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Une derniére remprgue, Lexistence d'une distribution d. Killing s
une variété (1. g). avant b propriceé de Jeenle svmétrie, indique Iexistence
d'un groupe de mouvements quiagit sur A Adnsi én arrive 3 un nouvel aspect
d'un vieux probleme de la classification des varictes (R} sclon feur groupe
de mouvements, La possibilité d’évaluer les invariants orthogonaux d'unc
distribution (K) permet d'entrevoir des nonveanx nmovens d'utiliser en ce
bur [t

Les géndéralisations faites aux vecteurs of distributions {R) vt sutiout
le cas de quasi-conformité, indiquent des nouvelles perspectives d’¢rude,
Les extensions sur les variéés {(£) peuvent dre utiles dans la théoric uni-
taire des champs physiques 3, 18],
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1. POP

In this Note we consider the notion of bicofibraticn which is dfg.c‘lslﬁ—
ralization of the topological sum of two spaces; 1t includes thc;. ]’(])‘lln-(; ;t(lr;--
plexes and it is dual to the notion of bifibration defined In {1 - 'f]'tl :'L{i N
Sult is used to construct some bifibrations and some sfmple bifl JI(E:.{ (llm

1. Werecall from (1] that a bifibration is a pair (].\: 1.3;. /']"i’).‘,,},nr e
rewics fibrations having the same total space X :‘..n(‘-?su':.h"t E}tl ;;“0“ e
fibraticns there exist two lifting functions 2., As satisly ln.b ¢ tollowing
conditicns :

Prdalva o) P and
j’: ll(r:, ) == Pi(.\ 1),
voro= 1, 2.

forovery (a, o) € Q,.', = {{x @) € X ow Die (0) = fg(1¢)5 _ T

1f the fibres of the fibrations and the total sp;u(':‘.\' mf} to(nﬁm;\( w.(i
lneally path conneeted and the hase spaces H,'V-GI.IU lmulﬁ ‘]lm_i In(nécltcd N
and semi-lecally !-conneeted, then the 1)1'f:_hrat1.on is u}l l;(. tl. ek {q '
connerted bifibration is called a simple tlnf}lhr;tlgn l;; i (1))):) nofatthe) 15
discrete subspace of X, for cvery points b Be
- 1Ll}‘::ef:lrlzllz;’cl)ll.‘-({'siilg arbitrary hu;]n_otopi s, the 1101_10}1{ of 1.-1!1._1)=r‘1|tl£.-)*1 i:zu’:
be given as follows : A pair of continuous maps (Y, .,."g’n.).l(} j’-‘}’ * \
Difibration if for any topeicgical space ¥, any Lonllmfotu;‘ ?1: 10) B ;{;.f(\")
and any homotopics I7y: ¥ 1‘ - {35, 1 ],'2,.511(‘}1 tl};l B i})ih-rt = Py,
there coxist two homotopies Gy ¥ X ] - X.i=1, 2, suchthat:

{2} Gy, ) = f(¥), YyeVY. i=12
(3) ?51(;1'=F£v =1, 2,

p2Gily, 1) = Fu{y 0) = pof(3),
piGofy, O) = Fi(yv, 0) = pa f()),

Ay g ) - Y x I. » . . -
o e\]'t‘l"}wn(};/,rf)l.cl,ct (X, B, PpoYior . be a pair of Hur.l:\\'lcz flbrz:ltlff?nsa \1\’)3
consider the continuous maps f; @ X1 X X, — f'),. i 1. 2}3 u‘a)m(e_1 2);
Pilxn, wu) = pi( %), for (i, ERE-R T AP Then the pair (X = Xa. 5y, (=1

&) _"'. . : = PN ‘.‘.i'_ A’- 1.= l, 2 Con-
i¢ a bifibratien. If p, arc covering  projections, h A,

()

(4)
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2

nected, Tocally path connected spaces and with £,
nected and semi-decally -connected spaces. then the
simple,

letnow poo k= B i - 12 be two continnous m
that the spaces B, are with Lase points &, ¢

£

Definition 1. .1 pair (1. I, Pio Ll as above, is a locall v trivial
ibundiy 1 il consists of o locall v trivial hundies Raving e triviali=alion
atlases (11 of) 10 o 0 170 l',‘. = PO satisfying the Solloiciny con-
ditions

b, 2 locallv path con-
above bifibeation i-

aps. We suppose
Y2 Let us denote s,

PP, for cvery (30 hy e [ foL.

(5) Prgt(vt At
PO ) - py (B, for coerv (a2 MY e i

Py
Example 201 jn the Example i the spaces B, are with buse
and i (X0 By (No Ba pa) are locally trivial bundles, then the pais
(Vo N Boopyr=—=1, 2is a locally trivial bibundle.
In analogy with the Corollary 2.8.14 of 2. p
foHowing theorem :
Theoreml. 7.0t () 13, p,. E W= 1.2) be a localiv irivial bibundle forwhich

the bases By are Hausdorff paracom pact spaces. Then the pawr (1, B, pMi=
=12) is a bafibration.

2. Let fir Xy = X, 7~ 1.2 be two continuous maps.

Definition 2. 1¥'e suy that the pair (Nio No fi)ecrs 25 a bicoftbration. if
Jor any topological space X any continwous map g: X — Y and anv homoto-
Pies Gir XNy X T < Y, satisfving

(6) Golxi, 0) = gfilxy), Ya, = X, 7 1, 2.

there exist two homotopies F,0 X > | o ¥V, |
lowing conditions

points

B3 one can prove the

Lo 20 which satisfy the fol.

{7} F{x, 0) glx), Yaoe XN 1, 2.
{8) Fo(f(xy), =Gz ). Vg e Xy d =12, ¥/ = I,

{9} Fa(falxa)d) = Ga(xy, 0) = glo{xs). YV v.e N, Vit €1 and
Fa(flx) ) = Gi(x,, 0) = ghiv), Yo, e X, vie |,

Proposition 1. /f the pair (X,. X, Shiav s s a beeofibration, then the
maps fi: Xy = N, 1= |, 2are cofibrations.

Proof. Let X be a topological space and let XN =Y G N, v ] oY
be continuous maps such that Gy, 0) - gfi(x). We take in Delinition 2
(;',_v G and Gy, 1) = gfa(va). V{xa )= X, x 1. Then, there exists F, :

“X 7 = Y such that Fy(x. 0) g(x) and Fi(fy < 1) — Gy, that s /) is
a cofibration.

Proposition 2. Let (X,, X, fIE=1.2) be a bicofibration and let X, be
path connected spaces. Then f(X)) 0 ful(Xs) — .

[$
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Ists v thi Y = falva),

'y Suppose there exists v € X suh that f{(“‘_‘ '

5o {'mt}ﬁ_—_"lllp‘; Let ¥ be an arbitrary path conneeted space ‘u[;d lc(t
;_.‘ v : I - ¥ be two homotopics satisfving (6). From (7). l(h),wl(]i){h«is,
obtain Gi(xr, ) = Fu(filx), ) = Fu(falxah. ) gfalva) = gfilw),
impossible since G, is an arbitrary homotopy. B o
Let (Xo X, fodiorne be two cofibrations. Donote by Ay th(;' SI‘.d(\:h\O w[

’ : i- : ! -t - LI - N v H -‘ - = - A}
tained from the sum (Y, X .'1')2 (X > 0) identifving (xq, 0) ¢ X
with (f{x), 0) € X x 0, =1, 2 ' )
0 if(t 3/ -\ w I = X, be retract functions for f,, v = l, 2, that is

7 S ; . P .

r, arc continuous maps with conditions:
rix, 0) = [, 0],
rfilx), ) = {ve e £ 12,

"1 denotes an element of the quotient space X ’ o
uhereTh,é(‘)rg;;lglfv: ;)21; (t.{]-]‘ X, fi ;.(.i—1’|2) of cofibrations is a bzcofz.b;afzoz»‘z. zf
wmnd only if the 'mups fi have two refract functions ri, {1 1,2y which satisfy
the /o!f.ozuing conditions

A, 0 = ), O = ndfle, 0. ¥ 3 = Xoy Ve € T and
rz(-fl(.‘(l)‘ f) = {f:(-'\'l)- ()}2 ) r2(f,(‘-l)' 0), Ya, = AN, Vi = I.

i, N 3 2, be the pair of continuous maps
Proof. Let (X, X, [ .], 2, be th ~conth 1 -
with the retract functions #: XN < [— X, i =1, 2, satisfying thc con
ditionis EIO). ‘((”)' Y G.:X, % 1 =Y, i=1 2 he continuous maps sa-
L2 g:.—> FN W T<.’ ) = ,‘.t
tisfving (6). We define the maps Ge:Xi =} __1)_\ O (.[_r,, t];) “(ff(.\:,thl
: ‘d (F:h()e 01;) = g{x). Then, the maps I, = (Gyor, 1 -—-.1,. . verify
m li'lil:w.']s'(?'d (S)b'(.‘if:, that is the above pair 1sa })lCQfli)i?ElOI;:l .
S LRt.:ciproi:éll\- 'supposc that the pair (X .Y, f,)_¢=1.zclr% a {-lco i } \'.
33 - v = 5 e a i N 3 X - X,
e fine L {S":z\""\,(:n.x\],\['—"kh 5.1.‘2 : :
- ;1‘(’?)“1 t{*:_l Ohe Caslives 8) = [n, B Galxn ) = pfalrs) = - O
":1’ f)lefixliticﬁ,Z it follows that thert exist two continuous maps 7, :. .
A J o X,and rp i XX > X, such that r,(x, 0}= g(x) =%, O]h(),il(fi—'(\f;a:
)= Gu (3, ) = [ 11 and 7 (/s (), )= Gu (3 = (). O Ani
logously, by taking the maps gs: & =X, Gt X1 X -»O z,G 221 ;)=
> I — Xg dCfinCd i)y gz(.’;) == [37, O]:, Glg(xl, t) = [:fl(xl), ]1; I.I }:, that
= [., t]a, it follows that there exists a map 7a: A X I_—+ A(,:,( )hu%}
(s, 0) = [%, Ol 7alfe(xa), ) = [xa tha and 7alfilx), 4 = [Alx), Oy
ra(x, pro_pos-ii:ion_‘& Lei Xy X be two topologrcal spfzce_s an L evlf i‘='
be their topological sum. Consider the imclusion maps e .b.?fx, —-; ;at;'on X,
= 1 2 ]‘keﬂv. ?‘h(’ fJai?’ (}(‘, 1\'| V_x\ a3, f()(_]_.: 185 ‘a- ICOj:t X— 5 I) VIX
’ P.roof One sces casily that X, can be identified with (X, % A
and X, with (X, x I) V X.. Then we define :
roc(XaV Xy x I (G x DY X.

?’g:(‘Xl A 4Y3) * I - (Xg X I) vV Xl,

(10)

(11)
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v ry (v, ()
(¥ .
hese functions satisfly Theorem 2
i'\)l(}rt' generallv we have : '
roposition 4. Lt /0 X ==
the maps fi: X, - X} P a2
the pair (XN, Xy X;. [ ]
! <, «bg ¥ uAg, _/1)(..1_2 s a bicofi ]
Fhe proof follows Ly Theorem .;r{frhmlwn.

L.

joan

Roe A, Ky VR U {5 Y osafss @ Ky osp o= Ry
3 AT

L‘.'f . T — - . .
the fair if;\ l\}" I-I\l *-}\".;' = l', 2. be the inelusion
Froof. i{- Vix Ka L f) (.‘=1-‘2) s a bicoftbration
T v the proofl of Corollary 3,24 of [2 (3473
lere exist two retractions : ' 2, po 1340 1t follows that

maps, Then,

I N N |[\';* Nyio .‘n:, oA
. ! [

stich that » (v, / v, f 7 i '
Axp ) - (v 0} for i j=1.2 j#7and VYV, & K.

Now, let the commutative diagram :

| . B B z
Ky —— |K » Ryl |K ]
. £
1 (s, 1 I
N - T2 oo
A Y ] e } D |]\2|:_<[

We define ~ i .
¢ (()(hm 1!111( maps G, Ry Kol 5 100 U (K % [ = ¥ by Gz 0)
o(z), - = O . . . . d i 1z, -
. ::; 2 .[_]h.n\) ’Zi,\'x and f:;(.\.‘. /) = (:‘-(_1‘1.‘ !)! {or (-\'4. 1) e I ‘- I,
RO . 1eomans T oae - : ’
of Definition 2. ps Fi = r oGy satisfy the condition (7). (8), (9
NO\\' W u‘i\‘(- an ¢ - T R . .,
the ])T(’!’Oﬁiti();g o ;«1 nple of bicofibration which 1s not contained in
Fx 3 I
(I?H/J)]( g l.(t ,\ [ ’ (),l . _\'1 '([U ijl -\. },1'3 5 31 ’lnd
b f . =1 < N

et/ XN, = X, 1 : z
el -t 1. 2 be the inclusion maps, T ) : 8 .
ian 1, 2. [E 0 bicofiiFkiiah : maps. Then, the pair (X, X, f),

! ac : -
n fact, let the commurative diagram :

i . fz

-.15!1 EI i/} 2131
i P
TRy L L . i
1”,-}11 - Y . {}‘!‘3 ll"‘i T

h((;’t/; k(l)‘;t:r:!(ngi(l(’t‘lﬁ!l ot L = e Qu 0, 1E oo T, such that 7 (13,
o ] "’AY..\i‘hc!c‘ ;13 ](3!36 (l!J).{Ovij;E [f Thih we define F, — k, ol‘;; :t} “
NORR( A =Tt N A5 Xl =Y s defined Dy : -

s (0, 0) = G0, ), M(1, ¢y -G (1, ). We hm:_ }'_’3(!”’6()1-___.(;)(1)

{] !) ¥ - "
b, ) rvs, ) =uvoand respectively r{ag. 1) = vy, rufy "
g , el Vo, M=

Zobe o coftbrations. Consider

Ny defined by [ (x3) = filxg). for v, € X, Then

p L DA .
roposition 5. Lot N, N. be lwo simplicial complexes, Consider the

RICOFIBRATIONS

IOV R P A € and  £(f 1) (L3 )= K (0
B3, 0) = g (13), V= oand F(fe {213,
Analogously one constructs frotf - I — Y.

3 Theorem 3. lof (Yo N, fi)ian: be a bicoftbration wilh N 1,3
and X Hansdorff locally compact spaces. Lot ¥ be an arbifrary topological
space. Then, the patr of fibrafion (Y7, YL p (1, 2) with pi PR R
defined by pdg) = gof. foir o & Y2, p. 130 18 A bifihration,

Proof. Lot roo N < [ — N 1, 2, be retract functions for the
considered  bicolibration, satisfving the conditions (1. (11, Then, dor
the maps fi we define the lollowing lifting functions:

L0 hor (130)
Py g (23, YOeE L

nio = (Y ¥y, where

(2, == lge () = YT X (YXHIG ) = gie fur.
by ‘
(12) 2 (2 GO = (rae yi{x, f), where
et X, — Y. = 1, 2, arv defined by
(13) wlfxe. ) = Gdt) (v} anl
TRGETRL IR EEAN

Then we have:

pada (o, Gl = Melgs, GO o fu which 1mplics :
(e koo e GOON(xs) = r (v, 1) =l felra) 013~ gufelvs), that 13
P2 talgn G ~ gaofe palgn). for vvery (5. () Q. and any (= L.
Analogously one proves the cquality pr s (g2 Ga() = pi(ge), for every
g G2) =4, and any [ I.

Corollary 1. Lot X bea topologicd s pace and el po s XU = X pot X' =X
be the maps po{w) = o{0), P (o) = w(1). for a path o = X

The pair (X7, X, pY (=01} 15 4a bifibration.

Proof. Let fo: {0} — I, fisaly =1 be the indusion maps. By the
Proposition 5, the pair of these cofibrations is a bicofibration. Using Theorem
3, for an arbitrary topological space X, it follows that the pair of fibhrations

v = x{Oh Po NG ___P_'.__ L xitt= X

with py{w) — (@ o f)(t} = & (1). & = p, 1, i= a bilibration.
Remark 2. The bifibration of Corollary 1 (which can he eatlul the
Lifibration of Serre) has the lifting functicns:
(14) rofor, M) (o T4 0ty for o g = X1 with eft) = B,
' aafw. 0)(t) = {ox D)y f0T 000 B 5 NTowith w1y B{0).

where for a path w: I = X. we denote by uy the path e {f) u, () nad
wobis the path 2 ey = (1) The contin=ity and the fuct that thesc
maps arc lifting functions are wellknown, Mereover, v have
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M :((u, B.(l) ((" " 0:(:‘:—1;/2 (1) (o0 "% 0\(:-1 o(0) = Y0} r Analele stiintifice ale Universitatin Al L Cuza” lasi
i) (U} = w(l}) Ml amld Tomul XXVI, s. [ a, 1980, fasc. |

Po b (. 0)(7) (o % B)yypys (0) = @{0) = po(w).

o ({lr.lpg the bilibration of Scrre for a suitabl

A braln some  simple  bifj t an anals
s ifibrations by

G obtain so _ : s by

he construction of covering spaces, 1

For this, il

L-connected

topological space, we
analogous  construction to

snulti-h}m];tlud (IU‘II,I]LIL[L‘(L locally: path connected, semilocally
group 11,(X). Denote ]E\‘ \_"Pt‘tlu‘. _cr‘H be a subgroup of the fundumcm.l)l
pect to equivalence relation quoticnt space obtained from X7 with res- NORMAL ( R-SUBMANIFOLDS OF A KAEHLER MANIFOLD

o ' e /] ])1-(L relation © o ~ o' iff w(0) = W' (0), w(i) '(] £ \i
and  Jer ‘ﬁ g -\d'. :\—m’l'l h: i the cquivalence class of & ]m[h' ) )c.‘“‘t'(r B
wl0) 'mr;-:_ =X, /N =X be the maps defined by p"(. o -
and py (e ) efl) respectively, 0 )

AUREL BEJANCU

Theorem 4. 7. =» A
Iroof, [-:[ Phe pair (X, pr X)(i=0, V) is @ simpe bifibration ‘? The study of differential geometry of ¢ l-submanifolds of a Kachlet
. 0 it - | manifold has Leen initiated in © Fundamental results have been otained
R T L A S PRI T J ey | {0} and o 1. [ i TR i '
O e T _ o 'he purpose of the present paper 15 1o study normal ( R-submanifolds

' ' ) A ND{0) = (1)) ( of 4 KWachler manifold.
We consider 7,0 Q7 o X7 J In §! we derive some fundamental formulas for a CR submanifold
~ v A, 1 = 0,1 by immersed in a Kachler maniteld, Tn §2 we study normal € K-submanifolds
{15) f"(' ©- . ) o PR O)Flne > for (Cws, 0) e O and obtain neceessary and sufficient  conditions for a € R-submanifold in
Ml o - B)() (0 0 E ’ = 45, and order to ht.' tm‘rmal. I ma.ll\'. lh_v last section 15 dc.'vmcd to the study ot
e : - Jusnp > . for (2o 0)e Qf A cosvmplectic R submanifolds in a Kachler manifold. .
From |3 the maps 7 7 00 are well  defi » 1§. (' R-structure on 2 submanifold in a Kaehler manifold. Lct M
the .Rvm;n'k 2 these maps . n-(-. s L‘ - “'[’.”‘J‘I and ~r'ontinuou.~.. (53% be a Kachler manifold of complex dimension #. Denote by (f, 2) lhf-_l_\'m:h-
conditions : ‘ g functions for pe and satisfy the lerian structure of -ﬁ that is, [ is the almast complex structure on Al and
|. o i3 the Kachlerian metric on M.

Prora (oo 0)(7) f;,(._(.,n)_ for {-cw=. 0) = Q5

- - - i N
N Po 2 {Cw L gl /:,,( @), for {-ws, 8] = O
Fhus, I]TC considered pair is a Lifibration. Morcover N
of covermyg spaces, Theorem 2,513 of (2 -) .“;:)u'l\ﬂ'
O () =<0 o) = 1. o} Y

and N et M be a Riemannian submanifeld immersed in M of real di-
mension m. The Riemannian metric on M w ill b denoted by the same svym-
hol ¢ as the I achlerian metric on M.

The submanifold M s called @ CR-subpranifold if the following con-
ditions are salisfied [15.

. There exists a differentiable distribudion D oo M which is invariant

by the construction
- it follows that fz v, 1

S 3 Nk for xe v = XL ds oa dse
SIJI-.\;)(;\(’:,I:L_\i - o .is g diserete b [, thatis. J(D,} = D. for all v= M.

T v 3 Theorem 4 ean Le stated i . T 2 The orthogonal com plementary distribution I is unfi-tnvariant,
r\)'lat‘mg].; the subgroup /{ by a pais r;l,{{t't{i :;"T(Ur((; iﬂ.w“l (:U”d”i‘“}ﬁ, re- thal ts, J(DY) = ('l'i;\!)l. zcv'u':f' (17,ANE is the normal space [o AL af x.
X such that 11,(0) = H. i san open covering of _ The distributicn /) (resp. D4 iv called the holonior phic distribufior

(resp, fofally real distribuiion). We suppose the real dimensicn (1!' D, (resp,
Ly be 2 p (resp. ¢). The projectors which define the distributicns 72 amd
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