, v 2 0, where M - 0 is a constant. Then for 0 < x £ %,
0 vy,

x=1 y—~1
(31) u(x, v) £ Q '[Q(M)-L- Y 3 ks (PG, z))]_ P(x, »),
$m0 (=
where Q, (X7 are as defined in Theorem 2, and
-1 y—1 =1 i—1
(32) Pl =1+Y% L |1+ X b n) -+ n):].
80 =0 r=0 n=0 .
and
£~1 y—1
QM)+ 3 Y s, o) W(P(s. 1) e Dom {Q7Y),
=0 (=0

Jor all x, v lying in the subintervals 0 € x € xo, 0 ¥y < yp of N.
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The proof of this theorem follows by the similar argument as in thc,
roof of Theorem 2, by making usc of Theorem 3. We omit the dctzu!:?.
. 3. Further Inequalities. In this section we establish somce new dis-
crete inequalities of the Wendroff tvpe, invalving two nonlinear fum:t!ons:
on the right hand side. For this purposc we require the class of functions
s as defined in {12} . _ o
o A function L(D :][O. o) — [0, %) is said to belong to the class 5,1t
(1) @) is positive, nondecreasing and continuous for wz0,

1t

(i) l(D{u)g_tb N, v -0, vz L
' v v

Before giving the main results in this section, we first 'estahlish the
{ollowing Wendroff type discrete inequalities which are useful in our further
isc1ss1on. ' o
o Theorem 5. Let t(x,v), a(x. v). and b{x,y) be as :}stmed in Theo-
vem t:let @ &S and let H{u) be a positive, monotonic, m:mt‘ccreasm_g
cubadditive and submulti plicative function defined on 1, and [ 71 denotes the
inverse function of H, for which the tnequality

{33) w(x, ) < alx, ¥) + H"\(I) l_izn i:go b(s, t)y H(uls, t))” .

<
holds for x 2 0, ¥y 2

(34) w(x, v) < a(x, ) H‘[l + O (G ‘{(;(o:. - 15_31 v)j b(s, :)m .

0. Then for 0 < v < 13, 0 < ¥ < s,

3«0 =B
where i
ds - .
(35) G{r) —S TR
;-1 s the inverse of G, and
ol yu-1
GOy + X X b(s, 1) = Dom (G,
2~0 -0

v, v bving i lhe subintervals 05 ¥ € 33, 0 € Vs MW of N. ‘
. ”iﬂ’r}n.oﬁ St;im H s t‘.»‘,1111)-4(1(1ilivc and submuliiplicative. we have from
(33) =1 Il;‘]

H{n(x, 3)) < Halx, v+ m(z tLu bis, &y H (M(s,l)))-
- 50

Since  H(a(x, v)) is positive, monotonic nondecreasing and @ € 5, we have
T {u(x, ) D (21 "21 . g r))]
—_— 4@ s, ) =,
i (a(.r. _\')) = ' o0 t=tb ”(“(5- ")}

Define a function o{x,y) such that

(36)

r=1 v—1 11 ‘ !)
v(r, ) == go (;}) bs. !)—H—((%E—Z"—f“ﬁ ,o{x,0) = (0, ¥y} = 0,

then
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(37) Wx 1, 3)— olr ¥ o H(u{x, )
SNy : . ) v{x, v} = blx, Y ==

) {x. ) = (x, 8) Ha{x, 1)

and from (37) we have w(x 41, v+ 1) —o(x, y+ 1) —o{v 4+ 1, >
—w(v, vy = b{x, y) H(u(x, y3H{a{x. ¥)), which In view of( (38) im}:litt;
) Aoy, v+ 1) Ay, ¥< b{x, v) [1 + D (v(x, »)) L

Now by following the similar argument as in the proof of Theorem 2 we
obtain the estimate for v(x,y) such that .

o rccofow s & B o]

5111>ht1tlltillg tl”.h 1)01111(1 on U(t \.) m (30) ‘l 1 1) 11 .56 on

5 ¥ 3 k ng }I(d(\, )) 1 ( ) 1
thl ll&‘ht 51(1(‘. (111(] t}l ¢ [)ll I l()t S (4] O i“. ‘ 118 dL."-lLl
o ( ) en oa } 'tlnb( i l() } h ld N we })ta 1 d

Theorem 6. Leof u(x, V), a{y, y) and iy, y ] o
) -m X, V), Al v, v} be as defined in Theere
1; and II € S and suppose further that the tnequality define Rl

B8 un) < ate )+ 5 5 bs 0fws 0+ 5 b0, (. m).,

2= t=-0 re=(n=0

s satisfied for x2 0, v2 0. Then for 0 < x<x,. 0 v vy

=L

(9 e <ate |1+ 5 o £ B 4 3 % e ).

ﬂ.;wn. 3= (-0 g . r=0 n-0
. d
(10) I{r) = S - L rzore > 0,
s -- Fi(s)
i)
. . ) ) . r—1y—1
Evds the inverse function of E, and L(1) Y Y b, n) € Dom (£
) ) r=0n= '
for al{".r, A Iving 1n (Iu‘ subinfervals 0 € x £ xy, 02; v €y, of N
[he proof of this theorem follows by a similar argument as in the

proofs of Theorem 3 and Theorem 5 with suitable modifications,

We omit the details.

As an applications of Theorem 5 and 6 we establish the foollowing
more general diserete inequalitics in two independent variables which may
be convenient in some applications.

L tTg)eorerp.'?. Lot u(x.l\'). b(x.y), and olx.x) beas defined tn Theorem
1 let e 5 ,'lct h_’, {I be defined as in Theorem 3 ; let W be th- same
Sfunction as defined in Theoreme 2, and suppose further that the inequality

X ‘1 y 1 z—1y—1
(41) uix, v)SM + I tb(z,u Y b(s) H(n(s,t)))] + Y ¥ efs, HIV(n(s, 8)
. 2=l f=0 4= =0 ’ '
: i—r::f:st{a‘éd}f(: :5; 0, v 0, where M > 0 da a constant. Then for 0 € x <
w19y 1

(42) u(x. vy < Q! LQ M)+ 3 X els. 1) WO f))]- Qfx. »)

= (=0
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9
w here
z~1 p—1
{43) Qfx, v) = H-‘[l + @ (G HGO)+ X X bls, t)m.
g=0 i=0
inwhich Q, QVand G, G Y are as defined in Theorem 2 and Theorem 5, and
~1 y-1 x--1 y—1
Gy - % X b(s, 1he Dom (67, and QO -+ X X cls, o) W (@Q(s, 1) =
1=0 (=0 =0 (=0

e Pom (27,
forall x, v lving in the subintervals 0 € v € X5, 0 € ¥ < 2% of N.

The details of the proof of this theorem follows by an argument si-
milar to that in the prool of Theorem 2, by making usc of Theorem 5, We
smit the details.

Theorem 8. Let u(x, V), blx, 3), and c(¥, v} be as defined tn Theorem
3: 1 e S; and W ois the same function as defined in Theorem 2, and sup-
sose further that the ineqriality

(44)  w{x, )< M+ ,Zl uzl bis, 1) (ﬁ(s, )+ FZ] ‘El b(r,n) H(u(r,n))) +

1=0 (=0 r=0 =0
e—1 v 1
+ %5 Y s, ) W luls, ),
3=0 i8¢

s satisfied for x2 0, y2 0, where M = 0 is a constant. Then for 0 <

< x< X, 0 v v,
z—1 y—1

{5)  ulx, ¥) < Q"[Q(M) + 3 X cls, ) WK, ;))J. R(x, ¥),

where :

z-1 y—1 -1 1-1
(46) Rix, )=1+ X Yo NE 1[1;‘(1) + ¥ ¥ o, n)}'
=3 (=0 rm) ne=0
o which Q, QY and E, E7' are as defined in Theorem 2 and Theorem 6, and
J o1 v—i z-1 v—1
E(y+ X% Eob(r, n) € Dom (E7), and QM) + Y Y (s W(R(s) =
=0 '=0

= 7=

e Dom (7Y,
for all x, v fving in the subinfervals 0 € x € %, 0 V< M of N.

The proof of this theorem proceeds much as that of Theorem 2, by
making use of Theorem 0, and we leave the details to the reader.

4" Some Applications. In this scction we indicate some applications
of our results to obtain the bounds on the solutions of some finite differen-
ce equations invelving two independent variables. We belicve that the
discrete inequalities established in this paper may be used in the theory of
finite difference equations involving two independent variables in essentially
the same capacity as the inequalities of the Gronwall [37and Bihari
type [2] are used in the theory of ordinary differential and integral equa-
tions. To illustrate the application of our Theorem 4 we establish the bound
on the solution of a summary difference equation of the form

(47) A? Uy = f [1', ¥, “] o3 F[,\-! ¥ “"_Zl 'il }l(.".", » 5 L “)] '

1=0 $+=@&
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with the given boundary iti
Iy houndary conditions #(x = !
0. ‘where all the Tenctions ste dufincel o heir esmrcrive domaing o
), w mctions are defined on their respective domains of
definitions and . ¢ comains @

(48) Fflx, voo ]l g M, v) W (| u)),
{49) [ Fix, v, w, v} € b(x, M [l |+ v]]
(30) | R(x. v. s 8o w) ] < els, &) |u]

fer x2 0, v 2 ‘here 1V y
1::1 Theforc‘m' 7 1(;\ W l'u‘u"c W, b{x, ). cfx. y), and A{x, v) are as defined
, . By using the given boundary conditions, cquation (47) cau

i “ . 1vee 3
e tepresented by equivalent summary difference cquation

z--1 ¥—1

(51) w(x, 3} = g(x) -+ o(v) + Z z is, &, wis, t} ] +
=0 f=0
-+ .go ‘-ZU F -S, ¢, uls, 1), rz:;o Z—n ks, ¢, v, n, ulr, n))

IE Tg(x) 4+ le(V) ] € M (where i

4 lelv)| <. ere M >0 s a consta b ' 48]

: I=c mstant) th

{;19) and (50) in (5!) and then applying Theorem 4, we og:tainutlh:‘;:ng (148}'
e solution u{x, v) of (47). ' .

In concluding this paper w i

- el s paper we also note that the discrete i iti

LStdb}ll'_jh(‘}d in Theorem 2 and Theorem 8 can be used to obtain ltlllfcqil)gllit“{‘%

c;nHt e solutions of equations (47). when A = 0 and | k(x, 1, s, ¢ ::)I}(:

:;0 d('l'u |)_ (where f is as defined in Theorem 8) respecti;'el).' “under the
nditions (48) and (49) on the functions f and /' involved in.(-ﬂ)
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AN EXTENSION OF A FEASIBLE DIRECTIONS ALGORITHM TO
MINIMIZATION OF NONDIFFERENTIABLE CONVEX FUNCTIONALS

BY

. 1LIOL

Manv problems of mathematical programnng. optimal control, game
sheory ete. invelve the optimization of convex, not. everyw here differentia-
hie functionals. The  well-known  feasible directions  methods 10 have
veen intreduced  basically for  optimization of differentiable  functionals
and they are essentially lincarization methods. When nondiffereninble
conves functionals are involved. some of these methods can be ensily
adapted by using the directional differeptials instead of the gradients and
Jheir convergence can be proved under apptopriate hyvpotheses, Apparently
hese algorithms are not any longer lincarization methods as in the dif-
sorentiable case, beeanse the directional dilferentials are not lincar with
respeet to the direction at which they are calealated. However. for quite
a large class of convex nondiferentiable functionals, the minimizition
problem which has to be solved at cach step of the algorithm is still hinear.
Such is the case of some extremal-value functionals considered by W. Ho
gan 4. K8 Levitin [90 \We shall discuss some other examples
in the last part of the paper.

ln this work we consider an extension of an algorithm studied pre-
vicuslv by G, Zoutendi) kit and E. Polak (100 [ar con=trai-
aed minimization of convex functionals. for which we prove a theorem of
convergence and conzider some applications, In 2 previotts paper Fo.owg
have studicd another feasible directions algorithm for which the canvergence
was proved in a similar manner. However the present is practically more
eficient. because the number of constraints of the problem which has to
he solved at each iteration. is smaller.

Anoptimality criterion and the description of the method. Let Joi 8 —
— [, 7 - 0, | ..., m, be proper convex, lower semicontinuois functionals
Aefined on the reflexive Banach space £, such that there exists =
re E[Jdey < 0.7 =1_.. m) fer which the sct W) = (o= U)u(®)€
< Ju{iia)! is nonempty and bounded. Then the problun

() min Jo(e) -~ fe(n)

TeV

has at least a solution # = [ a W (.}, We assume also the usnal hy pothesis



