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W!t(l)l thcilgi\'cn boundary conditions u{x, 0) = g(x), u{0, V) = (), ©(0,0) ==
= Y. where all the functions are defined on their respective d' ains ‘of
definitions and v  ComainsE

(48) [flx, v, w) | < klx, ¥) W {|ul),
(49) [ETx v, wov] [ < 0(x, (M| +iv]].
(50) (v, vosotow)f<els, 8)]ul

far x20, v2 ‘here W (

i; Theorc;n 4, ](;,. W 1.1.(.1: 1, b(t vhoelx, v, and Ay, v) are as defined

i | v using the given boundary conditions, equation (47) can
presented by cquivalent summary difference cquation

(31) nx - Y - vy
. L) me@ F )+ B X fls bowis, ]+
=0 {wd
z—1 -1 -1 i—1
+'§) ‘NZ" Fls.t,u(s, ), Y, ¥ his. £, v. n, u(r. n)){-
rm0 B0 :

I 1 o{x) | + |ef) | £ M (wher i
It | | e(y) | <. rre M > 0 is a constant) the ' ]
{49) and (50) in (51) and then : ing The e T R
(19) and (30 “(.E' 3) o (417()n applying Theorem 4, we obtain the bound on
In concluding this W i

I 1cly s paper we also note that the discrete i T
est.llalll?ht?cl in Theorem 2 and Theorem & can be used to obtain ltllllccqilnggt“i:s
c;nﬁt 1¢ solutions of equations (47), when £ = 0 and | h(x, 1. s, ¢ u)[?(z
.?0 d('l'“ |). (where J is as defined in Theorem §) resrl)ect'i;'él;;'”un'dcr tl;:
conditions {48) and (49} on the functions f and F invelved in.(-i7)
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AN EXTENSION OF A FEASIBLE DIRECTIONS ALGORITHM TO
MINIMIZATION OF NONDIFFERENTIABLE CONVEX FUNCTIONALS

BY

¢ 1110l

Manv problems of mathematical programming. optimal control, game
sheory ete, involve the optimization of convex. not everywhere differentia-
Ale functionals, The well-known feasible directions  methods D10 have
Seen intreduced basically for optimization of differentiable  functionals
snd they are essentially lincarization methods. When nondifferentiable
Comves functionals are involved. some of these methods can be o vasily
adapted by using the dircetional differentials instead of the gradients and
heir convergence can be proved wnder appropriate hypotheses. Apparently
“hese algorithms are not any tonger lincarization methods as in the dif-
sorentiable case, because the divectional differentials are not lincar with
respect Lo the direetion a which thev are caleulated. However. for quite
+ large class of convex nondiferentiable functionals, the minimization
problem which has to be solved at cach step of the algorithm is still finvar.
Such is the case of some extremal-value functionals considered by W, Ho
pan 4. E S Levitin {90 We shall discuss some other examples
in the last part of the paper.

o this work we consider an extension of an algorithm studied pre-
vicushy v G, Zoutendi) k 11 and E. Polak [10- for constrai-
ned minimization of convex functionals. for which we prove a theorem uf
convergence and consider some applications. In a previous paper [F . we
have studied another feasible directions algorithm for which the convergence
was proved in a similar manner. However the present is practizally more
eficiont. because the number of constraints of the problem which has to
he solved at each iteration. is smaller.

Anoptimality criterion and the description of the method. [.et [, & —
- K1 0, 1 ..., m. be proper convex. lower semicontinuous functinnals
defined on the reflexive Banach space k. cuch that there exists #e®
=dv & E[Jdz)€ 0. =1 ..o [er which the set V() = fo = Ul o)<
< Jolua)! is nonempty and bounded. Then the problem

) min fuo{t) — Jel#)

vEV

Tias at least o solutien # = 170 W{n). We assume also the usnal hypothcsis‘
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[£%]

(2) = F, Jdz) <0, 1=1,2,., m

Now we can prove an optimality criterion for the problem (1} ex-
tending a similar resalt of Zoutendijk [11], whichis essentinl for
the construction of the algorithm.

Lemma 1. {“nder the above hyvpotheses, fo achieves its infimum on the
sel U at w = U, if and only of the relation

(3} min max fi (u, h) =0, Jor To(u) = 0L U 2 06, [ (u) = 0},
hes i€l (u)

holds for uny set S € F confaining 0.
Proof. The relation (3) is cquivalent to

(4) max {ji, (u. b, ie Lw}z0 ¥Yhek

because for & = 0 this maximum is obviously zero,

Let us suppose that « & 7 satisfies (4), Then, for any @ = 17,
02 Jivyz Jil)y < [ {0, v—w), =1, 2 .. wm. Therefore J{ (v, v—u) <0
for cach i & [.(n). 7 % 0. Then, according to (4), we obtain fo. (v, v u) 2
=20, Ve = (7 which implics thar »# is a minimizing point for Jf, on the
set {7,

Conversely, let # & [/ be a minimizing point for [, on {7 and sup-
pose that there exists 7 € [ such that Ji(u. ) <0, ¥1 & [4(t). Then,
according to the definition of  J{ {r, #}. for cach 7 & Ie(u). s 0, there
exists some 8, ~ 0 such that for 0 -2 = < — Ji(x, &), we have

O = Ji(u 4 8:8) — Jo(u) — 0, Ji (w, i) £ Oz,

where from [, (e & 6,4) < 0. For the other constraints f, with ¢ & a1},
the continuity implics also the existence of 8, = 0, so that [« + 0,4} < 0,
Therefore, for & « min {6, 1 ==1, 2 ... m}, we have v + 0 & & [, Since
¥ is a minimizing point on {7, the inequality fi (1, 94) 2 0 follows, con
trary to the above assumption. Hence that supposition s not true, so
that the relation (4) is proved.

Now we shall introduce the feasible directions algorithm of the form

(3 e Hy 4 dh,, =10, |

where for cach w, u, = U, 3, =0 and £, € I, with || 4, ! 1s a descent
direction of e at . For the ealeulation of 4, let us consider certain bounded
convex closed set S0 For any @ = {7, let us denote

(6) volt) = min max J; {z, x)
res iel(r)

and by x(#) & 5 a solution of this minimization problem. Tt i casy to
see that ve(») € 0, and, according to Lemma 1, the equality holds only
when 2 is a minimizing point of J, on {7, Then, apparently. a natural choice
for the directions 4, at cach iteration would be /i, = vo{te,)| | xa{ug) | for
which . (1, By = valig) [ ve(u,) | € 0. But this alternative leads to an
algorithm which may not converge even in the differentiable case [1L]. In
order to obtain convergent metheds, we have to introduce an e-perturbation
technique,
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Let 2 - 0 and denote, for vach » € (-,
i fw) = 10} 0 i Jde) 422 0}

(8) vy = min max f{. (v, x),
r€S i€li(v)
and by oy (¢ = N a solution of (8).

Lemma 2. /f v = U7 is nof a solution of the problem (1), thes there exists
= -0 sieeh that

(9} vy — e

Proof. According to Lemma 1.1 ¢ = [7 15 not 0 minumizing point
of . on {7, then ve(e) <0, Ttiscasy {o verifv that, with the notation (7),
L) = [, (@) for any ¢ > 0. Now, suppose that there exists 7 & /(). Then
for any 0« g —max { [(2)/i € Ja()} £, we have Ji{#) —¢ = 0. for
all v & Tu(). Therefore [, () == [u{v) and by (8), ¥, (v) = s{v) for 0 5 3.
[f our supposition is not truc, then fu(v) = 10, 1 ., mb o= [ (@) and yo(r)
- vo{e) forany 5 = 0. Anyway. for any & < = < min {§, — v(e)}, we have
v {7} o va{p}< — 2. that is_the lemma is proved.
For our iterative method we shall take as the direction A, al cach
x, which Is not a minimizing point of f, on {7, a solution t,{n,) of the
problem (8) for ¢=w, and for a positive ¢ for which v, {#,) € —=. Practical
procedure to obtain such a z is casy to produce. By starting with an . =~ 0

we have only to verify successively the incquality (9) for ¢ = 24 8. 7 =
L with certain 8 = (0, 1), by solving the corresprading problems

of the form (8). According to Lemma 2, after a fintte nmmber of steps, we
got to a g satisfving (9). 1f w, 1s not o minimizing point for (1), x{un,) # 0,
so that we can lake

Ry = xg (e )0 (1) 1

For the steplength x, > 0 at ecach iteration, on the direction A,
we shall consider a large class of procedures. Let us denote

110} v, — max {2z 0, n, - Nk, = (7L

We consuder also a sequence ju,tb of positive constanis {or which  there
exlsts a real positive function «{f) with the property that {4 can converge
to zero, only il £ converges to zero (aforcing function”), and satisfving the
incquality

I'l |) _ll?(”u) j“(”n ‘E" o ’,a) = k;'( J]{;'(lt“‘ 'Jf”)"

In the previous paper 5 we have shown that under appropiiaic hypotheses,
which are given i the next scction, many practical procedures can be
deseribed for obtaining sequences [u,! satisfving (11) © the maximal de-
creasing procedure. the approximate maximal decreasing, extenstons of
the Goldstcein's and Arm 1jo0 "= algorithms. Then for cach ite-
ration #, we shall {ake

(12) e = M v, i,
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providing that all iterations belong to the domain {7 of the constrainis,

The convergence of the method. According to the previous scetion,
wu enn consider now the following atgorithm which we shall call the extended
Zoutendijk-Polak method :

Step 0, Chooscr, = {70 2y
put a4

Step 1o Put e, s Ze.

Step 2. Solve the problem (8) to obtain v (@), ve(v)-

Step 3.0 I v (e) € — = take s(e) o o=oput A, o (e
£o 10 Step 6 otherwise go 1o Step A

Step 4. 1 e — 2y solve the problem (6) 1o determine volt) and go
10 Step 5 otherwise put = = 8g and go to step 2.

Step 50 H voe) o 00 stop: otherwise put ¢ - 3= andg go to Step 2.

Step 0. Caleulate 2, by (12)0 put .y = 1t = 2y B o+ Land
go to Step b

The positiv integer £ is taken so that = = 6% he quite small in
stch a wav that we expect to have practically ve(n,) = 0 when — 2, -
ag (i) < 0. In that case i, is a solution of the problem (1) and we reach the
stop at Step 5. Except that case the algorithm is infinite, so that we have
10 prove the convergence for obtaining an implementable algorithm by
ctopping the caleulation after a finite number of iterations.

Theorem. //. in addition fo the previous asswmption. for cachr = 0.1 ...
m. e siuppose also the hvpothesis:

0. 5= (012 ¢ Sn P el

A (w) | and

0. 0<% - o

i

vz -0, 33,(¢2) i) =0 < Jilv
Jiw by = s Ves W), Yhs E R

(13)

then. for the wterations i, given by the cxtended Zoutendijh-Polak algorithm,
one of the following heo alternatives holds .

(i)} for cortain n. w, Is a solution of the problem (1) and we reach the
slop al Step 5

(ii) cwery weak accumidation poini of the sequence 1, 15 i solution of (1).

Proof. Since u, belong to the bounded set {7 n H{wa), there exist
weak accumulation points of this scquence,  Let g -1 Lea weakly
convergent  subsequence,  Since Ju is convex lower  semicontinuous,
Em inf Joli) = Jo(irt) = [o(nr) for any solution u of the problem (1), The

Nl orw
construction of w, provides that the sequence { fu(m} is deercasing.
Lot us assume that ¥ is not a minimizing point of J,on {7 There
exists then / = R such that

{14) Jolity) = Joley =1 = Julm). Juo(z) = L

Let 8&(0, 1) so that, al w=07 4 (= bB)u, Jolwe) - 4. Since Jy are convex
and becanse of the hvpothesis (2).0 = J(w) = [i{weg) + Ji (e — 1)
for i=-1. 2 ... m. Alsowe have 00— o (1)Y= Jo(w@) Jolttw) = fo (e — o).

For max 4 — Jo'). o). Jolw) oo Julwe)) = 0, and becau-
se 8 = (0, 1/2], we have, with = = B, Jo iy, w—u,) = <. Also, for
any 1€ f () 1# 0, Jidug, w® - g} £ Jw) — Jouy) £ — v + €
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£ A - But we alwavs can choose S large enough  providing
that w — w, = 5. so thal, according to (8}, we have v {ig) £ — =
that is, by virtuc of the algorithm. & (i) = = - 0. Thoretore

(15) Vet {u,) < eli,) s -,

Henee

{16) Jo (s Xp (Ha)) € T 0

and

(7 Bt dgu(ita)) € — 7. Vi E Leu(tta). 12 0.

Now, et 1§ = Lya(n,), ©#0. According to the hypothesis  (13),
for 0 = & = 8{</r) = g/ (where 7 is the radius of the smallest sphery con-
taining 5}, we have

jt(”ll' } £ hl’l') = _l!’(”u") 1 F‘_ltl (“n' -4 F'h'rr'- k‘n.} < _/l[”n"n' ':"

4 p(./; b ) £ )

Then, since || Yy {1, | € 7 and by using the incquality ({7}, wv obtain

[ Xegnpo () 1 — 7

I8 Aty ol < ) 4 g7 ——— —
( ) / ( P ) [r( ) 4 2 h 'l".s("”-"(“n') ”

If now. 1 & o {ite). de. fuluy) <= clun) S — 7 because of the
continuity of /., there exists g =~ 0 such that 0 <o g tmplies
Jetahy) € Jlua)+ sf2 € =4 <f2 =j2 = 0. Therefore, together
with (18), for any 0 < z = min fp. 7 = 1, 2, omb o g, [ilte o s hyd) <

< 0, for @ 1, 2w s consequenc

“()) v, 2 on - 4.

H

In the lust part of our proof we show that

120) l'nn Jofiy . Vg alig)) = 0
n ooy
Hry e € v the convergence of the decreasing sequence i Fali)t
and the inequality (1) imphly dime o (e, b= 0, where from (20)
n'—r

follows casilv. because | vy (i) < 27
COU hae o v o uy. the convexity of f, implies
vy . _ . _
.l"(“ﬂ") .j"(“"' ' hu') 2 — (.I"‘_”n’-‘ - _]"l.”u’ T e ku" .

My

By virtue of the inequahties (11 and  (19) weobtain lim (= fo Ut Jige )

[

- 0, which leads 1o (20} as before. Therefore the lmit {205 is proved ia
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any possible casco But this s contrary Lo the mequaliy (1650 Henee our
supposition (14 1> not true and that implies the conclnsion of the theorem.
For the nerm-convergence of the sequence” n,, additional hy potheses
st be supposed, like the compactity of {7 or the uniform convexity ol fu.,
Applications. The algorithm can be applicd practicadly onlv to convex
tunctionals satistving the follewing two features
() the directional differentials satisfy the uniformity hyvpaotheses {13).,
(i) the auxiliary problem is refatively casy to solve at cacly ite ation,
Joth these conditions depend on the propertics and simplicity of calen-
lation of the dircctional differentials of the functionals which are involved.
The hypotiresis (13) is quite difficult to be verified in the original form, bt
can be replaced by the slightly stronger and more convenient condition

oo 3 3,(e) 0.0 n <8 (s)=>0g [i (v 42nh k) —

(21)
— Jio(eo by e Ve o= Wlad), Yh o= B0 b= 1

or by the uniform directional differentiability of the functionals [, (seu
(3, Part I1).
The auxiliary problem (8) is equivalent to

(22) min v o (e V)< o 7= Lfe), xo= 5= v {e)

which is o problem of minimization of a lincar functional on /730 K. subject
to some constraints, The convex hounded set S is arbitrary. so we can always
choose it sueh that, the belonging to S involves only linear constraints.
For example, when £ = A" wecantake S = {5 = (s'. s~ .. s, Istiga =
const.!. The other constraints from (22) are generally sublinear. But for
many conves functionals. the computation of the dircetional differentials
is o dinear optimization problem. In fact, in view of the relation
Jide. My =max { = h = Ve @ o (a).

this 1s true whenever the subdifferentials o fi(2) arc lincar polyviops.
We consider now smme special cases.

1y Let f, 0/ = R be convex, Gateaux-differentiable functional. In
this case the hvpotheses (13) are equivalent to the uniform continuity of
the gradients of /, on W (ia). The constraints of (22) coneerning the directio
nat differentials of /. are hnvar, so that the auxiliary problem (22] is linear.

2) Let £ bea Banach space. S a compact topological space and 1 [
© S — K convex. uniformhy directionally differentiable with respect to
s = S, far vach v = FE. Let us denote

(23) J{x) = inf {f{x, 5). s & 5}

and No o s € 8/ f(v. sy~ J(a) Then f:FE - R defived by (23) is
aniformlv direcnionally differentiable at every v e I oand

i24) Jatas by = inl {fz (v 55 h). s € S

isce 8 . Theorem 3. Chap. 4). The most interesting case ts that when
it Frmatioan e b e eantinunancde differentiabile with resneet to both va-
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siables, Then the direetional differential of f is computed by the optimizatien
probiem
’ | . -~ - . o — t
Jo(e, by = min | < grad, fly, s). o [ grad, flx. s} = 0}

If the consiraints grad, f(x, §) == 0 arc lincar with respect to s, we obtain
A linear optimization problem.

3) A more sophisticated case is that when in the previous example
the compact set S depends on v, especially via a coliecnion of m.cqua‘htlus
S(v) Iv & Nglv. s) € 0!, where S 15 a compact lincar topological space
and g:o k2 S = RMO W consider

(25) Jxy = inf {f(x. s)fs = 5. ofx, s) < 0L

Such a funetional was considered by W Hogan 747 in a finite dimensio-
sql setting., Ff /0 g are convex. fower semicontinnous with respect <o bhiath
ariables. then [ s also convex, lower semicontinuous 161 Also the diree-

sional differential has the form _
26) Jo{v s Ay = int oy s ho )l oe H{v. s). s = Sal X))
Slatx. ) L0 fxos) = J{)) and H{x. s)= e S feali-r

where Se(a)= {s < /

whos AN <00 s hase S, forsomed <7 . In Oy we have pro-
wod also that the hvpothesis (13) 1s satisfied for the functional /.
Ahenever the function f is uniformly directionally dif_f(:runtlalblc On Cvery
compact set Hwe assume [ oand ¢ (3:‘1Fcaux-cI}ffcrunlmh_lc with uniformly
continuons gradients on B (). we obtain for [ (x. A} a lincar optimization
sroblem with linear constraints (see {4]) and the hypothesis (13} s .\;atlsfsf'd.
o0, The minimization of such functionals arises for example in connection
~ith some cconomical problems, like the coordination of two-level organt-
zations with multiple objectives [21.

4) Often the functional to e minimized or cven the (‘()n‘iraims are

sublinear functionals. Especially when a Banach space nori Ny - |
i< involved. asit is well known

il - - I R e e . - . K3 RN P T + ||‘
N (v, h)y == sup { Sh a7t A B Ny R R L

where £ is the dual space and [[-fi is the norm of I:‘..'I'hi:; is.a mu
ximizing problem of a lincar functional subject to constraints \\'hu;h are
also linear. vxcept the last one. But, i many cascs. the constraint || ¥
= 1 is also lincar : for example, when [ L(S). EY = L=(5) it 1s equiva-
leat 1o x(s) | < 1. a.c. on 5. Therefore our algorithm could h}~ applicd
o some {riction problems constdered in 3. Of course, f(?r m.unm'l(‘nl treat-
ment of such a problem. we have first to apply @ discretization procedure
in order to obtain a finite dimensional approximate problem. -
Other examples of nondifferentiable convex functionals for which
our method can be used, were considered by E. S0 Lev itin 9 who
has developed also many applications to optimal control, minimax and
nonlinear programming.
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SUR LES VECTEURS ET LES DISTRIBUTIONS DE KILLING
ET LEURS EXTENSIONS

PAR

GH. GHEORGHIEYV

1. Introduction. En vsaminant beaucoup de modeles  géométriques)
atilisée dansles théories unitaires des champs physiques (voir la hibliographic)
on arrive i fa conclusion, quon doit admetire Vexistence d'un ou de plusicurs
Champs de veeteur de Killing orthogoniux sur les varictés pseudoricmanni-
nes, ce qui nous a conduit considérer les distributions de Killing  (36).
Aprés une expositin suceinie de 1a méthode des coordonées non-holonomes
ot orthogonales sur les variétcs de Ricmann ot de Lorentz (§2). de meme
que eclle du repere mobile (§3). on passe & I'étude d’un champ de Killing
cénéralisé et dlautres extensions (§4). apparus de méme dans la théoriv de
Ta relativité sous la forme du mouvement rigide de Rosen-Rayvner
(97 ; icl sont inclus les vecteurs de Kilting, le cas conforme, ainsi que cuelud
de quasi-conformité, Dans le §5 on détérmine tous lus invariants ortho-
gonaux 'un champ de Killing géndrique ¢t on établit la liaison avee la
courbure Frenet de ses lignes vectorielles et avee torsion de non-holonomie
de Phypersurface normale. Ensuite, on étudic une p-distribution de Killing
sur une varieté de Riemann et on démontre quelques propriétés. comme
par exemple @ la distribution de Killing est localement svmétrique tandis
que sa distribution complémentaire est totalement géoddésique, en étant ausgi
Dealement plate (§6).

Enfin, en suivant le procédé appliqué au veetear de Killing, on es-
quisse quelques extensions J'une distribution de Killing qui conservent
ausai les inclusions offectives (18) établies au §4.

2. Sur les coordonnées non-holonomes et orthogonales. La méthode
Jes coordonées non-holonomes a 6té initiée par E. Cartan. T.Levi-
Civita ¢t Gr. Ricci au comencement du sicele.

Soient. M — une  variété  C=-différentiable, Ty et TH(M)
les fibrés tangent et cotangent de M, et, encorc, (M) — le fibr¢ principal
dus reperes de M. En chaque point ¥ € M on considere les reperes linéai-
res duaux. (X)), (). 1, 7 =1 2, n= dim M, dans les fibres locales
T M) et T3(M). Danslecas d’un repére naturcl qui conduit au coordonées
courvilignes ou holonomes sur M. on a: X, we 3ixt, ! o da?l ot (1) sont
Tes coordences de x. dans un charte locale autour de ce point. En général,
dans le cas non-holonome, les crochets des vecteurs d'une base  sont
par donnds



