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ON THE MAXIMUM EDGES OF A HEREDITARY HYPERGRAPH
BY

CORNELIUS CROITORL

1. Introduction. A hypergraph H = (E. (F) 1s given Ly a finlie set of

vertices o= {x,; § € ]1 and a finite familv (F = (£;; i1« I) of subsets
of E such that U E = E, whose clements are the edges of {1,
iel

QOur aim is to find a characterization for maximum cardinality edges
of a bivpergraph f1. On the other hand, the paper is devoied to give an ex-
tension of the ,alternating chains™ technics, to a general class of hypergraphs,
hereditary bvpergraphs, This technics introduced by Berge [1] and
Norman and Rabin 2 for matching problems. was  extended
by Do Kt Rav-Chaudhury [3] for general b-matching problcmq
However, A.A. Z v ko v [4] gives a counter example to the Chaudhury's
work. Our cone ept of alternating chain gives the correet approach for the
b-matching problems as a special case,

2. Preliminaries. In the following. |11 denotes the cardinality of the
set A and A4 A Bis (4 — B) u (5 —.1). Forany edge £ ol o hypergraph 11,
we denote

G, =16:6ck FAGC=(Fand [G] - 2{F n G|

The family &, can be used to obtain a characterization for maximum car-
Jdinality edges (shortly, maximum cedges) of the hvpergraph H.

Lemma 1. I 1s a maximum edge if and only if &, = &.

Proof. If ¥ is 1 maximum vgde, then, for any (i ¢ IFsuch that FAG =
e (F we bhave [FAG [ g [F], ] +1G 2IF nGi g |F)L o < 21FnG)
that 1s gy = @.

Conversely, et FF be any edge such that g, =@, and let Iy be a ma-
vimum edge. Let G = £AF,. Obviously FAG = Fy,s (F and therefore
(- < 2!F n ] that means | — 1, Fo—F|l g 21F —F,|. |[Fo~—1F|
< K “ol, o] < 1) it follows | 1] and therefore F is a maximum
cdge.

The result of this lemma has the dsadvantage that the [amily a,
can be very large and thercfore difficult to be constructed. An interesting
problem for the characterization of the maximum edges of a hypergraph is
to obtain a result as in lemma 1, but using only a bllbfdnlll} of @, Thisis
deduced in the next section for a particular class of hypergraphs.

+
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3. The Main Result. Definition. -1 £ vpergraple Il = (I, (F) such that
I'ye Iy = GF implies I = (F, is called a hereditary Ly pergra ph.

To find a good characterization for maximum edges of o hereditary
hypergraph is in fact the ,.packing problem”. In the following, /T will denote
a hereditary hypergraph.

Let I be any edge of H, and let us denoic

Gr=16: G k. FAG « F and |G} — 2{F n G} + 1}

Lemma 2. ' is a maxinim edge of H if and only if Gy = .

Proof T I is a maximum edge, then @, — & (cf. lemma I} and since
gy s e we have gL = &,

Conversely, let ¥ be any cdge such that Gy = @ and supposc that
/7 is not a maximum edge. According to lemma 1, we have gy # @ and
thercfore, there is a subset G < /7 such that A G = (F and Gl = 20F n &),
Consider " = I' n G y Gy, where G, € G — F and i = |FF n G| -1 (this
is possible since (G| = 2 {Fn G]). Wehave FAG' = IV A = (F and therefore,
since H is hereditary, ' A G = (. On the other hand G| =2 G nF} -1,
hence we have G = @, contradicting G .

We can effectively construct a subfamily 117 of &} which allows to
characterize the maximum edges of {J.

The nexe approach is a generalization of works [t} and [2].

Definition, An alfernating chain of II vlative to the cdge [ is a sequence
W= (0o, €a,..., &) of distinet werlices of I, which belong alternaitvely (o
£ —F and F, construcicd with the following algorithm,

Algorithm 1.

Step 1. Chose an arbitrary vertex ¢, € £ —F and let wy, = (¢) and
k=0; go to step 2.

Step 20 1wy Alle (Flet @ — way.y and go to step 4; otherwise,
choosc arbitrarily ey., & F e Wopp PUL Wao o = (010 €3, Capgr. Eapan). P =
==k 4+ 1, and go to step 3.

Step 3. U (wo, AT —F)) U A = (F, for any 4 € F —w,, lct w =
= Wy and go to step 4 ; otherwise, try to choose a vertex oy € F —F -
— Wy, Such that (ws, —F) U ¢y, = (F. If such a vertex does not exist,
let w — w., and go to step 4; otherwise let Waprr = (€1 €2 ,ons Cogy €2pi1)s
k=p -1 and go to step 2.

Step 4. Terminate, w is an alternating chain of A relative to the edge I'.

An alternating chain is odd if it has an odd number of vertices. Lot us
denote by 15, the sct of all odd alternating chains of /f relative to the cdge.
The family 1V, can be obtained with the algorithm 1| combined with a
backtraket procedure ; let us denote this, Back 1.

Remarks,

i} In the above definition we have assumed F # E.

ii) Nctive that one of the sets 4 considered in Step 3 is the empty set.

iii) The family W, is a subfamily of g}, since an odd aliernating chain
is obtained in step 4 of algorithm 1 with the .80 to" from step 2.

iv} In step 2 of algortihm !, we choose elements from F — Waypq, US-
suming this set nonempty. This fact isa consequence of the remark i) above
and the following argument. If F —w,,,, = Z,wehavewy ) A F = (g, —
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=) U (I —wy) = wa,, L But, from step 3 oof the algorithm -we
obtain @y | — 1" = w0 (I —F)Ye F henee waypn A P e (F which con-
tradicts the initial test ol step 2. . _ :
©v) In some particular cases {as we shall show in section 4}, the step
5 of the algorithm can be very much simplificd and in these cases the choosing
of the elements in step 2 and 3, can be (10.11(: using some rules, which give
- important improvement to the algorithm. :
Now, we are able to state our main thoorem. '
Theorem 1. Let H — (F. (F} be @ hercditary hypergraph and Fany of
nis cdges. 1" s a maximem cdge of and only if Wy = & ) _
Proof. T FF is a maximum cdge. then inasmuch as 11, € g we have
Iy temma 2) 117, = @& _
& %onvcrs&v. li‘t I %u an edge of H for which W, =@ and F is not a
maximum edge. Let G be an edge of maximum cardinality of f{ such that
FAG = min {{FAG ;G is a maximum edge of /) Obvicusly, IFAG|=0
otherwise, /7 is a maximum cdge). ) )
( let Jiy = (f£,. (#)) bea h}'pt(‘:rz;mph wit1h 1:'1‘ = FA(s ‘;md F, = {I, ;
e Iy oand Fyy (F n G)= OFL \\."c) have ' —Ge (F. G —Fe F, and
furthermore (6 —F 0 = 11— = 0. ) )

1 The h\‘]l)crgraph Hy s heroditary. Indeed. if o C Fy = (£ then ['o-C“
= X and since Fo u {(F U G)u (FnG)e F the heredity of /1 implies
FoulPnGye g ie. Fos (F,. _ -

Now, we can apply the algorithm 1 to construct an alternating, ('hdl-n
w of the hereditary hypergraph /1, refative to the edge 7 —G (this s pos-
sible since G —JF '# @). The chain w is even since otherwise, @ 1s an odd
alternating chain of /4 relative to the edge. /. This fact is a consequence of
the statement of the algorithm 1. and of the remarks (1), (b}, (¢}, and (d)
Letlow, Notatiens are from algerithm | e
ay way A (I —0) = tmplics @y, A F e GF. Indeed, from wyp,
A7 (—)G)ék'(]}I (\\'o ha\)'o (Zilk,., AP(F —G) U (F n ) s GF which implics
(W —(F —GY) v (F —G) —waa) U {F 0 G))s (F. Since wyey < FA
Al we obtain {we,, —I) U (F —wuy) € OF. that is wy Al e (?
(D) @y A(F —G) & Gy implics wyy AF & GF. Indeed, @iy, A (£ -
—G) & (F, implies (wo A —G)) v (7 n G) € (F and as above, we
hﬂ.\'C Wopay AI" GE (9-: X B
(¢) I there is Ay @ {IF —G)—w,, such that (wy, A{G —F)) u Ao 45.
€ (F ; then there is d © F—uw,, such  that (we, ME —F)) y A& (F:
Indeed, let A = Ao u /7 n G, Then {wo, A(l —F)) u 4 = ((wsp —
— (G TN UG —F —wy) U(E—(FuG)u 4= (lwy (G—1)u
Udo UF nG)u (£ —(F y () & (Fsince from the hypothesis (w,, (G —
—F Asu FnG & GF
))(cij) 'I'(inl:-’ algorithm (l?cannot finish by the second ,go to" of the step 3.
Indeed, for any ey, & G —F —wyy,,; we have wp, —(F —G)
U {esp)} « G —F an since G —F = (F,, by the heredity of H, we have
wWay — (I —G) U {eapy} © GFy s furthermore G — F — 1wy, # F since | G —
—F|>|F—G|. _ ) _
We have obtained that w is an even alternating chain of H, relative
to the edge F —G and hence taking A = & in step 3 of the algorithm, we
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have (G~ FYAwe (F, that is, &’ = (G —F)Aw u (I nG) « (F from
which we obtain &’ — G Awe (F. Since w is even we have '] = I,/ ) on
the other hand, [FAG < FAG | which contradicts the choosing of
. End of proof.

Now. the Theorem [ justifies the following algortihm for finding of
a maximum edge of a hereditary hypergraph /1.

Algorithm 2. '

Step. | Let Fo—= I (F s an arbitrarv edge of #) and & = 0.

Step 2. Applv Back 1 to Fyg il I, - @ go to step 3, otherwise,
if e is the first odd alternating chain obtamed. Yet Foo = Fo A e put &

k41 and repeat step 2.

Step 3. Terminate. Fp is o maximum cdge.

Unfortunately, the task can still be one exponential order. depending
on what further directions are given.

4. Applications. 1. Definition. A hvpereraph I — (E. (F) 15 culled
binarv heredilary af

{a) 1t us heredifary. and

(b) VI, Fye o LA Fae oFf amplies Iy oy Iy & (F
The word binary' is justificd by fhe following

Theorem 2. I e (F 1f and onlv if for any distincd verfices oy, e ¢
have {ri e} € (OF

Proof. The necessity is trivial,

To prove the sufficieney, let /7 & F with the property that for any
feo e, = F, o den ol edF. Suppose that Fé (F and let FoCF be o minimal
subset of /7 with the same propertv. es Fog (F and for any My property
contained in fa. e R

Cleardy [Fo'23. Let Fy=Lo-—deb. Fo=le) oo} (0. ex€F). We have
Fi. Foel and FLAF, - Fo—{eyt © Foo Hence FyAF, € (F aad by
the second condition of the definition of a binary hereditary hypergraph we
have [, U FFy = Fee (F which provides a contradiction. Therelore [7 = (F
and the theorem is proved.

If 71 15 a binary hereditary hypergraph, then the Step 3 of Algortthm
1 ¢an be replaced with the following onc: '

Siep 3. Wy, A(F — )& (F, et = 1wy, and go Lo step 47 otherwise
v to choose & VeTteX (o € 17 — 1 — vy, such that (ws, — 1) U {es. 0] =
eF. I such a vertex does not exist, let w = ary, and go to step 45 orther-
wise let wa,.y — (0. €00y Cap Capar)s £ = P -} 1 and go to step 2.
In other words, the only set A4 needed in the first test of step 3 1s 4 .

f.et us denote Afgorithm UV this new algorithm obtained. and with
W, the family of all odd alternating chains of # relative to the edee I
produced by Algorithm " combined with a backtrack procedure. Now, we
can state a theorem corresponding to the theorem 1.

Theorem 1. Lot H = (£, (F) be a binary hereditary hypergraph and F
anv of his edges. I' is a maxinom edge of and onfy if 17, o

Proof. The proof of this theorem is essentially the proof of tl.ll.’:ll'i'n'l 1
with the only madification of the remark ¢} and their proof, which must
he replaced with : N

¢) way A(G ~= F) & (F, implics wa, A ——F) & GF. Indeed. if w,, A
A (E —F) e (F, then by the heredity of H we have wy, A (G —F) e (F.

1]
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Now, et Fo = 1wy, A(G —F) u (FnG). I Iy & (F, then there exist ¢,
2y & Fo such that {e;, e} € (F (by theorem 2). Clearly one of thee, 4 = 1, 2
must belong to F n G (otherwise w., A ((r — F) & (F). Let us consider ¢, €
e FnG. Then e, & F n G since ' nGe(fF;if e; € Wy, — (G —F) then
{¢y, €2} © I and hence {e, e} € (F. Therefore ¢ € (G —F} —w,,; we
have obtained {e), e;} < & and {e,;, ¢,l & (F, a contradiction. Hence F, (F.
thal 1s w,, A (G —F) e (F;, which contradicts the working hypothesis.
[ind of proof.

Furthermore, the theorem 2 gives a rule of choice in steps 2 and 3
of our algorithms ; if we, . A FF & (F, there uic vertices ¢ € F—wy,,, and
¢ € wuy — I such that {e, ¢} & (F, then choose ez, = e. Similarly in
step 3. This rule diminishes substantially the searching for odd alternating
chains in Algorithm 2.

Remark. If we compare Algorithm 1 with Algorithm 1’ it is obvious
that Algorithm 1" is faster. However if we consider Algorithm 2 and Algo-
rithm 27 {Algorithm 2’ is obtained from Algorithm 2 using a combination of
Algorithm 1" with a backtrack procedure, instead of Back 1) then the
Algorithin 2 is faster.

Examples : Let G = (X, U/} be a given graph. Let us consider H, =
(X, (F) where (F is the family of all stables of G. F, is a binary hercditary hy-
pergraph and Theorem 1 gives a characterization of a maximum stable of
{+; this is even Theorem 2, page 264, from [1]. Let us consider H, == (U,
(F) where (F is the family of all matchings of G. H, is a binarv hereditary
hypergraph and Theorem 1’ is the wellknown alternating chains theorem
duc to Berge for characterization of maximum matching. \We remark
that the hypergraph H, has remarkable property :

M Fedfand v e U—F, then |[{u'; «' = F and (v, u) ¢ (F}| €2.
1is is the cssential fact which has permitted to Edmonds to construct
his polynomyval algorithm for finding the maximum matching in a graph.
We note that #; has above property iff G is K, ;-free, and for such graphs
the finding of a maximum independent set is therefore, solved.

2. Let G = (X, U) be a simple graph. Consider Hj = (X, (F) where

(# i1s the family of all subs.ts =X such that[F]; is planar. Fy is then a
nereditary hypergraph and Theorem | characterizes the maximum planar
induced subgraph of G.
3. Let H=(X, &) be a given hypergraph without multiple edges.
Consider M, = (&, (F) where (F is the family of all -matchings of F. The
heorem 1 applied to the hereditary hypergraph H, gives a characterization
of & maximum d-matching of 4. The Theorem 1’ can not be apllied because
# 35 not a binury hereditary hypergraph. This is the mistake. of [3].

4. Let P be a property of graphs and let us denote P, the associate
hercbitary property of P, defined as follows : G has property IPF iff evervin-
duccd subgraph G of G has propertv P. I for any graph G: - has property
P implics G has property 7%, then P is said a hereditary property of graphs.
For instance, the properties of graphs to be completely disioint, to be cligue,
to e planar, etc., are hereditary.

 If Pis not a hereditary property then a graph G having the propesty
PE s called a P-perfect graph. Theorem | applicd to the hercditary hyper-
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graph 1, = (X, 7F), where X is the vertces set of 6, and 7F is the family of
all subsets £ of X such that [£], is Meperfect, gives a charactertzation o
the maximum induced P-perfect subgraph ol 6.
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ON THE GRADABLE DIGRAPHS
By

DANT] MARCD

Let G = < N, A= be a directed fiuite graph (digraph). where Neg
Yy, g e, My s the set of wodes and A the set of arcs, A path of leght ¥
fromm node # to node m, s a sequence of rares @20 = X M, Hi,. My
ey T Mg Wy == M We denote a path by vy (n, ml oand its length by
o v {n, m).

A crrenif is a path for which
arbitrary node nee N we consider the set D (#0)
-~ b, mE U (it

A digraph without circuits is gradable |1 if there exist the non-ne-
gative integers M[n0, MIng] . M, associated to the nodes 1y, By .. My,
w0 that for cvery arc -< #. m = of A we have: M{m] —Mn! =L

We mention that a diagraph with circunits cannot be gradable (see
theerem 101 (1.

A theory of gradable diagraphs and their p actical importance are
deiailed in {1

Theorem 1. e/ (; = - N. A be u digraph without civcuits so that
there cvists an wnigie node no= N with D(a) == N. G 1s gradable if and only
if for cocrvtwo paths vy Dromt and x5 [n.m] we have dv Do) = dvg (nom)y
for all n. me G
' Prroof. Obviously, if  is gradable, for every path v T, m} we have
d <. m) = M [m] —M[n". Hence, dvy (7. m) = dvy (0. m) == M[m?] —

Ml g . .
Now, we attach 1o s an arbitrary non-negative integer M), and
werv ome N, m# ta, the number M{m? = MTua! & d(ma m). where
a1} is the lenght of a path from wa to m, (all the paths have the same:
e ). and det < ong,. 1y~ be an arbitrary are of A. Since (¢ is without
vircn s and 1, s reachable from it is impossible to have s # wyand ay

we I oo, == ne and ny # wa, we have: Mpey, . —M n, = M L d(ne
M) M i, = d{n. u;,) = 1. If n, # ne and n, # 0, we have: Mon,' —

Min, M[nal - d{ie. ng) —MInal —dis, ny) = dlna ) —d(t, n}.

Hence, Mgl — MTn,’ 1. and the graph

m. Alopp is an arc-< 0, no Vor an
tme N | there exists

Va

But, i(na. ng) = Ao, 1) 4+ L
o 1= gradable.

The node e is unique beeause (¢ is without circuits,

A chain of length r between o andn denoted by Llm.m! 15 sequencey

ol ooedges s (0= ne. ny), (. % SRR PR w) so tha .



