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V' T-AUTOMATA AND METAALFEBRAIC FAMILIES
BY
V. FELEA

Introduction. In 1. S. Eilenberg and J. Wright have
introduced the notions of T-algebra. T-automaton, relational T-automaton,
polynomial and algebraic set. In [4] the algebra automata are used for
dvnamic analvsis. In the recent papers (2. 3] the author has defined the
notions of ["7T-algebra, relational 1" T-algebra, I"T-automaton and relational
I/'f-automaton over a free theory.

in this paper the notions of w-polynomial over a free theory and me
taalgebraic family are given. It is shown that the class of metaalgebraic
families of order 1 coincides with the class of behaviors of restricted I77-au-
tomata over S, Q]

1. o-polynomials. For notations and definitions not explained in
the following, sec {2} and [3]. Let T = 5, [Q] be a free theory.

Definition 1.1. 4 «-polynomial is the system P,,= (P}... %,
Py, P, Pl PCLLY, where PYoare findle  subsets  of Morphy,a

(, ip). 7= Lom, i=0,1,2.. [f there exists a natural number k, such
that for everv ® = P8 d® gk j=1 n t==01,2..(d0®is the de-
aree of D[2) and there exist a pair of nalural wumbers 1. 7 and a morphism
W oe P osuch that d ® = k, then k is called the degree of Py, If there existg
a naiwral wwmber my, such that for every =0, 1,2 . j=1.#n | P{<
< . thew Py, 1s called bounded (| Py Is the power of P).

Let 4 be a relational T -algebra over 5,02 and A be the V' T-algebra
corresponding to 1 {{37, Remark 2.1). Let us consider 4" = (8 (4,)", ${4,)",
.bobLet be X (XYL Ny whereXie d, j=1,2_..,p =01 2.
e We denote

NPi= 0 (N L X0y j=1,2.
o cry
XNIPi= (AP, XD,

The polvhomial P, , defines a function 4 : A7 — 4" in the following wav:
TN = (X%, X' e Pand Z = (2%, 720 e A then N € = 7. where
AW NP 00, 2,2 =X0or p=un, L= (X, X} ...
ey @) for pooowand Z° = (X9 ..., X clse. 2 depends on A and P, ,,
will be denoted by 44
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Proposition 1.1. T'he function 95 corresponding to a bounded o-poly-
nonial Pu, 15 wmonofone.
Proof. We must show that

(1.1) Nédge YE; whenever Ve YV ole, Xe Y =0, 1.2 ..
This will be done by induction on @ We {irst show :
(1.2} for vvery @1 — p7 — morphism  in 5407, if

X'ie Y'and /= {d}, then X'P) = YU,
Inclwd if @ is of degree 0, then @ is in So. therefore N7 P — (X L 1Y)

Il
(BBl = Nig 8,0 Y14 = YigBi: From XN¢ ¥ it follows iy g Y5,
and Xig8 € Nig4:. so that {1.2}) holds. Assumc that (1.2) holds for ali
morphisms @ with ¢ < /. Consider &7 = [pl, d & =141, There
exists a natural number B oa morphism 0 [R1 - [p1 —in % [Q], and w =
=, (1), such that @ = b, d & = | 4 0. It results d0 = 7. We 1-\.1\"0

Dos o 0y e O Oy =G0 =1, 2k d0 = d 0+ .+ o,
Og: [ = {p. db, <!, 1 £¢< ki The relation (1.2) holds for l-’§ = i},
g == 1, 2.0k 1
(1.3) N e s YO0, 07, g=1,2 .. &
We have ! .
) X0 = (N N2l = (Y] . X0y "’ PRI (o ohl) =
il . .

(N e NEHO 98 1) e (Y L N HO 95 D) X0 250 0).
The relations (1.3), (1.4) and (F.4) for Y instead of X give (1.2). ¥We nowishow
(1 :’) If Pnp — ‘[)f]lj‘l U ])Eii' th(flli-,j = UNA U ﬁf'

where the union for £, and €5 is made coordinate by coordinate :llld £; s

the function corresponding to P}, ¢+ — 1. 2.

Let & be the degree of £, and XY € Y. We represent 2, , in the torm
(1.6) Py = U P
where P4, — (P4 Pt Pt Pyl and the elements of P, have

the degree s (0 < 5 < k), whether Piw# .
It results (1.7) €5 — 25 U ... U84, where €% is the function corresponding

to Pr,. s =0, I'. . & From (1.2) we have \ Pihs o Yipes s==0, 1,2,k
I €j<un 1 _ 0, [ ,.... hence NPt o v 1”‘ s = (), l, 2,0k o=
=01, 2, 1e X85 ¢ Yay, s=0, 1 A It foll()\\'s from (1.7) that
Vd; = Y &4, as required.

. 1hen the function 40 4" -5 4% mayv be iterated,
giving @4 : A" » 4" Let us denote & = (G, G} where &, -
=G ..., @) Because €4 is monotone, it results:

ool

(1.8) B <@ s <
Consider 94 — O o 8
[0

If we consider P2
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Propoaitinn L2 1/ @ PX o (Z8°, 2% ), 25 a8 ()" i=0.1, 2
Y 1, 2., then
(1.9y Atbd = Zbr for coerv k=0, 1,2, ., h=0, 1,2 .k I>2k
Proof. ¥or h =020 - (¥ &), 1= Jor k=1, 20 ==
(F....a) P l="12 .. therefore (1. 9 olds \qsumr that (1.9) holds
for any k= 1. Then we have
(t.10) Zlsbt e gla-l piss 2 L l=0,1,2 ..,;
(111 AR L LR AN e AL L AL LN - O R

fhe relations (1.10) and {1.11) are (1.9) for & L.
Remark. Helation (1.9 implics

(1.12) ZoC e Z6t G001, 2 k2.

Proposition 1.3, Jf 94 — (2%, &' .}, where 3" = §(A,)", 1 =0, 1.2
Sthen we have

(L13) S F P P01, 2.8 — O

Proof. Wethave 2% — @, because @ is the first coordinate of @ %,
for cach A Assmme that (1.13) holds for anv 2 0. Then we have §f =
Z"" U Zl,t U ... u Z'.‘_‘ , iu:ﬂ i Zo‘f,z L Zl,n_z U...u Zu_.z.pz_ 4 ZO‘ i+2 T
L Zu.f” ]Jlfl U “_Zf.._l.!,l I;i..l - gv\fa.l Pn_.l — @ f’" 1)1 ]u'.l_
Proposition 1.4. 9 is the least solution of the cquation :
(1.14) X&y =X
Pmof (1.13) is .cqui\'aleut with &0 — @1 § = 0.1, 2 ..., ==
;3 @8 = a4 If Z is a solution for (1.14) we have Z8; = Z.
From @ <X one obtains @8 = Z @4= 7 for cach £, therefore | [y R=V AR
=i
gy Z. Similarly, we have;
Proposition 1.5. 9, 1s the least solution of the inequality
(trsy N, X,
Proposition 1.6. The following diagram

a8,

C‘On -C‘Un
i1.16) E" E.f4
N 2, 4
A _ A

where f{ -- (CZ», -Cj“ yee) commutes. The proof is obvious.
. 2. Metaalgebraic families. let % be the relational V7-algebra,
which is the initial object in the category CVTF over the theory T = S, (Q]



1n6 V. FELEA 4

[37and € be a I -algebra corresponding to €% Let £2, , be a w-polynomial
over So/£] and
o= (PP Py P PP f’:', o)

Definition 2.1. The family X = ( L. 1=0, 1,2 .., N, = O, 1s cul-
led metaalgebraic with respect to C if there exist a natural number n and a
w-pol vuomial I, such that X;= P}, i=0,1, 2.

Proposition 2.2. Let A be a relational ¥ T-algebru over So [Q], Pa.q be
a w-pol vuomtal over Ss (2], & an indeger, 1 < k< n and Ty the j'unction cor-
responding to P, and A. If %= (P, P, P'= (P].., P,
= 0, 1, 2 .., then there exist a w-polynomial over 5[], (),,,1 ant, SHCh thut

@J = (@n @‘ h Ql (le O:'H) i=0,12 Q U P‘

=1

(2.1) Qh =Py, h==2 3. ..,n41, i=0,1,2,.
Proof. We dcfmc' ow-polynomial @,y .1 = (¢%..... Uner ...} such that
;:_{(I)u.ld)uau[ Oh={Caf®e P, , 2<hgntl,i=012,..

where « 1s the morphlsm in8,, a:n] - [n+ 1], definedby o =17¢+1,
t =1, 2,.,n We have

Gard Q0 .. Q = (B PP PV P (Plu Piu v P,
el P P Y= (U U P G PP P, i=0.1, 2,

By the Proposition 1.3, it results (2.1).
Definition 2.3. A relational VT-algebra A is called restricled if the func-
tions (@ P *) are given only for ® : {n] — []5} Q= =5, TQ}. 1=20,1,2
where?i_SE}:>17u-{ 0. O Q% @0, [n]n:
- 1. .0, are the morphisms in Sa}
Proposntmn 24, Let 5.0 be a theory with Qo # @, For cach w-polyuo-
nomial P,, w Stech that P € Zo and every element of 1% has the degree one, 1

(2.2)

<f<n, =12, Hwn’er:sls a relational VT m’aebra structure on A= ( Ak
Ay = [0l ;= ﬁ, =lm: =012 ..

Converscly, for each rclahonal I'T-algebra sirncture on A = (A, A =
= (0], ;= Bi = g, T=0, 1, 2, there cxisls m—pohnomml P, . such

that P = Zo and every clemenl of Iy has the degree one, 1 € j<n, i=0,1, 2.,
Proof. Let PP, , be a e-polvnomial over S, [Q] with 'fc Z, and fnr
every @ e P4, o @ = |. Every morphism from /% has also the degree onc,
Consider ¢ : 1 - [n] there exist the natural number p, w, x, the morphisms
in So[Q), w €4, x:[p] =[], such that & —~wx, dP =1, 4D =14
+d\ Tt follmu. dv — 0, 1.c. ¥ is a morphism in S,. If ® & Py n Pjn..n
PR Faen i = (n]) and @ & PLI#G, s= 12,8 we define

(2.3) (Lt 3) e 4 (P DN %Y = {i Jar fid =1, 2,0,

(Z1. 74 2o i) = &, when =y, ¥

- # x, where [y,
-Z,, 1 <7< p, v, are the morphisms in 5., ¥;:

[n].

—
[
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If 90, < P Pin..n Py and O & P} Igg, s=1,2,..I
then
{2.4) ( HP YY) = {41, oo, als i=0, 1,2 .
It vesults a restricted relational I T-algebra structure on A = {4}, Conver-
selv, let 4 — (4,) be a restricted relational 7 -algebra.
For @& = S, {Q] uith d® =1 we have ©® = o 1, m I —[pl (p] ~
—~ v = oy oy s T x) & e, je= 20000 We deflne,P,,

sich that
2.5) P -wrxe Piff je (I{1,x) ... (P eyld. 170 =
(2.

a1, 2,0, O =0, e T j e ( ) (DL D e Qo 1 <5<

Remark 2.5, For VI-ulgebra A corresponding to relational VT-algebra
A from the Proposition 2.4., we have (Y, ..., Y, ){w ¥ 1) = &, whenever there
Frists
joe 1, ), such thal Y, =

Theorem 2.6. Let P, , be a w-polynomial over Se {8)]. There erists a
w-polynomial over So (L), T, , such that:

(2.6)  The clemenis of Th are the elements of Py of degree >0, 1 £ < n
=01, 2 ...

(2.7) 84 = &4 for cach V1-algbra A corresponding to any relational VT-
algebra A over Sy {Q].

Proof. Y P, = (..., P2 Pt ... Pl ..), consider P%= R}y M}
and P, .= K, . u M, .. whf,re A consists of all the elements of P of
degree 0 and Ri consists of the elements of P4 of degree=0. Let So(f, (8]} =
= “m L JERRRE n}

We have
XiMi= U (X' s X (@Y, XM = (X" M., XM
®en!
lgjgm 120,12,

To each M' we consider a matrix «', such that:

; Paf By o d — [#)0s in MY 1z ke
an' =
! 0 elsewhore

l.et us definc

Xfa' = (Z,,.,Z,), where £, = U Xi, k=1, 2,.,n 1=20 1,2,

It is ecasy to verify that .”-1

{2.8) A'M = Xtat, i=0,1,2....

Consider the lattice L = {0, 1}, 0 is the least clement and 1 is the
greatest element, with the binary compositionsa A band a v b. We define
the union of the matrices «, 3, denoted by « u 8 and their pro:luct denoted
by a8 thus

U B o= (ay v By) v= 2B 1oy zkvz(ﬁu A Bu) o= (ay), B =
= (Bis), 1 <1, j < n. The relation (2.8) implies :
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(2.9) N M o XMata ety =1, 2, i =0,1, 2,

Iet £ be the matrix
L0 0.

(0 220

iy 000 25 .

where £ is the matrix with t on the diagonal and 0 elsewhere and O has alt
elements equal to 0. I and @ arc of the type n » n. We define T, = (77,
T thus

(2.10) T' = R'y R« et by R YR 2ty L R =

=1, 2,.

To = R?
or shortly,
(200 Thn= R {E" U U BY. where E'is the matrix with T on the diago-

kml

nal and 0 elsewhere.

Every clement {rom T, is of the degree - 0.

To shown that (2.12) 2; = §4. For cach Z € A", we have

(2.13) Z(UBY = U Z B~
k= k=1

Let X = (X" X'..,) be from A" such that X 2, € X.

Irom P, , = l\.. . UM, it resulls X &5 ¢ X and X 3y ¢ X, where 3
and M, are the functions Lorrt.spondmg to K,,, and M, , respectively. But
N §; = X B, hence X B = X. Because M is monotone, we have X 3'?T{“ < X,

It obtains X B e X, X F =X R; ({7 U BYY =

SX(E'u l;|H‘} =\ i LILLJI(X B*) = X. Because g, 1s a snlut:on for

for every k i, 2

N, o X k:;nd 1 is the least solution for X Fi:= N, 1t oresules
(2.14) ¥ <8y '

Let X = A" be a solution for (2.13) X 7 = \. Fr()m (2:11).we have
X8;csX¥F;- X.On th(. other hand, il results (F7.0 L BYRE = I By
UB"+‘ Umc Ul B, XF i = XNRiB=X m;(i u U B
Ble XA (LU UB‘) e

ANgy = XN&;u \ Mg = NR; o VI8 NR v V9= X,
It obtains 84 < &4, hence (2.12).

Theorem 2.7. Let Py, be a mpol nonr*u' over Sn Q], with 0 Jinite.
There exists 4 w- pol}nomml T m over So[Q), n < m, ssuch that
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M By = P P L) T = (1Y T T T ),
then JOJd = Pi s moerphism in Seb = {0 [ d e T3,
D ods morphism in Sob. L i< i n, 1, 2,
(1) The elcments from T are of degrec 0 or 1. V< jgsn 1=0, 1,1,
) fhfd e T O g omorphism in Sof @on-cj<m =011,

{
(v) 5= Th L gjgm, i=0, 1,2 ..
Proof. Let & be the degree of £, 0 For k== 0 or & = 1. the conditions
{1 iv) of the theorem are satisfied taking m— nwand 77, == I, ,. Assume
that & =« 1. There exists @ in £, , = (0], d & = 4 We define 7§ =
Rl s 1 D D whether D& PR (] - [n-E] 15 the mor-
phism in Se defined by ik == 1. 7 = [n], There exist pooo =L, B [p] -
— [n!, such that @ = & We have db) h—lb= <0, ..., B, > . 0y =
o, 1< i< n, db = d0, + . db,. There exists 7. 1 €7 < p, such
that d6; - 0, this tmplies (8, 0') ~ 0. Let (&, ... D,) be from €I, s 2 1.

We obtain (dy ... GHDOw) = b - (Dl ..... LW, ey, By
@by, s <y L, D, Redl | Pk ) U ) -SSR | M
O, Dy =wr e O I, tl),,”, ,where @, = 0,2 @y ..., Dy-

and v iy d('finvd by we == bk, e [l, pl—{ft ny== (#-- 1), and

“ T e T > dn 2 dO, 0t ] — (k1] T results

(2.6} (& ., PO LN = (B, By ) ((00n) 8L, s =1, 2,
1 & Piwe adjoin o 4 to T3 The relation (2.16) is verified for (Y, ..., ¥,)

where VYV, = [Bbor Y, = @, @, = S, [ (7, @) and there is ¢ & [1, #],

such that ¥; = &. Indeed, if we consider Y,.p = (Y ..... Yo (4, 1{.1%:.1'), then
(V1o Yoo Youd({w ) 9277 = (V) Yoo, Yo )(@ oz ).

We now show that there exist 7% ., 7= 0,1, 2 ... such that
(118) U (T4 T TEDE GRS = (e TR i = 12

gey
Indeed, (2.18) 15 equivalent with
219) U (1 T, TENE W) = U (T3 T 435,
e agyi-t
1=1,2,., where V"' =0, < T{1 ... ]
lay & TH1, 1 € kgl

A solution for (2.19) is TH = V1 =1, 2 ,.

It is clear that all elements from Tz hd\L degrc

Let us show (iv). We have T, = (7% ..., T3)(0, 4 L,M s ). = 0, 1,2 ...
and P! = 79, 1 <7< n We assume that P"' =T, 1<jgm, for
any i 2 1. Therclation (2.17) is satisfied replacing Y ..., Y, Yan by Vg
yon Ta7Y, T respectively.
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If & ¢ P} then we have T _Eg" J(Ti L T TR ‘[)z\:l‘ .ll) -
H

= U (TF o, T3, TE) (0 B) A1y =

Co i1
oreri-l 2

@ g«._(lT{q s T e 4’5'..1‘ )=
1

= U (P, PO R ) = B

[+l A P
o epf il

If ® = P}l then T¢ = U (T8, Tt T (@ k) (‘p:-ﬂ.l) U

verilove AL
U (T T @) ) = P

Because Q is finite, the number of the elements of degree k& is finite, We
apply above procedure for all morphisms of degree £ from P, ,, then for all
morphisms of degree k—1, and so on, obtaining in T§ only the 'morphisms of
degree< 1, 1 €j<m, 1=0,1, 2,..

Theorem 2.8. If A = (A,, ay, B), is a relational restricted VT-algebra
over So (Q] with ay= B = Vi, Ae=1[n], 1=0,1, 2 ... and P, . the
homogeneous w-polynomial over S, [Q] corresponding to A, then Pj = ] Ll
lsjgn, i=01,2,.. '
. Proof. Let us denote Ri={®/d:] o g, je®l, 3 1<75<n,
t=0,1, 2,., R,,=(R},., R ,.). Then we must verify that

(2.20) Pi=Ri,1<jgn i=01,2,..
20

For ¢ = 0, we have P = o= fy

. . 1 €7 < n, because € = and .
C? » A,. We first show 7 o= @ and L4

(2.21) Pic R 1 g jgn, i=1,2,. or equivalently
(2.22) P* = R, i=1, 2,., wherc P* = (P},..., PL), R® = (Ri,..., Ri)
Let us denote & = (R R!,.). The following relations
(2.23) RPPe R¥ {=0,1,2, ..
give & 95, < &, therefore 95 < &, ie (2.21)
The relations (2.23) are equivalent with
(2.24) for cvery @ e P} (Ri,.., Ri)(® Ry e R 1< <,
1= 0, 1

5
) A gens

We have two cases:

I) Rt # &5 for every 7 = (1, »]. Let B, € R, 1 < L g on, Be:l =
— 7, then /_e € Pe Ly Thercexist p, 0:[p] » [#] in Sy [Q], such that
®=0w0 We have d® =1, d0=0,0= <0,,..,0,>,0,:1 - [7]
dOh.: 0, h = 1, 2 ,...,jb.

r
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By the Proposition 2.4 1t follows j & (1(1,8) ... 1($, 0))(w ¢%}). Then ¥ %t
(B e BHDPEN) = (By s B ODEN) (@ $BE) = (B Biayoos By Mol l),

where my = T(h,0), 0 — 1.2 .. Povla i = (Bm]. Brng veeee [5,,,”)((-) YR L 1=
(Bw, Lidci vonen ?,,,,p‘u.f‘,,.) (w5 Y). From ke B, {44 1 <A< n it obtains
iy € By, Tao e h 1, 2 ... p. Hence j & (my ..., m) (0w A =

= (Bml LA ey By, Ca i lodf ) =yl u, te v € Rt (2.24). L.
II. There exists j = [I. n], such that R} = @. By the Proposition
2.4, the Remark 2.5, we have

(8 ooy KNP UE) Uy = (R Lo, RO NP0 = @

It results that (&Y., KD q.g;"i) — @ © R, therefore (2.24)
Let us show by induction on dd:

12.25) Rtc Piod==1_2,. or cquivalemtl v,

{226) Ry= PLlgisn i= 1,2, 1c for every 91 - g, if j =
= Ab ¥, 0 then & & P - .

First. we consider the morphism @ with & @ = 1. There exist & 2 0,
w e, vilk = . such that @ == . Thendv =0, &k =0 & = o,
We  have (o oo (PO 9in) = & o, i'u)(()_n'.i‘:'.oi )(® ‘al’uql‘ 1) :
JAP 9% ) = (0 PR G =@ L From j & @2, it obtains

fe ()@Y henee @ O, = P47 then (P, PED((P0,) (W3, ) =

g, 1
(@R )
From (Pi1 . P7iH((dO,) Lb;,"]i—l) cPlitresults el et @/ F
Hea morphism withd @ = A > 1. Thereexist p >0, 0 € Q0 v [pl - &,
wich that @ — wx. Letve= Zx . 0, = 501 - g. 1< k< p dy <k
implies dag = A P <7< p. We have j = BT, Consider ¢+ - 1. 1t ob

-ains

O ()@Y —
1 ) ) (e M) e () G e ) =
(v ... ) {0 9htli ).
D L= (25 Caone ¥a Laogoa veens ¥ S i@ U505 y), therefore

PRI €2 TR R AR | (DX S B

Because @ # 2, 8,4, 6 ¢, nml, 1<k £ p, there exists § <
e x Lorqand o f = [nlsuchthat 7o = ¢ and j& (f ., B)(ed% 5 ,). 1 €
< k< f. o
From £ & 22 7 4¢ 4. day -k and the assumption of the induction it fol-
5 ; 1
lows vy & Pptok— 0. 2. p Then (l.’; ! PiN{w o) tj;%o.“ J =
(DU, PPN (R Hodk' ) (L P P el )
5
= (% e YR, ) o 0
Because (I{t,2) ... [ {ppa)eod®l 1) = (Jo Il dBh ) — (6 o 1)
(0 8% ) And 7= (oo by (o W o) 5 We have @ & PELE wn L S

therefore (P37, P ({(w2) v.}%'..l‘__x) e P it results @ € Pj, as required.
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Il i =1 and j e &7, the o have ¢ B Calse Ty =
{ o i ‘j R en oW .1 we e Plobecause @ l._..,._.l =
Definition 2.9. The family (X,), ¢ =0, 1, 2., XN, (s callcd

melaalgebraic of order 1 with respect to Co 1 theve exist n and u w-polviomial
Do of degree 1, such that Xy = P! 7120, 1, 2 ... B

Theorem 2.10. A metaalgebrare family N = (X)), i=0.1, 2 . of

%rdf(ﬁ}l with respect to Co is the behaviour of anv restricted I T-antomaton over

e Al .
Proof. The VT-automaton (A, £) over S,/Q is ¢ i i

- ) , SolLd1 s called restricted, if A

15 a restricted I"T-algebra over So[Q]. Lot I, , be'a polynomial of dogrcc{l

such that Xy = P{, 1 =0, 1. 2,. By the Theorem 2.6 there exists a o-

polynomial 77, .. such that €% — F5. therefore X, = 7%

! 4 n, ; : 0 v, FA ‘ I—{), l, 2 et
(,onslder' the relational "7T-algebra 4 = (. a; {3,-)l. A= [n], 2i= B —
= lgup 720, 1,2 ... corresponding to T, . By the Theorem 2,8, we have

D=7 ' 1<, i=0,1,2 therefore X i
=, i = S — Vi 1, veaey e 4\52 l : ! I '!Jl'= It
Sin]. ¢ =0,1,2 .., it results that the family X = (X,A) ii =01 {Zl -
is the behavior of (4, #). ‘ ‘ T
Theotrem 2.11. The behavior of the restvicied VT -automaton (4. &) over

50 [Q). A = constant, ay = Bo= 1., L=1().f, = constunt, i =0, 1, 2 ..
i a metaalgebraic family with respect to o
Proof. We may assume that A, = |, fi={R], kg

By the Proposition 2.4 there exists a o-polinomi

_ ‘ I . 15t a4 w- al I, . of degree
corresponding to 4. We have g (4, 1)) = (X;)?i =0 1,2 ” 3‘1101'2%1’0.9;
=4 o= U A%z, By .the Theorem 2.8 7 iv=PL 1gjgsn 1=

hgt; ~[k)
= 0, 1, 2,... The family (P P s metaalgebraic with respect to
Lo. By the Proposition 2.2 it resulbts that .\ = (X}, X, = C) PLor=01

2. is inetaalgebraic with respect to . o
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ON THE COMPLETNESS IN ABSTRACT COMPLEXITY CLASSES
OF LANGUAGES

BY

GH. GRIGORAS

1. Introduction. The importance of polynomial complele languages
in concrete computational complexity has heen pointed out by Coo k 2]
and Karp [5. Book [3 shows the relationships between complexity
classes defined by time-(space-) bounded multitape Turing machines with
the bounding functions =, =¥, 2%, 2"

The goal of this paper is to show that some results of Book [31. arc
true in a more general context. We consider an ,abstract complexity class”
of languages to be a class of languages accepted by (non) deterministic
Turing machines which run in time (space) bounded by {functions from a

lnss &. We look for the conditions which must be satisfied by § and by
the reductibilities, to obilain the Book-analogous relationships betsween
abstract complexity classes™.

2. Preliminaries. lLct ¥ be a finite nonempty sct called alphabet.
Fhe set of all strings (words) of clements from X (including the nul string A)
will be denoted by ¥# (the free semigroup generated by X). The legth of a
string w € £* will be w (which means the number of symbols of w). If
5 = ¥, the string 6 5 ... 5 of length m. will be designed by o™ A language
is a subset L of I¥

We assume that the reader is familiar with the concept of multitape
(non) deterministic Turing machine ([1] pag. 25, [4] pag 80). For a Turing
machine M with the input alphabet X, we denote by L(A), L(M) = L™, the
tanguage accepted by M.

Let N be the set of positive integers. .

Definition 1. A function f: N — N is self com pulable ([3]) if there exists
a deterministic Turing machine My, which, wpon input w, runs for precisely
{{lw]) steps and halls, and a deterministic Turing machine Mo, whick, upon
in put w, marks precisely f (|wl) consecutive tape squares and halts.

Definition 2. A function f: N = N is a bounding function if :

iy f is nondecreasing ;

i) f is self-computablc,

Let M be a multitape Turing machine and f a bounding function.
We say that M operates within time (space) bound f if, for each input string
w, if w e L(M) there exists an accepting computation of M on w which



