corresponding to 4. We have g ((4, 1) = (X, i=0,1,2,,

-,
f

o G

2. is mctaalgebraic with respect to C°.

V. FBLEA . 10

If ¢ =1 and j e & Z,, then we have & e ! becanse O Cog =
(NP R ‘
Definition 2.9. The family (X,), i=0.1, 2., X, = (° s callcd
melaalgebraic of order 1 with respect Lo ¢, tf there exist w and a o-pol viomial
Py of degree 1, such that Ny = Pi, i =0, 1, 2, '

Theorem 2.10. A metaalgebraie familyv X --'.-[A\'g). f=0,1,2.. of

cz:’d:z;] with respect to Co is the behaviowr of anv restricted 1 T-autowmaton over
Se [Q1

Proof. The 1"T-automaton (A, ) over So[Qj is called restricted, if A
is a restricted I"T-algebra over So[Q). Let I, , be'a polynomial of degree t
such that X, — P47 —=0, }. 2. 13y the Theorem 2.6 there exists a w-
polynomial 77, .. such that £5 = F5. therefore Ni=T =01 2,.
Consider the relational V7T-algebra 4 = (Ao i Bi). A= [n], 2= B =
= lgy, 7 =0, 1,2 . corresponding to T, ,. By the Theorem 2,8, we have
=780 1 g F<n, i=012 ... therefore X; = | Lile. M = {1l ¢
s{n]. ©=0,1,2 .., it results that the family X = (X)), 1 =0, 1, 2,
is the behavior of (A4, #).

Theorem 2.11. The behavior of the resivicied VT -aitomaton (4. t) ower
S50 [Q1. A¢ = constant, x; == Bo= L1y, {=1(8).f, = constant, { — 0, 1, 2
s a melaalgebraic famaly with respect fo C..

Proof. We may assume that A, = [n], ¢, = TS

By the Proposition 2.4 there exists a o-polinomial P, . of degree !
. where X, =

=46 = U A%, By the Theorem 2.8 7 v =P 1gijgn 1=
At k)

=0, 1, 2,... The family (P}, P!...) is metaalgebrais

with respect to

U 7% i=0,1,

hwl

o By the Proposition 2.2 it results that X == (X)), X,
3
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ON THE COMPLETNESS IN ABSTRACT COMPLEXITY CLASSES
OF LANGUAGES

BY

GH. GRIGORAS

1. Introduction. The importance of polynomial complele languages
in cancrete computational complexity has heen pointed out by Coo k'[Z].
and Karp [5]. Book [3] shows the relationships between complexity
lazses defined by time-(space-) bounded multitape Turing machines with

h . - . ni

the bhounding functions =, =*, 27, 2" ' o

The gogl of this paper is to show that some resulis of Book (3] are
true in a more general context. We consider an abstract complcmt_y '(lglss:_
of languages to be a class of languages accepted by (non) deterministic
l'uriné machines which run in time (space) bounded by _1’11nct10r}f §fr0{n a
Jass §. We look for the conditions which must be satislied by § and b
the reductibilities, to obtain the Book-znalogous relationships between
cabstract complenity classes™, o o

2. Prelimlinaries. Let X be a finite nonempty set called alphabet.
Fhe set of all strings (words) of clements from = (mcludmg\‘thc:‘ nul string {\)
will be denotwed by ¥ (the free semigroup generated by X). The legth o IE;
string € £* will be i (which means the number of s_\_'m’}l)olﬁ of ).
G = S the string 6 5 ... 5 of length wr. will be designed by o™ A language
is a subset L oof Z# N ) _

We assume that the reader is familiar with the concept of mu’llglta}pe
(non) deterministic Turing machine ({17 pag. 25, (4] pag 8(}}. ﬁor; \"f]ré?l%
machine M with the input alphabet X, we denote by L(3]), (M) = &Y,
language accepted by M.f S

et NV be the set of positive integers. L y

Definition 1. A function f: N — N is self com pulable ((3]) if there e.wl:zslts
a deterministic Turing machine My, which, wpon tnpul w, runs fo; ‘p}ncgfzy
[ {lw)) steps and halls, and a determnistic Turing machine Mo, which, 1upon
J'n‘j)ut w, marks preciscly f (|wl]) consecntive tape squares amfl Im'lts.

Definition 2. A function f: N = N is a bounding function if :

iy f is nondecreasing ;

i) f is self-computablc, . ' »

Let M be a multitape Turing machine and f a bounding function.
We say that M operates within time (space) bound f if, for each input sthrimhg
w, if w e L(M) there exists an accepting computation of M on w whic
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has no more than f([w]) steps (visits no more than fllw)) tape squares of
every tape).

Now we make the folowing notations :

(NYDTIME((fy = {L(M)IM isa {non)deterministic multitape Turing

machine which  operates  within time  bound It

(MY DSPACE (f) = 1L(M)/Misa (non) deterministic multitape Turing

machine which operates within space bound Vit

Let Xand A be two finite alphabets. We denote 5 (2, &) ={f f:x¥ .
— A% and X* — Dom (f) if /: 5% o A%

Definition 3. [3° L¢t f s F(X. A). The language LS X* 45 foreducible
to Ly SN of for evervw & X% w e [, i and onlv af flwy e L,

Definition 4. {3] Lef & be a cluss of finctions on sirings and € u class
of languages; a language Lo is E-compleic for & if -

1) 1L, £;

H) for cach . = € there eists a fuwnction { = & such that L is freduci-
bl’f' fo ].n.

Cook {27 and Karp [5have shown the existence of ~polynomial
complete” languages (problems) (the class € is the class of functions compu-
ted by deterministic Turing machines in polynomial time) amony combina-
torial problems. The impatance of «polynomial complete” problems derives
from the fact that. if anv of these problems can be solved in polynomial
time, then thev all can.

3. Reducibilities and complete sets in abstract complexity classes
of languages. In this scction we define an abstrace cont plexity cluss of lunprases
and we look for the condition to be satisfied in order that a complete set for
an abstract complexiiv class £, remains complete for a class €., &, - ..

Definition 5. Lo/ & be u olass of bounding functions and & u class of

Junclions on sirings, The class € i3 F-computuble 1 f for cach S = & there vaists
£= 8 and o deterministic Turing machine M. such that Af con putes fouithin
e bownd ¢ ( for cach w= Dom (f). M compute flw) in no more than )
ste psy.

First. let us es ablish some results concerning J-computable functions.

Lemma 1. Lo/ & b a cluss of functions on srings and & a class of bowun
ding functions. 1f:

1) & i F-computably

0} & i closed wnder com position and

) for cach {y, to =5 there o vists fa = 5 such that 1] 1)

S h{x) € fy(x). ¥
V& N then, for cach 1, 1ty © 5 and Se & there exists ty o= F such that
Vi © Dom (f):

f G} +ta (fie])) € 4 {jw]).
Proof.  Since [ s Fwomputable,  there exists a deterministic
Turing machine M and a function ¢ = & such that 3/ computes fin time

bound /. Hence. for each w = Dom (/). M=) < f(w). Now. for each £,

L e F we have

f(wl) +a(fae)) = tw) 4 Ll ) = &(lw) - 14 & £( wl) = fH{jm]) -
2o (leel) < 15 (),

(from the conditions ii} and iii)). ij.c.d.

—.-1'_"
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) B ‘ : ally-computable functions on
lary 1. If € is a class of polynomiail; ' oS
‘;irings ‘:Jrr?d ¥ yis thefclass of polynomials, then for every two poly nomials Py,
'pz and f & C, there exists py = & such that

Vw € Dom (f), py (lw]) + pa(if{z)l} < pa(lwi)-

T hat the class of polynomials
Proof. The proof results from the fact t lync :
are closredfundcrpcomposition and addition and from the abovctl.emmd.
‘ Lemma 2. Let € be the class of polynomiallv-computable funcd:onfz_tgt
strings and & = {27| p is a polynomial}y. Then, for cach ty, t < F and f ‘
there cxists &y = & such that:

vw = Dom (f), 4 (@) +% (/) < ts (jw)).

x = 2P4F ) = 25 p and
Dyoof. Let 8y, fg€ & and f & &, 4 (x) = 2747 and 4(x) 2, !
b are[I:Oo(l)';nmfliais. 2Sincc f isfpo].ynomial]y-computablc, therc exists a po
lyznomial p such that |f(w)| < p(lw[), V& € Dom (f).
Now :

'H | Lol by ) e 2Pl ¢ e
20wl 1 Pwilfeell ¢ 2miliel 4 2etwiell 2P0l ER D = 2P whe

pi=psop and py=p +p:: q. e d

3 strings and § =
. Let @ be a class of homomorphisms on string :
= {Z‘}?Trga.\%. Tehenfor each t,, t, = & and f(-:'})@ there exists tye & such
'h N+t w)|) < & (jw]), Vw = Dom(f). - }
s gﬁgf.TLcat(jI‘f(é )Gl) and3 Ol — D(]nln (f),fz. = {? e at,,}-.egcttus{xgmlsxgir
] 1, Then, for cach £, L=EF, 4 267,
k=max {fls)!, t=1, 2,., % ,
(%) = 2%, we have:

! ( w) { ( f(w)i) —— 2w 4 ey Hwh < Do L zc,k;mi < PR
1 maktLx Sl i

- BT talx) = 2@=eklz  the result fgllows. I

e I(‘é)tnz;d(l'f;ng 013'5;) of bounding functions. We make the following noe

tations : o ) o

YDTIME () ={VMDTIME{) =55

R; *3 ST A c1§: ()sr) ~NYDSPA CE ()it <8l el

Definition 6. An abstract complexity c!u(si){qubo;)m{i(? ,rfie;z)c ed ACC(F),
(MDT (F D A C E(EF).

. one of the classes (NYDTIME(T) or (- DL ) )
: nIf If = ACC (§). there cxists a function f = € and a (non) ‘?Lter:illld
nisti Tu;in-.r, machine M such that M accepts L in time {or spaia.:) )rc:lu];o\.i—
by.z Ltl \\'c‘sa\? that the language L {the Turing machine M) has the comple:
o ' g tions, and € a class of
' 1. Let § be a class of boundeng functions, )
funch"(f}zlfgrrfrsgrmgs. If Lo ACC(F) and L is a language suci:z that fo'z-njof”(:i

=e I is f-reducible to Lo thew the following condilions ave suffres
I e ACC{?J') :6r i

1l1)) ;:Scaccf_tcz‘}:nﬁu; :-‘Tba'mz’_f = €, there exists [y = 8 such that &y {|@]) +

St (1 fe))) € 25 {lw)), Vw = Dom {f). L .
: (ﬂ;orzf) Let3 (E 33 be finite alphabets such that Lo X* ;n;i i?.(oﬁ;:)_’x_
Since L, = ACC (5'9:) there exists a Turing machine M, such that L{Al) =
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Loand M, Las the xity FoL0 i
5 0 ¢ complexitv 4, = &7 iy freducible to L, henee w e

= - e dnee @ je §_.
L iff flweys L, Since & is S-computable, there exists a0 determingstic

Furing machine M, such (hat My computes f(w) in time {and. of cours:, in

space} bounded b £ {w), 4 = T : ONSE Turi
v oA (). 4 I et us consider i new Puring machine

M owhich uperaies i : ing
] tes in the following manner :

. oo . i ok . D r .
for the input w e X+ 3/ simulates My's operations, hence, in e

bounded by ¢, (w) iAf computes flw)
now A stmulates the action of M/ i
now i ates the ac Muoupon the string fiw),

. Itis clear that L(M) = I becausew = 7 iff fli) e L. \"(i\f\(- rillc ama |
of tme {or space) necessary for the accepting of w is 7 (; - :"I" Y
From “l(’.l ondition 27) we conclude that there exists /= 5 \;lu-.l'.h that fu.(:"l?e'u i

PO )< ), Vie <5 hence L& ACCE) qued. e
orollary 2. /¢ € be a class of languases and {. / . y /
for £ 1F the onitis of & dass o EHASCS dnd Lo a1 (dRgUge E-com plels
s A'(‘('(a’), of theorem | hold. then € < ACCY if and ondy
Proof. 1f &€ < A0 (5 0 (&) o '
o (&), then 1, ACCE) due to the vomplet ness
- _(lonl'm'scl_\', -lf"l Lye A COF) and Ly is €-complete for € Then, for
; rv L= £ there exists a function / = & such that [ is f-rcdllti}l"

oo From llu'orv_n} bowe conclude 1= ACC (5), hence € = -'1('(“(:1""' -
i Remark 1. There exists classes £ and & which satisly tﬂv.ulnd iﬁl! I
of Theorem | {see Lemmas 1—3). o e

Remark 2. lLemma 3.1 and Lemm:
] a) . a3l . 1w 32 from Book 73] - i
ned [I];’Irl_ Theorem 1 taking some special classes 2, & ;uul!%lj(;(%n(l;; Al
» ”m[ef']u;;(h‘o(r;_ ia:;:;' ;7 (J, (i‘(nnfrf )3"}2 be ﬁ" classes of bounding ﬁf;w!;'m;s_ e
8 ) S and ALCAS ) have e same Evpe, 1f both classes are yefope
as (nc’;lf-gd:hrnmnshr Furing machines and m-mj? (hlj})cf) ('(J(FJ;;;("":'I.;':" it
e (T]L)m":em1 (2({;/)5 ,_j_:;::;] .:’9; be two clusses of bownding functions such thut
A <, - &y, ose classes are supposed lo have the same tvhe I
(G rmd' o be fwo classes of functions on s{;}?ngs. I(;" s Hhe shm Lpe. L
.})) there g}rz.;ts to @ § such-that to(n) 2 2 n. Yne N
N) & inclwdes, the class of §o-com put inclions

] i) €0 Gl G f 8. purtable functions ;

then, of Ly is € -com plet AT ]

A(‘(‘(si[)_ o wcomplete for ACC (§)) 1t follows that L, is Eg-com plete for
Proof. Let L, be a language €, - ¢ '

' 0of. l.et Lo be a age &) - complete for ACC (F,). Let us ¢
:hd}. fm“uT( hl e .1‘( ‘(, (§,) there exists /, € &, such thzgi 11). isfo—rlétil?cfi{;:lz
0(; (0.,111;11(11:1 I-!E ,:1%(;[(?‘12}3 there exists 7/, & §, and a Turing machine A

f ¢ XY £y with L(M) = L. Let X be the input alphabot for :
].‘-:*‘fnnd let mi vo}nsuivr the function /@ X* o (T y {}c})* (w}il}:;;}e)(rlé:{o‘l" gLf{mEl

v 1] == e w ! re ! e o : .
“_v: ) (Wl- “z‘m\ ) - We have | flw)]=t,(w]) and it is obvious that fis §,-
4(n{1fP(l:i"; ) (.l ’\le claim that the language L, = AL) = {{ftw)jw e [} i i:;‘l
ACC(ET, ). To show this we construct a Turin ine ich for
. , machine | ‘hic :
mput # == we™ performs the following opergtions: i forth

- ;? checks whether jwe™| = I ({w]) and. if so
simulates 3°s ions ‘ j
B 1 s M’s operations upon w to determine whether of not

) Cr0ly=(8lg = fiofy f1® €y fy@G,. 13204, fyA*=D'")
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Since 7, 1s a self-cemputable function. the total amount of time (o1 space)
needed Ly Af; to accept 1 — we™ s nl - f{w) - 2 Thuse L) =
e ACC() © ACC(F,). Clearly, Ly L(M), hence Ly e ACC (T Now,
L, is &-complete for ACCE, ) therefore there exists f = &), such that
£, 15 fie-reducible to Le But Lis freducible to Ly hence Lois f) o f~reducible
to L. Let us denote fo -~ fy o f. We have f, = &, taking into account the
3 condition.

We conclude that Ly is Secomplete for ACC (F,).

Remark 3. Lenowe 3.3 from Book 13| can be obtuined from Theorem 2
by taking appropriate classes &y, €. &y and §.

Remark 4. Let us denote S, the class of frunclions on slrings which are
§.-com putable and &y the doswre of S under composition. Then, the smallest

L

I

class & which satisfy the conditoons ) and i) from Theorem 218 &a = & ¢

Erx, U &F, |6]
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