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1. POP

P kel B0 (0 M 0l (1) (o 1 4 Dhesnal0)= o (0) = (1) =5lw) a

Pora{w. B)() (0% B)y,pn (0) = @(0) == po(ewm).

Using the bifibration of Serre for

6

mi

a surtable topological space. we
) o ’ ' N A B . v b <10 4
can obtain some simple  bifibrations by : § I '

! _ an analogous  construction
the construction of COVUTING  SPaces,

1 mml-(f;r ltilu‘s, let X hv‘a m.mm'tt:d. locallv patl connected, semilocal
weeted and T-simple space. Let H be a subgroup of the fundament
group 11(
preet to equivalence relation :
Y 'd_t-- 1. Denote by - o
and Jet po: ¥ o X, R
w{(}) and ;5, (e =)
Theorem 4. 7,
Proof. Let

e the maps defined by pol < =)
afl) respectively

pair (N, Po. N)=0.1) {5 a stmple bifibration.

§)]

EEE

oo, ) e X NMa(0) == 0 (03} and
Qi = (o=, 0) = X v XD (0) = o (1)

L
We constder 7, !l"‘ — ,_", t 0,1 by
(1) fo(- w8 e Teligine oL for (e, 0) = {7 and

M@~ 0)() (0% Oyypye = for (2o, O) e Q5.
From 13 the maps 7. 7 — 0.
the Remark 2

are well  defined and  continuous. By
‘onditions ;

these maps are lifting  functions for pooand satisfy the

/)_. heo (Cto | O)1) — P Jodor (e, 0)
Poda (S g = pol 0=}, for (-, 0) =05,

Fhus, the considered pair = a Lifibration. Morcover
of covering spaces, Theorem 2.5.13 of (2. p. 109

03 () = f <> fol®) = o ofl) -
subspace of X,

= L5, and

s

by the construction
it follows that pg (v,

v for Ay, v & XL isoa discrete

CNemark 3. Theoremy 4 can be stated in more
placing the subgroup Hf by a pair (H.U) where £

general conditions, re-
A such that () = H,

Tis an open covering of
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NORMAL ¢ R-SUBMANIFOLDS OF A KAEHLER MANIFOLD
BY

AUREL BEJANCU

. e : oot
The studyv of differential geometry of { in-.\.uhnmmfralc]:.]nf a 11\):1;:1[3(1
manifold has Leen initiated in 17 Fundamental results have beenobta
in 12, 3% [43. [93 _
S Sg e - . : . {.
" The purpose of the present paper s to study normal ¢ F-subm wnifoldas
of a Kachler manifold. _ _ o )
( In §1 we derive some fundamental formulas for a (.{\ bl.‘tbll:lalilfl(ftlj(li(i
immersed in a kachler maniteld, In §2 we study [n(nnm(l_ l(’ 1\-:}\11 muii;:)ld) -
‘ bl : : subman
ai ceessary suificient conditions for a € K-sub
and obtain neccessary and sulf itions for a ( al =
order to be normal. Finallv, the last section 15 dt';(::;d to the studs
e CR ani « in a WNachler manttold. -
cosvmplectic € K-submanifolds _ . ‘ o
' l!§ ‘R.structure on a submanifold in a Kaehler mamfol:l‘.1 l.}c\:;t.lbl!
e ) . M X 3 Ll a {7 ‘a . -
be a Kachler manifold of complex dimension #. Denote by (/. 9) Bact
an s M i X qure on 3 and
lerian structure of M, that is, / is the almost complex structure on in
« is the Kaehlerian metric on M. . o -
et M/ be a Ricemannian submanifold immersed in M of “-dl\::
. ) 3 1 1 i} i L] . b .' ‘-l S - i
mension m. The Riemannian metric on Af will be denoted by the same s3
. e {J
hol ¢ as the Kachlerian melric on A ) ' =
) ':n"/u' submanifold M is called a ( R-submanifold if the following con
fitions are satisfied (1. o L '-
‘ U There exists a differentiable distribution D oon M which is invarant
. ' ’ ). for = M
b o that is. f(D,y = D, for all x= Mo _ -
v f 2 The o‘r.r'/:og:mzzr/ com plemendary ffr.\'lr:[m!mn’ s m;!;-::;va\rmn..
that s, J{PDY) <= (T, MM, where ('[‘_r_\[){ is Mhe normal spac ir) ) ,":”1';,'“{”,,.
The distributicn £ (resp. DY) is called the holomor phit t[zkn ; ¢
. ] RS m mensic ! S resn.
(resp, folall vy real disiribution). \Wo suppose the re al d!n](l['l.hllj.lll. (“(\n: i uiu
DLy be 2 p (resp. g). The projectors which define the distriliutions 77 and
b 2 R ] (
11 are denoted respectively by Poand 0. -
As particular cases of ¢ R-submanifolds we have
Voo plea submanifolds, when g 0, 6 -
2 totall v real submanifolds. when /; 0,43, ;
i ] .. whe - it I .
3. weneric sidnanifolds, }\ht n g2 == hal e
The submanifold M iz said to have an _/-slulutuin{lil._ :Ilur;; L.\O-. »11:
non-null tensor field #on M oof tvpe {1.1) sw 111. 1{.. i A S
A proper OR suhimanifold s a ( R-submarifeld ;\ bt .
plex submanifold nor 2 totally reat submanifcld.
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Proposition 1.1. Lo/ M i o propor CR-submeanifold of a KNachler ma- S, e gui}[-j:l.:l;,l,;.(,r;'mz{ derivative of 7 is given by
wifold M. Then, there exist an [=structiore Foon M oand a won-nnlt HO¥- Lemma 1.2. o LY EA -3 (N, YL A
mal bundlc valued V- form n on M, safisfyving 2o (VY. Z) b f.\} ”.;. /)t Ll 7. Y)Y X
. Ly (VL ), FN) 4 28 (da(EY. Z) - de (2D,
1.1 Fo= o RE g\ (YA, ) T
e o ' o L 2o (i FY . N). wZ) = 2gldu{FZ XY i),
|2 PPN e 2
(1.2) FX w0 f and onlyv if X & 4, ) wector ficlds N. Y. Z tangent to j[._\ I
(1.3) uY = O i and only if Y oe D, ” MI[‘;I'- of. Sinee the Ricmannlan connectizn o - NoY L2
Proof. \We define Foand » by (18 200V, Y. ) Na(Y, 4) o+ Ya(X. 4 \_)[-'“('\’ V) el A
BN sty S . vy oWy 2 0N
{1.4) FX - JPX and respreiively o £, NiY) - gl 2
{1.5) uX JON for all X = 701 Now, the assertions of the Proposi- h we o have R i 7Y F) 4
tlon are simple verifiations. 1 { E RV ) 2e(V Y, AR AL 12 '\'“':.f}!'.,} L
The pair (17 1) is called the R structure on the ¢ f-subimanifold - (,(\-"_ Lo o \-h 1.:3') —a(IX. FY [ Z) 4+ £ A ? I
M. The U-form u ix called the € K-form on ). Loy - j-ﬂg(‘\.—/) T A '\,' (Y. FZ) + Ye(NFZ) - FZg(N. V)
Lemma 1.1. The CR-structire (1, ity satisfics - '\'(‘I"?("f “)'-\.}I-IZ)‘-;:\'('.]"Z- _\'.'5' 5") — oY, I, N}
{1.6) EN, FY)= o(X, v) (N, nyy, Nevt. by means of (1.6) — (5L8) from (1.16) we obtain T
Sor all X. Y e 741, ; . . : o WY, FYLFZ) - 3 A0 (N Z) eV eY ).
Fhe proof is o consequence of (1.4, {(1.5) and of the fact thar ¢ is o (V)Y L = 3 DN n . a(iie wN — w( FY., XN ) wZ)
R e P . _ e T AT S WA WTAY ~-;-_,’(\‘Fl_' e S :
Hermitian metric on 37, (117 FNY ~ g(Vey 02 L . FZ.NDY = FZg(nX. wY).
Weo define on the CR-submanifoid V7 the 2-farm & by . el N w( FZOYT)) - glad. wlilhe. A
(17) SN A ‘ L(\ [}, El'h!“\, l)\ llhil'l_i-',
The skew-ssmmetry of @ follows {rom (F.4). Also we have _ IS _1_;‘\-;), s — u(iFY. 2L
(1.8) (N EY) DN,V & (1.18) ' ‘ 2 _ .
v - : . 0 § . . : v, ond)E a(V2, . YRR AW V}z uyYl.
Benote by v the Kaohlertan conneetion on 17 and by ¥ the Riemannian 19y FgluX. D
connection on M. The normal connection on M s denoted by Vi, Then - {hus, the proof is complete. T I S
W can define the covariant derivative of 1 by ' o $\H ! \f“h “‘i:f‘llls(l‘.l:(‘!;)ll(ll‘;‘ll.lltlltl‘l'lik'nl(ll form of M. then the equation:
REAV I ] :"‘ . . 5
{1.9) (Vx £) Y = VeFY — F(V,Y). of Gauss and Weingarten are given by
(1.10) (Vo i)Y = VE i) — u(v,yy), | 1.20) Vo ¥ Vg ¥ AR MY. B
for all X, YV e 77, o v, N AN =V N
The exterior differential of and @ are given respectively by ir.21) : AL is the fundamental tensor

rall XY e TA apd N = [_[,”]l. ”L'x-(-‘l & ien V. W Tt ve

: cpending Lo 1he rna

(].i |) o .\, ')') ! ] Y \-;— Y Ir([.\'_ )"'g)_ll and { \\'t,'i.l'._:_'dllk'!’l. (-(.]-“\l,(n;dmg { lie e -

d 2 | 7) af ol N Y -,_[f!!_.\’. Y). ‘\).
{ l Zh b IR I SR U] ] : . . o
‘ B 1 1 I",‘ ue !ISN' lf Wt hd\f
(I I)) o ](\ }‘, /.) - i {\ 1} (}. Z) Y (/ _\) - (1)(_\" }) The (.]\J-S[lljlllil“if”‘ltt M ois catled I ved f{_}fd[._ Kt
- 3 - E 5 B j }. = l)l
S (1_“-‘ y , /f] ] (/f, ‘\'.. ‘J O (L) /"' ANE L. l_l,.-'_}) A VI =) for all X 1} i

I . - , : : for vach normal  section Nowe put
Fhe Nijenhuis tensor of Fis a tenser field ¢ of type (1, 2) given by For cach normal - sect _
JN = BN GV

(308) NN, V)= Fuy v XD FYI - PIFXN, Y = FIX FYL (1.24)

I
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where BN and N are ¢ i
here BV Shoare respectively the taneenti
Wy el Rl v angenttal part and the normal par
oA Thus, {13 an (’ndnmorplmm of the noimal bundle e Vi
soan [sstructure on (TMW)L, idlancover.
Since Vois a Kaehleri I i ¥
V is a Kachlerian connection on 3 we have

(1.25) PV FY) = P(A,X) = F(v_Y),
(1.26) VL EY) 04Xy — BAY. V)
l. Y .
(1.27) MXCFY) 2 VE Y — (VoY) b CHX, Y)Y,

As & conscquence of (1.25)
1 we obtain

(1.28) (V . F} Y
{1.29) (V ¥
ior all L Yoangent to 3y,
. . er .
e _\2-.! l\?rlpa! C{\-submanifolds of a Kaehler manifold. {.ct A7 b
Eur}- F.su Jmamfold_ol a Kaehler manifold 37 By micans of l.' e )
(. w) we define the tensor ficld 5 by e G st
2.] - - r r H
i. )l Y, VY =N X, V) =2 Bdu(X, V)
orall X, Y e 73, The tensor ficld S i .
Che S simenre oy 1w tensor ficld S s called the torsion tensor of the
_\' st 13¢5 © g i
substituting du by its expression frem (1.11) and taking account
: aking account

th‘ll i Pl l‘ i
5 oo mear connecta 1 i i t
h o U “.‘- 4 ( "llhf it t()rsl”n, 1]]0 I’lg]ll hand ."il.d(‘ ()f (Z l)

S Y) == IY IRY '
(X, Y) (V,._r!,)} (Vir )N + FUV )X - (V.Y
BUV0Y (V)X Y
The R - submanifold M i i .
) - L : Is said to be sor i © torsi
N ;h(I‘t (./\ Ctracture i \-31:1,,]:95 (:),l]) J;;o: mal iIf the torsion tensor 3
13 not difficult to see that when M is a real hypersurface of 2 Kachl

miin il()l( [ Y } )
N I")( JLARNRAY L’“ l\'l][) VIl naot 1 H .
c t] l W 4 ( : v 10n (.-t 101 n]:ll I’(.Ell ll‘lp(f \l.“f(l(..U (3!

Now, we can state
Theorem 2.1. 7/, ' ]
Ao Fhe OR . submantfold M i< normal tf and oniv if we

(1.27), for the covariant derivative of & and

BH(X, Yy« A,.X,
CRX. Y)Y — MX. FY),

(2.2)

have

(2.3) LX)

forall X e ) agnd Y = ]2
) . - ¥ \ '
Proof. By using (1.28) und (1.29) into (2.2) we ebiain

(2.4) SN, V) = (g = Fily )X — (A ph

!.-l:' fu !'-'\.).

[:- !n.\'.l)-.

forall X', ¥V = 731§ :
- S SoSuppose Moisoa normal ¢ fe i S

ff{(‘gl (2-1) follows (2.3} since 4 o = 0 for al] \ ‘;__ht,l)lm.]\f““_fo‘h.l;m M. Then,
led we shall prove o : Covowo i (23] s sats.

-
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D@ DL First, we see from {2.4)

S - 0 by using the decomposition T3/ = :
' =1 and Y = D1 we obtamn

Tt SN, Y) = 0 for all Y. X €D, Next, for X
SIN. YY) == (A = Foluy) X =0,

by ousing (2.3). Finally, for N. Y & L1 (2.4) becomes

S(NL Y)Y == FlodueY — haX).

(2.5)
0 in this case. By (1.23) and (1.26) we obtain

since PN = Y
-’lu,\’Y - -'Iu}'-\' = [([\ }j)
L Since the totally real distribution 1s alwayvs involutive (4
from (2.5). (2.6) and (1.4} weobtain S(A. ¥)=0. Thus, the proof is complete.
Suppose now gy be a local ficld of orthonormal frames
for the totally real distribution. Denote by o, the fundamental tensors
corresponding o Ny=fE;=(TMP, for i=1.. g. Then. frem Theorem
2.1, we have
( R-submanifold M is normal if and only if {he

Corallary 2.1. 7/ ]
fundamoental tensors of 1V eingarten A vomnnidde with Foon e holomorpliie

disirrhulion. i (s,
{2.7) A F = Fd f=1 ... .

(2.6)
wrall V. YeD

This corollary is a generalisation of a result obitained by M. O kw-

mura 7 concerning normal real hvpersurfaces of a Kachler manifold.
Now. woe need
Lemma 2.1. | CK

ofall v geodesic if and only if AN € D for all
By using this lemma we can prove
Proposition 2.1 Fach normal venerie CResubmanifold of u Kaeliier

manifold M is onived fotallv geodesic.
" Proof. By ousing Corollary 2.1, we obtamm AN AN for

all X = 0. Thus, the assertion follows by means of (1.4) and Lemma 2.1,
From the equations of Gauss and Weingarten we have

submanifold N of a Kaeller manifold I s mived
Ve ) oand N & (TML.

ve k; FAN — B VRN and

(2.8)
(2.9 VAN, - JOV I 4 Ch(X. 5.
for all XN = TM and o b q.
ing vector [ivld if and onh if we have

It is known that X is a Kill
(2.10) a(VuN. V) + (2. PpN) =0
far all Y. £ = TM. We introduce here 4 weaker conditinn for A Thus
we sav that X s a /) - Killing vecto field en M i we have

(2.11) W(PVLX. PY) 4 g(PZ. PVX) = 0.

for all Y. Ze TM. Then, we have
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Theorem 2.2. 0 weecssary and sufficiont condition Jor the (R - suh

manifold M to be normal 1s that LA g} be D-Nilling wector fiedds,
Proof. By using (2.8} w¢ obtain

(2.12) gV I, YY) LoV, L ) -4(([",{,- ALY — S(BVAN, 1)

QB VN, ),

for all V', 7 = 7M. From (2.9) we have

(2.13) BN, A

for all X & 7M. Henee {2.12) becomes

{2.14) fOVL L PY) (P, 8 P (R A, N2,

Then. the assertion of our theorem follows from (2.14) and Corollary 2.1.
IFrom (2.7) we see that cach totally geodesic " Resubmanifold of a Kaehles
manifold is a normal ¢ X-submanifold.
class of normal X - submanifolds,

The CR-submanfold  Af is called pseudo-umbilical with respect o

We shall obtain a more general

the normal sections A, JE =1 .., g} if the fundamenta! ‘tensors
A¢ are given by
i12.15) AN = X (N EDNE,,

where a,, b are differentiable functions on M
tor field on M. Then, we have

Proposition 2.2, Fuch 'R ~submanifold of a Nuachler manifold kY

which is pseudo-twmbilical with respect to the wormal sections N, = [F, is u
normal CR - submanifold.

The proof of proposition follows from (2.7) and (2.15).

From this proposition we have

Corollary 2.2. Fuch lofall v wwmhilicy! R submanifold of a Nuclls
manifold 1s a normal ( '!\’-.s-ufrrmrmfnld. . -

Normal R -submanifolds can be characterized v ancther (tasor
fickd S on M defined by

(2.16) SHN. Y)Y = (L )Y,

and X' s an arbitrary vee-

where Lodenotes the operator of Lic derivation w ith respect to the veetor

field X,
Theorem 2.3. 7./ )M be o CR-subnanifold of « Kachlvr ma i fuld
M. sueh that

{(2.17) Y =0 for al X & 1) and ¥ = 11
Then, M o is normal if and only if.

(2.18) SHY, X)) =1,
for all ¥ = D gud X = ).

3 NORMAT. CR - SUBMANIFOLDS OF A KAEHLER MAN[IFOLD 129

Proof. We can see from the proof of Theorem 2.1, that M s normal
and onlv iES(NCY) 0 forall X & Doand Y = DL By means of (1.11)
(1.29) and (2.1} we obtain

(2.19) SNL Y) = MFIN Y JXNO YD) - B XY
for all N = D and Y = DL Next, from {1.27) we hav
(2.200) ROIXD YY) = (VLX) + CHY, YY)

which implies

[2.21) BN, Y) OV, X},

Hence {2.19) becomes

{2.22) SOV Y)Y = XL Y FAYE B BRI AR
On the other hand, from (2.16) follows

(2.23) SMY. Xy=/F XN, ¥ X, Y,

for al X € £ and Y & DL, .
Now, if M is normal. from (2.22) we obtain

1) PSYY, X)) = 0 and
3) O(V,-X) - 0.

3y we see that OSHY. X)) = 0 i T (W AR W N
Also, from {2.23) we see that O8*(Y, X) = 0 if and opll} 1.1 QLY. Y =
But the t:l.“gt equality follows from (2.17) and (2.23). Therefore, S¥Y, \) =
=0 for all Y & DL and X D

Conversely, S°(Y. XN) == 0 implics
{2.26) FIFEX Y, — [JX.Y) =0 and

(2.27) O(LN, Y} =0,

~
I~

I~

s
bt

for all X' = /2 and Y = DL Thus. by using (2.17), (2.26) and (2.27) we
obtain S{Y, Y} — 0. This completes the pr(n}f. . - -

§3. Cosymplectic C R-submanifolds of a Kaehler manifolq. l!n:( !E'
submanfold M of a Kaehler manifold 37 is called « cosvimplectic (]\—su_!;‘,
mantfold 1011 is normal and the dilfferend el forms »oand 9 are closed, that s,
{3.1) di O and o B -0,

In this paragraph we are dealing onlv with cosviploctic generte ¢ L
. e : o ) o } 3
submantfolds, In this case (1.28) and 1.29} becon

i3.2) (V)Y RN YV A N amd respectively,
(3.3) (v u)Y WX, Y,

for all vector fields N, Y tangent to M. o o -.
We :.'Lll Fo{resp.on) purallf'?nn M il we have Vo F = 0 {resp. Von = 1)
for cach X = TN
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Now, wo o can state r
Iheorem 3.2, Lot M beoa wenerie ( !\’-.\ubmum_/oh! of a Nacller niani-

foid ML 'j‘/m.v._ Foas paralld Gif aud only if wois parallel,

. I:ruu_f. Supposc 1' is parallel on /. Then, for all IDDand X = TV,

from (3.2} f(_)llm'.'a' AN Y)e 00 Henee in this case. by means of {3.3), we

have (V).u)) 0. When ¥ e DL (3.3} implies (V.Y = 0 since I'Y = 0.
(,UI}\’(‘E'SU]_\V'. it i 1s parallel, then from (3.2) and (3.3} Lollows (V. IY

= 0 for cach ¥ = D Now. we take ¥ from DL and we have ’

13.4) AN - N2 1Y) - o

for all X = FAM and 2 = D From (3.2) Tollows that (Vi)Y — 0 for all

A& T oand Y o= D2 if and only if we have '

(3.5) PA N =0 and

13.0) BIHX, Y)Y < 0A4,,X =0,

But. (3.5) follows from (3.4) and (3.6} is a conseaquence of (1.26). Thus, the =

proof is cemplete. i
Iheorem 32, Let M be a generie CR sithmanfold of a KNachicr mani-

Jold . {11:‘;1. ke foltowing three assertions are equivalent o cach other
Lo The CR-submanifold M is cosvnplectie
20 The (R-form u is parallel ; f

3. The fstruciure I is parallel .

Iroof. The equivalence of assertions 2 and 3 has been proved in Theorem
3.1. Suppose the condition | is accomplished. Then, since M s normal, and
du == 0. form (2.1) we obtain N, = 0. Hence (1.14) implics /7 is parallet
on M. Now. if I7is parallel then from (2.2) we see that )f is a normal (K -

submanifold. Of course du O, since Voo =0 for vach X = M. Thus
we have onlv to prove d @ = 0. First. from (1.14) we have X
{3.7) dO (N, Y, Z) = d & (N, FY, FX).

for all Xo¥, 2 & FMOM we put ¥ = X into (3.7) we obtain d LT
FY. FZ) = 0 which implies '

(3.8) dO(N. Y, FZYy « d B (Y. FX, FZY =0, 1
Also., from (3.7) we have

(3.9) dO(N. Y, Z) 0,

whenever Yo DU and X, Z are arbitrary veetor fields on M. }

Next, by using (1.4). (1.14) and (3.7) - (3.9) we obtain
d®{X. FY, FZ) d G(Y. X, FZ) — dO(FN, FZ.Y) =
{3.10) d ®FEXN. 2 FY) = dW(FX. PZFYY - dOFX. 2, FY)
ddZ. XN, Y) dOX, Y, 2. |
Thus. from (3.7) and (3.10) follows d & (X, Y, Z) = 0, Therefore, asser- g

tion 2 implies assertion 1. The proof of the theorem is complete.
From (3.3} and Theorem 3.2, we have

9 NORMAL CR - SUBMANIFOLDS OF A KAEHLER MANIFOLD [RES

Theorem 3.3. Lo/ M he a gencrie (O R-subnianifold of a Neachier mani-

fold M. Then, M is a cosvmplectic € Resubmanifold. {f and only 1f we huase

(3.11) AN, Y) = 0.
jor all X & TMuand Y < D.

Now, we can state o
Theorem 3.4. . veneric CR-submanifold M of a Kachler manifold
M is cosvamplectic if and onlv if we have
(3.12) (V.F)y X =0,

for all wector fickds X tangent lo M.

Proof. O course, if Al is a cosymplectic € R-submanifold, then (3.12)
is =atisficd since [ is paratlel on M by Theorem 3.2

Conversely, suppose (3.12) is satisfied on M. Then, substituting both
N and Y from (3.2) by X 4 Y and taking account of (3.12) we obtain

(3.13) 2 (N Y) AN 4 Y =
for all X, Y & T If we take X and Y from £, then (3.13) implics
(3.14) MXN.Y)=0 ¥vX, Y eD.
Next, for X € DL oand Y = D, (3.13) becomes
(3.15) 2 JIH{X, Y) 4 dyg¥Y = 0.
On the other hand, from (1.26) we obtain
{3.10) JRAX. Y)Y =04, Y =

Thus, from (3.13) and (3.16). taking into account that j = /i, woe have
{3.17) AN, Y)=0dor al X & L and ¥V = 1,

Finallv, we see that (3.014) and (3.17) imply (3.11). Thus the proof is com-
plete. :

From Proposition 4. of [37 and our Theorem 3.2. we obtain

Theorem 3.5. Fuch cosvmpleciic gepcric R -subonifold Mool a
Kacliler wianifold AT is locally a Riewnian diveel prodict MU - ML webere
MTis o fotall v geodresic conmplex submanifold of M Gf com plen dinension ni— %
aid ML is o fotaliv real submanifold of I of real dineision 2y .

in a forthecoming paper. we shall study normal  © R-sulsnanifolds
and cosvmplectic € R-submanifolds in a complex space form,
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CONGRUENCES DE CONES QUADRATIQUES TANGENTS
A LA SURFACE SUPPORT

PAR

1. RIMER

0. Introduction. Dans Puspace projectil /o on considere une surface
regulitre X de classe CH{E2 1) et A chaque point M (. ) = X, on altache
an cdne quadratique (O} dont Je sommet est wu point M. On v distingue
trols vari¢tés biparamdétriques de cdnes quadratiques, sclon que les droites
cuivant Jesquelles le plan (1) = tangent & X en M. - coupu le cone () sont
i) réeltes ot distinetes, 2) imaginaires ou 3) réclles et colncidentes, Nous
notons ces variétés par 12 (1.1) ¢ P4). ot les vadears 1023 de 'indice ¢
correspondent aux trois situations mentionées et dans Ia paranthese sont
précisés 1 le nombre 2 des parametres, Pespéc et la signature 1 du eboe
génératenr. Iespace projectif ambiant, /7, {30 Lus variétés 175, I, ont &te
ctudices dans 71 nous allons nous occuper des variétés 74, que nous nom-
mons edugricences de cones quadraliques tangenls a la surfice sipport i
Limage de 'y dans Vespace S (27 st une surface, que nous notons part

V.. Les indices utilisés sont: k== 1,2 /== 1.2, 3; a =031 5= 17

1. Les formules Frenct et le théoréme fondamental. Nous choisis
soms les reperes dlordre zito par les mémes conditions que dans [27. de
manitre que Péquation du «one local. rapporté i ees reperes, est
1) Oluy, o0 4) = () () — (%) =0, b= [, 0 1),
0 4, wont les paramétres secondaires, Avee les conditions de fixit¢ d'un
point dans 17, (on du point-image () dans S, 12%). nous obtenons huit pfaf-

fieps principaux dordre zéro s e o -l o} w3— @l of — @) ol —of.
e! @} En excluant de Pétude Jes variétes pour lesquelles an molns un
2 ces plaffiens est = 0 oun o, ©f # (variétés, dont les images 17 sont

dtudes dans un o espace projectif I {r < 8). nous notons: wd =z, 0f .

) @t mg b el — e = oag e Alors e plan (1), détermint par

Ao et dA,, a I'éguation
(1.2} () gy X! g X — =0
Lintersection du plan (I1) ¢t du cdéne local () est donnce par le svst {me

(13) ax? 4 aeaf — 3% = 0, (1= a3) (1) =2 moaa 8" 27 4 (b — 2} ()7 =0,



