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I. Introduction. We shall use in this paper the notations from (1.
For any set X, X will Jenote the power sct of X. A relation f from Nto Y
denoted by f: X = Y isa function f: X - ¥, which is completely additive,

that is F(UIA, 1 je D = U{(A) 17 = Ji. forany family {4l j [ X.

The graph +f of a relation /1 X — Y is the subset of X' 3 Y defined by
vf = {{x, ¥)| ve f{x)}. The domain (dom f) and the codomain {codom f}
of a relation f are given by dom f={x|x & X, fx)# &, codom f ==
~{viyeY, vefl)

By I*(I-) we shall denote the free monoid (semigroup) generated by
the alphabet 7. The null word will be denoted by X we have [7=I* U {A}.

if N is the set of natural numbers, ¥ will be the family of sets N'=
— {N™|m 2 0, where N° consists from the single element “* and N™ is
the m-th cartesian power of N.

1f I is the alphabet I = {1 ,..., ;) and L is a language, L € {z.}" ... {=
L rcpresents a relation f: N™ — N® with m 4 BafzeosPhoe Laff (b
v pa) & ¢ f. ®, is the set of relations represented by the languagc
The relation f: N* - N° from @, will be denoted by ¢ L.

A grammar is a 4-upic G = (Iy, Iy o, F), where Iy, Ip arc the
alphabets of nonterminals and terminals, respectively, Zo s Iy, is the initial
symbol and F is a set of rules, /= {(1), vy) |y= I I.I", wye I', 1<
< j = m}. Here we have taken 7 Ty dp I (uy, vy e F we shall de-
note this by uy - . .

' The relation , =" and its reflexive and transitive closure L= are
introduced in the usual wayv {sce 3] or [4]).

Definition. The granomar G com pulcs the graph of a relation [if f& Ry

Every class of grammars i generates a class of relations @ = U 1@rie;
G = K. The name of K is usually transferred 1o Ry, For instance we shall
speak about the class of ,context-lree relations”, If A is a class of Chomsky's
hierarchy we shall use the notation @, {f = 0. 1,2, 3)) to designate re
lations computed by grammars from the J-th class.
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If @ is a category, ihe class of objects of @€ 1s Ob £, the set of mor-

phisms from X to Y, is denoted by € (Y, Y), where X, ¥V & Ob €. By R

we shall denote the category having as objects all sets and as sets of morphis-
ms the sets @ (X, ) ffif: X = ¥ the composition of morphisms
Leing the composition of relatons. The class of all morphisms of @ is Mor €.

The full subeategory of @ determined by the set V- 13 denoted by
RN o

An admissible subcategory of @ (V') is a subcategory of of B{N")
for which:

i) Ob of = N,

H) if f1 N7 o N e of (A7, A% then so does the relation N x
s fr NS N defined by (N f) (n,on) = (i, fln), Vine N,on s
= N(the cylindrification property) ;

iii) the functions O N¥ 5 N (4 > 2} defined by O, n, p) =

(n, m. p). Vi, ne N, p = N2 A0 N o A= defined by Aln) = {n, n),
Yne N and the projection IT: ¥ 5 N (which is unique) belong to Mor of.

We shall call a catigory of semiadmissible if only Oy and A belong to
Mor of,

Let [n] be the ser {1, n for n = N, where [0] e @. The logical
function ({t1) induce ! by the function f: {p]—»[q} is the function f#: N
— NP given by fHOn .. ng) = (o a »), for every (..., n,) = NC

1iofis a semiadmissible category, the following facts are quite strai-
ghtforward (the proofs for admissible categories can be founded in [1]):

i} if [ e (N N), ¢ e (N, N¥) then so is f o gi ™ o
— N defined by (f » g}, ) = (f(x), g{)), for every x & N7, v & N

i) if fe A (N, N)and g = oA (N7, N) thensods < f, ¢ > NT o
— NeH, where < f, ¢ > (¥) = (f(x), g(x))

i) if f:[p = [g. is a surjective mapping (hence p > ¢) then f¥ <
< o (N9, nh).

When of is an admis:ible category, for cvery function f: [p] — [¢],
the logical function f# bhelongs to of (NY N7).

11, Context-sensiltoe  Relations and  Admisible  Calegories. Using
Parikh's theorem [3] it follows that the class @, of context-free rela-
tions is rather simple since, if £ < s, v f has to be a semiliniar subsct of
N* However, some important functions belong to @Ra.

Theorem 1. The succesor function X: N - N, Z(n) =n + I, Ya e
e N, the projections TIE: NV 5 N, 0% (ny o) =, L < j<k and the
constant function K,: N* o N, K,(ny o0, ) = a4, Yo, ny) € NY, oare
context-free relations.

Proof. We have to prove thai the language Ly = {a7 wttine Nh
L, s {ooxpy a3 [ (e, ) € VA Ly,={xb. . am i) e
e N¥ are context-free. The construction of the corresponding context-
free grammars s rather simple and it is left to the reader.

Remark. 1 [, ¢ = ®,, their composition as relations does not belong,
m ggncral, to 2. Indeed, let {x"|ne B} be a language from Lo~ .£1. Ac-
cendding o a result from [3), p. 89, there exists a tvpe | language [, such
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-hat £, consists of words of the form a* v oY g & B owhere £ B o— N
i« an approplate function. This language represents the graph of a relation
SN e AR Let us consider also the relation g: N A °, whose domain I

L, ny no= NG Iods cear that vlgefy=1nin = B! and this set cannol

he the graph of a rclation from 2 (V. N, Therefore, it is not possible
-6 obtain a subcategory of @ by restricting the set of relations R{N?, N9 1o
the context-sensitive relations. )
Definition. An cxlending relation f1 N7 — N' is d relation hiwing tie
property || x M| v Jor ewery x &dom f, v € ().
Theorem 2. The subcategory X of R(N"). where X(N?, NY) coitains the
catending relations from N#do N7, ¥ poge N is o semladmissible cafeyory.
Proof. Let f2 Ne o N g0 N o N7 be two extending relations. Stuoe.
ol < M0yl for every v e dom foovef{vyand Lrl< M 7| for
every v = dom gand = & g(v). it follows that || v i< M0 v < My M2l
vee dom fog. = & {feg)x) Hence fog is an extending relation, \We con-
Jude that X is indeed a subcategory @(N°). ) A
If f2 N~ N is an extending relation so is N 3 f, hence X is closed
vith respect to cvlindrification. ) _
It is clear also that A and ©,. Az 2 arc extending relations.
The next result is o more intricate one.
Theorem. 3. The subcategorv € of R{N"). where (N?, N% = 2,
X (N?, N9 as semiadmissible. ) )
Proof. Suppose that / e @ (NP, \) ¢ =€ (N9, N7y are extending,
context-sensitive relations. Since fo ¢ is extending, we have to prove that
{he language Ly, is context-sensitive, from the fact that L, and [, are
ontext-sensitive  languages, There exists the length increasing gram
mars G and G for which L{G) = {x7 ... xjp .. 3 | (5, vy, By )
evfiand L{G) = T 3% 3 4 (TR R ey Iyey g Letous
consider the tvpe - ¢ grammar G o« (Iyo U Ly, U {26, % T aeein age S peses i
Tt Fpa 200 F) where Gy (Lyp Ty Bepy Febe Oy (Ivg. T4ye 2oy 1) and
¥ contains the following rules:
i) 7. which is obtained from £, by replacing v 3 by e Sy
Tespe ctively ; '
if) I, which is obtained from F, by replacing vy ..., ¥ by
respectivelv
) Zo = o 7, E.oﬂ; .
Y 2y En o Zpla with s 20 ¢
V) B E = B L, with Tgm <ong g
1) oo on with 1< < ¢
) T - ).,
where » is the nuil word.
The unique way to start from Z, and to derive a word from the ter-
minal alphabet is the following:

L -
A S n, Ym rm, Lk e vh Ty = ¥ L, M 7L
S0 Sup TiSg, = NP e A St e Bg iy e N R
Y Y Yky=1 Tk, b ! & n Byl Tm, avk,—1 Tk, T iy,
L,qocl 5, BT gyt v s A app B BRa D N N TR
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lh n CCS.SH Cl M tl - -
¢ ne AS Of 1 Ination 01 non tC g
rn]lnd['\ using | B Y - n
s nh t.h(, ul(.,& St T 5y T4

mplies the ’qulallllts wy = Ry, 1 € j<q. Therefore, in these conditions
we hal\;c %= s - Xt ¥ Ve, when (n ., n, Lo l)e y(fog)
— wléé,..sxﬂ) is _t-}:c*\tvorkiiparc of the word w in the gramma:: G we can
: e (NP Al W V) = ) -2 (e my 1
s L) 1L for (m y Y T
since & o (’1 ('. ' Ve i) & f(ng o, ny) and (L, ) & g(m, )
SInce Gy and (; were supposed tobe length increasing Since f and g are
extending relations we have: ' e Sitce fands O
S . X ¥
WSe (3o a3 T <y s ) [ L B (v D142 3, <
¥ “oatlgl &
K200t ) (T e B 12+ 2A8,) < (2422 MM (n.....»
hop D) ==
=(2£2M) U oxme VL i)

p?

for all nonemply words W ¥
S oa% L xme Ve W
B frl)lv word - f":”,": .Y oe L.(G). Using the workspace
. ollows that 7{G) is context-sensitive.
e f‘r_ g-(, {:rrmt;‘tllaé‘é is flnscd with respect to cylindrification. Suppose
= e x)‘ |§ x ”)._i_.”u;(i]egx | < {\[! | vl for every y e f(x), it follows
. s . o A )
B VAU L e Myl < M) (n, y) |l for every (n, )
Ihere exists a context-sensitive grammar G for which LG) = {x»
L XRr VM i S e
o el m) ey fi. We have to construct a contéxt_
sensitive grammar 7 such that L(G7) ={x"am X2y ymin e N, (
PRETTTTIRLILSS S SR PR Ual & 0 —I) IR F /
ey e P, M) €y f1 1 l L
o this cnd; let us consider the grammar G' = ({us, p, u', o, %
ey Sy R X ol , Al , ~r . [ ’ . b y 5 prar
yeors }Ui)j‘;iu:l ;"U‘l}(,lqu( fll} o, Il ),]\\};]Crc F' contains the follmving“‘ru!c;.
rules of £ 1n which the terminal symbols v 3 e be
rcplacgd by 31, 5, respectively: ymbols e e liave been
ll) to — Za. o — @i
U} po—p'n”, g oplup”
) g -
MRS T S AT A
\.'1.} N o oxxg, gy
vi) x5 vy, 1</, hgr;
Using these rules it is possible to write g, = 5o ;:. [T TRL N RN
. el B

="

.
‘e E,nl Sy, yiny Vg =y Ry T n m
ase aa e ’
1 et -4 e R A y:.'

At this stage we have o F 1 n g
A im(; f;“‘t ?131.‘.L to move Iy, 1 < 7 < rover o " n order 1o transiorn
rminals using either vi) or vii), We have 1" p"™ 2% Zne ym
O . Spt e ST e
Y R S B L TR E it "y
AN ] 1 : i -'\l LR _\’ = .\.’l" e A7 ’]':”1 o _}:"a, hence 6 com-
putes indeed Nwof,
H"It'llr:.“(‘lcar 1]{{1{ A belongs to Q_ ('N, N, because the language La
) 07 r & MVIs context sensitive and A i3 extending o
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For ©, we have Lo, = {37 xjalr .. xfk-2 0] AT VDL yPker, om, moE N,
(pr oeer pr o) € N¥72 To prove that Ly, is context-sensitive in a simple
manner we shall give a scattered context grammar which generates Le.
A scattered context-grammar (scg) is a d-uple & = (I, Ir, 5. I9),
where Iy, Ip, %o have the same signilicances as in the definttion of gram-
snars and F is a set of rules having the form (3 e Bl o (L W) E
U Tp) T or {(£0) = (¢) (when we suppose that %, docs not occur in
anv right side of a rule). e shall WLt #y 51 a5 ev Uy Sn Yy 12> My WL
M, W, Uy, [OT CVEIY 24 ., N, & (Ix u Ip). The language generated by
G is the language L(G) = {« |5 = at M 17, where Lot is, as usual, the
reflexive and transitive closure of ,,=". Every language which can be ge-
nerated by a scg is context-sensitive.
Let us consider the seg G = ({8 T 0 55000y Ery 2 aeeey Tiahy 1X1geees Xiy
Vi e Ma)s S, £7), where F contains the following rules:

1) (Ee) = (@) Eo) (L)

i) (D) = (u), (O = (1 8 (@) = (xaw)

i) (w) = (2 3), (1) = (xa3) s

iv) (¢, 6) = (B oo o iy o 7s) with 3 € /1 -2 fs 2. HEEE

V) (EJ' Iri,l) s (EJ aiv W 7]5)' < J < k;

vi) (&, ny) - (v, ¥), 3K 7Sk

vil) (Ze) — (e).

It is casy to see that a derivation in this grammar starts cither with
the rule (o) — (3) or with (e} — (% %)

In the first case. we can have one of the following three types of de-
rivations :

N - L4 R
a) i = L= = gy, for 1
L L
r y : o, ’ ) .
by L, == aplp=apiy= xm o xy oyt ym, for myono 3 I
N g 11
¢) = ! = A A, with m > L.
In the second case the aspect of the initial part of the derivation 13

L]
- Y o Mo - LI 4 LR
L= U= xmxd L af = AP A0 5y 0 3 M AP Wiy e My

=y

Using the 5 group of rules we obtain the word AP X3 1. AFi )T A7 e
. ¥». From the previous arguments it follows that La,= L{G), hence &, =
e @(N*, N¥) and the proof is completed. _

Using the closure propertics of the class of morphisms of a semiad-
missible category exposed in the introductory chapter it follows immedia-
tely the following

Corollary. a) If f: (pl = gl is a surjective function, then the langnage
Lod = {xp . xoe Yo _\’:ﬂﬂi('?h vy my & N s context-sensitive,

by Suppose that L, = {a}. .27 a7 .. AU C VTP N PP m,) €
cA} and L, = RGN B I A Y T iR g) & B} are two
conlext sensitive lamguages for which || (3 oy ) 1€ Ml (10, ) and
iy PO S Mplig, oo gulll, for every (my, ..., Mo Mo, m,)e A
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and (py e Prv oo, 40 = B Then the languare [‘1

< R
o . .
B O APT  LINE R Y& .o
SRR RO m, myaE A, (pLp, dyoen §) & B
1§ context-senstiive, ’
Indeed, when Lyand [, satisfy the previous conditions there exist
two relations _f_{ TV, \ and f,: N o Nv such that fao fn = Mor €
Sinee Mor € is closed with respect to combina ion it follows that 7
i N o . : L <A R
15 context-sensitive.
c) If the languages I = {xm A ML am| (e

gk - p
= {am L, Apea

7 B
C M m‘) =

17
= ] o m, -n Py 7 =
n‘ .,I o dop Sl e Y g (v m P, p) e I3} are context sen-
sitive - and || {my o) s M (e m) | e, wIL € Mul{pe..
s ) HHorall (g L my, iy om) = A, (Hivs my, po P) & B it fol-
lows that the language 1. g = 1AM x:-' R N GOl LT
w ) € L (L, #eo .., pr) = Bl is also context-sensitive,
_ The proof uses essentially the same ideea as the previous one, taking
into account that Mor @ is closed with respect to the operation <., =
Regarding the composition of context-sensitive relations we are now
able to present a stronger result.
Lemma. The! : f i M, 1
- : anguage {3 ... vy, | NV g q..,¢) e
= N1 ds comlexl-sensitive,
Proof. Let g: N® N be the relation containing the pairs (1, g) for
g = .-\-.“ Stnce g is extending and L, = v,., {3..)". it follows that y = @
(N", A%, Taking into account that € is closed with respect to , x" we
have h — Tyx . X lyxg= € (A%, N*?), hence the language L, = {yw
e o

S Dt Yot _vf‘2>.<gyp3 .":,',;_' (9. ¢, v g} = N4 is context-sensitive,
From this lemma it follows that the relation &: N** o N* with
k= R,,h is also context-sensitive, .
Theorem 4. The class Ko consists of relations which can be expressed as
mm.;bositmns of context-scusitive relations, Ry = {f|f = f, ofe, fi, fo &y
Proof It f: N* & N* is a relation from @, the language L, -« [ l
AN . 1 i
o MM VR }f.. [ {n, ... By Gy e g)= v fl is a type-0 language. There-
fore, there exists a mapping 3 : N7~ N for which the language :

Yo R g

RS, Y ar .
L ‘.\]i 1rr _\1'3- v VY i

1 R R F S S

-"('"1 e Mo Gy ey q') e yfi
15 context-sensitive. Let fi be the relation fi 0 N7 - N**% from @, . U w
. : t b —- [ K Wwe
take fy equal to £ (which was introduced after the previous lemma) f,r: Nove_,
N* it follows that f — fi o fu. '

Indeed, let (ni ... %, ¢o,..q) € v/ In view of the definition of
foand f, it follows that (m, ... n,, oo g, Lo nn, g, ) =
= vhoand (¢, g, |, (5 v ey @i, @)y Qo gen, §4) € v fe, hence
(v ..., Mo 1 ey ) € v (f1 o ). Conversely, if (ny ..., n,, G1 oo, go) €v{ frofs)
there exists an (s + 2)-uple (g ... m,, wt,., m,,s), such that (M1 ,eeey ).
My, Mey Mg, W) = v fooand (i, ey g, my s ¢ - E‘ 2
Using the definition of Ji and £, it follows that f:n ,...,“;1-,, 1;1-. ,...,q;rl,) eyilf
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and ny = gy, for 1 g j s, Therefore (no o, #e g qa) € v fand we
have v f = v(fi o fo}, hence f = fiofe. We have obtained the inclusion
e € (/1S =lrofu fi e Rif

To prove the convers: inclusion wecan use the construction which
we have used in the proof of Theorem 3 for proving that @ is closed with
pespect Lo composition of relations, We have considered the type - 0 grammar
(,_ which is able to compute the graph of f. But, since we have not supposcd
here that f; and /, arc extending reations. we can not infer that /L{(7} i3
comext-sensitive. Hence we have obtained also the converse inclusion,
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