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FIN POINTS OF LATTICE AND BOOLEAN TRANSFORMATION
BY

SERGITU HUDEANL

A classical theorem due to Tarski (147 stale, that every isvtone
map f: L. - L of a complete littice into itself has a fix point. The proof
is very casy : if @ denotes the greatest lower bound (g.Lb) of the set 4

={ve L|f{x) < &}, itfollows that f(a) is a lower bound of A, hence f(a)
€ a, which implies f{a) & A, therefore a < f{a). As a matter of fact, a 1
the least element both of the set 4 and of the subsct F - fve L fle) o x
of fix points. Conversely, if L is a lattice such that every isotone map f: 1. —
— [ has a fix point, then L is complete |4 . For various generalizations of
this theorem see c.g. the papers quoted in (6], page 55.

A somewhat similar argument yields the Kleene fix point theo-
rem [7]. Replace the completeness of L by the weaker condition of w-com-
pleteness, which requires that every increasing sequence of elements from
1. have a least upper bound (l.u.b.), and replace the isotony of f by the stron-
ger condition of w-continuity, which requires that f commute with the Lub,
of every increasing sequence, Then for every v e L such that v g f(x), the
Lub. of the increasing sequence

v € fx) € fAlx)< o€ fHx) <

(where /" means iterated composition of functions) is a fix point of f. In
particular the Lu.b. of the sequence (f*{0)),ex 15 the least fix pomt of /.
This and several related theorems have important applications in informa-
tics, We only mention here a recent generalization within the framework
of category theory (3]

Our aim is to begin a study of fix pointsfor maps defined over a dis-
tributive fattice or a Boolean algebra, sayv /.. It might be natural to confine
our attention to lalfice polynomials, i.c., to maps f: L" - L built up from
variables by :upu‘posnwns of the basic operations v (disjunction) and
A {conjunction) and also " (negation) in the case of a Boolean algebra. More
generally, by a lattice function (Boolean function, if L is a Boolean algebra)
we will understand a map f: L* — /. obtained from a lattice polynomial
gL o 1 by substxtntmg p fixed elements of I for some of the variables
of g. These concepts are the specializations to lattices and Boolean algebras
of Griatzer’s universal-algebraic concepts of polynomial and algebraic
function, respectively {5]. As a matter of fact, we will consider the slightly
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more general cuse ol falfice transformaiions. By this term we mean a map
Fo= (o fu) o 17 = [P where cach f: L" - L is a lattice function and
which i3 defined componentwise ; the order relation of L* is also defined
componentwise. In particular il 7 is a Boeolean algebra. we eall F a Buoleun
fransformalion ; for various propertics of Boolean transformations sce
(91, T10], [11].

As might be expected, lattice transformations have strong properties,
Thus if L is w-complete and the functions of the form f(x) == a A v ave
w-continuous, then every lattice transformation is w-complete (Theorem 1),
hence it has fix points (Corollary 1). In particular f B is a s-Boolean algebra,
then every isotone Boolean transformation F: B" — B* is w-complete
(Corollary 2). The subsequent results refer to arbitrary Boolean algebras
(or distributive lattices with 0, in the case of Proposition 1). Using the tool
which consists in solving Boolean equations, we give a necessary and suf-
ficient condition for a Boolean transformation to have a fix point and we
characterize the fix points as solutions of a Boolean equation {Thcorem 2).
Using this result and a combinatorial argument, we prove that CVery 1so-
tone Boolean transformation has fix points (Thcorem 3).

For # = 1 we obtain the following stronger propertics : every lattice
function f has the least fix point f(0) {Proposition 1} and, as was first shown
by Scognamiglio [13] isotony is the necessary and sufficicnt con-
dition for a Boolcan function /: B — B to have fix points (Proposition 2).
However for # = 1 therc cxist non-isotone Boolean transformations ha-
ving fix points which cannot be reached by the Kleene iterative procedure.

The starting point of our research is the structure of lattice functions.

Lemma 1. Lot L be a disiributive lattice with O and let n & N. A map
Jo LY — L is alattice function if and only if it can be written in the form

(1) S e, Xa) = Vi, %),

where ' means eraled disjunction and for each -k e {0, 1., 2% — i},
my(xy ..., x,) 1S either X N A X or ap A xy A LA x, wih ay s L,
the indices iy ,.., 1, « {1 ,., n} being determined by the condition 2" -+
4o 2% =k i particular mo(%y ..., %) = a0 = L.

Proof. It is well known (see e.g. [6], ch. II, § 2, Theorem 1) that a
lattice polynomial f: L* — L over a distributive lattice L can be written
as a disjunction of meet polynomials X /... /o % and since in our case
the missing terms can be introduced as ¢ ; Xy /oo /U %5, we obtain a
representation of the form (1). A lattice function can be obtained from a
lattice polynomial by giving fixed values in L to certain variables and after
a suitable rearrangement of terms we obtain again a representation of the
form (I).

Theorem 1. Suppose L is an w-complete distributive laltice with 0 and
for every a e L, the function f,: L - L such that

(2) fodx) =a n x (Vx e L)

is w-conéinuous. Then every lattice transformation F:L* - L™ is w-conti-
nUOUS.

FIX PPOINTS OF LATTICE AND BOOLEAN TRANSFORMATIONS 140

Proof. According to the hypothesis,
(3) ahlhex ¥ Voey (0 Xn),
for every increasing sequence {in)aey. [his imphies that
(4) (VHC-.\ -\'n) 4 (\-' nEN :"n) =V nE.\(-\'n A _\'n.:'-
provided the sequences (¥aues and {v,)sey arvincreasing, Lorin view of
(3) we get
(Vuex X AV nex ¥a) Vaexy (Y mey ) A Ya]l= Yaes" mesthn Adh)

= Yopex{¥n A A2

because for cvery m, # € N we have x, /v v, € v, /0 v, where p = max

(m, n). _ . “ .
Now let (Vip)pex oo (Fap)pen be increasing scquences. It follows im

mediately from (3) and (4) that

(5) ?”,-..( ' pEN 't’i’ veray ¥ pEN .‘—np) = \."’ nEN '”?q‘—( ‘.'13, 000G "’np)-

where the notation my is explained in Lemma 1. We claim that

(6) f( VopeN Mg V PEN ‘up) =y J}E-\-f("(l‘P""' ‘up)

for every lattice funclion f: " — L. For Lemma 1, property (5) and the
obvipus fact that

(7} VISV pex Sap =V pex Vit Tz

every ¢ increasing sequences {(Zip)pey ».or (Tp)pey, 1MPply that
or vy 8 P
"o . .
SOV pexy Xip e V gy I".’P) =V ied' MV pex Yig.en V pen Xup)

RS ey elTep s Fa) =V pes VA Tip s Tap) = ¥ g f(Krp ser Tan)-
Finally let F = (fi,.... u} 1 L* = L" be a lattice transformation. Then
it follows from (6) that

F{\ pen X1p20V pex Tap) = (filV pex F1p ey V pex Tap))i=ty e n
= { pex(flXip oy Xup))imte oiin = Vpex {fil%ipseis Tap))iats cvms
that is
(8) F(V pex X135 V pex Yap) W opex F{Xip s Xap),
as desired.

Corollary 1. Under the conditions of Theorem }, every lattice transfor-
mation F:L* —» L" has fix poinis. ) )

Proof. From Theorem 1 and the Kleene fix point thcon;em. ]

Corollary 2. Ewvery isotone Boolean transformation F:B" — B* over
a a-Boolean algebra B is w-continuous.

Proof. Let B and F = (fi,..., fa) be as stated above. Clearly every
fi is an isotone Boolean function, therefore it has the form indicated in
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Lemma 1 (see eg. [9]. Theorem 113}, Consequently F: B* o B? is a
lattice transformation over the distributive lattice B. On the other hand a
o-Boolean algebra is known to fulfil the countable distributivity law {3
so that we can apph Theroem 1,

Corollary 2 implies further that every isotone Boolean transformation
has fix points, but we will prove this in Theorem 3 without any supplemen-
tary hypothesis on the Boolean algebra K.

Theorem 2. Lot '~ (fu ... f,) 0 B* ~ B™ be a Boolean transformation
over an arbitrary RBoolean algebra B. Then:

() 17 has fix points of and onlv @f

(9) 4 %y @y, € foa} :' |_f115 ](11 serey an) 0.

)

where A means deraled conjunclion, | stands for the ring sum and the ex-
ponents 1, O denofe identity and wegalion. respectively.
(1) The set of fix points coincides with the set of solutions to equation

{10) Woagoa €J0a} | W Py & e )] A AT A LA A =0,

€omment. To facilitate the anderstanding of formulas (9) and (10),
we transcribe them explicitly for #» ~ 2. If we sect

(11.1) doa = fi{0.0) V £2(0, 0),
(11.2) aoy = (0, 1) V f3(0, 1),
(11.3) avw = fi(1, 0) V fa(t, 0),
(11.4) an = fi(L,1) V f(1,1),
condition {9) becomes

{12) doe A\ Qo1 A\ dye A\ @y = 0,

while equation (10) can be written
(13) (@A v A %)V (@10 A Xu A X2) Y (@01 A XG A X2V (@an A X3 1 65) = O

Proof. We use well-known properties of Boolean equations (see e.g.
[9]). First we take an arbitrary ¢ & {1 .., #} and write down the equation

Jilxy o x) = A

in the following equivalent forms:
[%i 4 Vay g efond fol@r oo, ) A AP A A RIS ]y
VIZA Vannagelon) filotn oo, 2a) AXP A A 2] = 0,
then
Vawa g5, ageon} [fe (o o A X
AXGA A xRy il e, ) AXT A A XA A XS] 0,

or else
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-4l - . N T
FIIRE TRIPTS TR TR 2, ef0.1} V;i.o{f%' u (011 yoees En) XY .l',,ﬂ] 0.
Therefore the condition

filxy e, Xa) = 2y (t=1.,.,m)

for {x.,..., v,) to be a fix point of f can be writien in the form
Sl Vs, gfoa} JE A oy e, @) AP A S AR = 0,

which is equivalent to (10). The consistency condition for equation (10)
is (9) (cf. [1], [12]; sec c.g. [9], Theorem 2.3). . . .
Theorem 3. Everyv isofone Boolean transformation has fix poinis.
Proof. Suppose B is an arbitrary Boolean algebra and F = (fi,..., fu) !
B® — B" an isotone Boolcan transformation. As we have alrcady remarked,
this implies that every f; is isotone. We have to check condition (9) which,
in view of distributivity, can be written

%y 1 -
(14) Voo M iz e i ef0un) " v?;;” {21 ,..., ) =0,

where the disjunction is extended over all the maps ¢: fo, 13" ={l ..., 0}
and o{a) is an abbreviation for @{«,..., z,). Therefore we take an arbi-
trarv but fixed such ¢ and will prove that

(15) A apritg € fon} fo20 ety yonny aa) = 0.

To prove (15) it suffices to find a = (ay,..., @), B = (B1,..., Pa) €
e {0, 1}* and ¢ € {1,..., #} such that
(16} @ < B&oa=0&Bi=1& 9(a) = @(B) =1
for (16) implies that fy(«) < fi() and that the left side of (15) is included in
B ) A SENB) = filx) A A(B) = 0.

To find « and B which fulfil (16), it is convenient to replace the poset
(f0. 1}*, <) by its image (P({t.....n}), <) under the well-known isomor-
phism defined by:

(Y1 yoes Yo) = {E2 0 B},
if and only if
T‘l=...=='y;¢=l&y¢ = .=y =0;
then condition (16) becomes
(17) acB&ieB—akel@ =ef) =1

To prove (17), define a sequence (fo, i1 ,..., Ta} as follows: 1o = 1 1§%);
and iy = @({io ..., ta_r}) (B =1, 2., m). Since iy, t1,..., % € {1,..,n}, it
follows that i, = £, for some j = k. Let j « {0, 1 ..., #} be the least index
for which there exists » € {0, 1,...,n} such that § <% and ¢, = 1. Take
@ = {fa,.., 41} oT a = F as § >0 or j = 0; take also B ={is,.., zg_lf}
and 4 = 4, = {;. Then «, B and ¢ fulfil (17) and this concludes the proof.
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The last two propositions of this paper deal with the case n = 1.

Proposition 1. Suppose s a distributive lalfive with O, Then cocry
lattice: function [0l — L has the least fix point [(0). -

Proof. In view of Lemma 1 the function fis of the form f(v) v dg
or of the form f{v) = (w2 ¥) 0V ao. In both cases f(0) = ay and flao} = u.
On the other hand if p is an arbitrary fix point then f(0) = f(p) — p.

Proposition | can be rephrased to the effect that the least fix point
is reached inone step by the Kleene iterative procedure although £ necd
not be w-complete ; take eg, the inercasing sequence (11wl ey In
the Tattice of all finite subscts of N (o1 in the Boolean algebra of all finite
and cofinite subscts of ).

Proposition 2. (Scognamiglio 13 7). Sippose B is an arbitrary Boolean
algebra. Then a Boolean function [ B = B has fix points if and only if
it is 1solone, in which case the set of fix pounts ts the range [[(0), f(1)].

Comment. For other properties equivalent to the isotonyv of the funce-
tien f see |8]0 Theorem 112,

Proof. Condition (9) in Theorem 2 reduced to f(0) - f(1) — 0. that
15 to f{0) < {1}, which is equivalent to isotony {(cf. Me Kinscy (8 ;
sce also [, Theorem 2.13). The fix points are determined by equation (10)
which reduces to

’

(f10) A «) v (f (1) 4 x) =0,

and is equivalent to f(0) £ ¥ < f(1). But the interval

[fO) AT = LA0) o f(1). f(0) v f(1)]

is also the range of the function f {cf. Schriader [121; see also {97
Theorem 2.4),

Finally we note that for # -t there exist non-isotone Boolean trans-
formations whose fix points cannot he reached by the Kleene iterative
procedure. Take e.n.

I, ) = (v, (v ooy v (0 A 7))
In this case formulas (11} yvield deo == 1, war = 1, d1o = 0, a1 = |, so that
cquation (13) becomes (27 8 ) (X 4 v}y (v A 3} =0 or simply ¥’V

1

V' x = 0, which shows that the unique fix point is (1, 0). However (0, 0) =
= (1, ), F(1, 1} = (0, 1) and (0, 1} — (0,0).
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