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graph 1, = (X, F), where X is the vertices set of G, and F is the family ot
all subsets Foof X such that [ is P-perfect, gives a characterization of
the maximum induced P-perfect subgraph of G
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ON THE GRADABLE DIGRAPHS
By

DANUTT MARCU

Let G e < N, A = be a directed finte graph {digraph). where B —
1Hy. My e, iyt is the set of nodes and A the set of arcs. A path of leaht ¥
fram node # to node s a segquence of Fares © om0 Xy My S SRy My o

ks Hippp My == Moo \Wedenote a path by v, m] and s length by
oy i, m).

A crrenit s a path for which o == m. X [oof Ix an arc-= 2, 2 . lFor an
arhitrary node nes N we consider the set Dina) - i & N | there exists
v laeo mll oyl

A digraph without circuits is graduble [1 if there exist the non-ne-
gative integers My M) o MIn, i associated 1o the nodes gy iy ty,
<o that for cvery arc < n. m > of 4. we have: Mim? —M[»n! — L

We mention that a diagraph with circuits cannot be gradable (sce
theorem 1001, 1), )

A theory of gradable diagraphs and their practical importance are
detatled in [0 :

Theorem 1. Lel (G — « N. A > be a digraph withoul civeuits so that
there cvists an unigue node nos N with Dina) = N. (i is gradable if and only
if for cverviwo paths <y Duom and vy [0 m1 e have dry (n,m) = dvs (1. m),
for wll n. ome G
' Proof. Obviously, il G is gradable, for every path v [n, m} we have
d o, mYy =M [m] — M[n. Heneeo dyy (n. ) = dvry (1, -m) == M[m —

Ml . ) § o
Now, wo attach {0 nean arbitrary non-negative integer Mo, ad
i ocvrrv ome N, m# ne, the number Mim] = MTua] - d(on. my. where
dine ) is the lenght of a path from #a to m. (all the paths have the same
ey st and let < on,. g = be an arbitrary are of A. Since G is without
cirvert<and ny, is reachable from a, it is impossible to have n, # # and

we. 1 gty <= e and sy # we. we have: Myt —M n,Y == Minad -+ d(ss
") M nod = d{no. ny) 1T sy # e andd g # sy we have: Min,' —
M, — M[#a) b d{ne 15) — MDna] —d(na, 1) A, sy —d(ia, By
But, fne, ng) = dian, 1yl -+ 1. Hence, M{ny1 — Min, | =1 and the graph
fy 1= gradable. ' ' o

Fhe node e is unique because 6 is without circuits,

A chain of length r between s and s denoted by L. ml, 1S e sequence
of «oedges: (o= ey ng), (1 W) e (e, 1y, s so o that o,
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ne E A Aor n,, n, > o= Al forallj== 1, 2 ..., r. Forachain L|r, m)

we denote by N(L. n, mi} the number of f()!‘“d]’(l arcs and by N(L, m, n)
the number of backward ares.
Theorem 2. Let (G = <N, A > be a connccled digraph without losps.
If G contarns « node no & N s0 rlmrfor every m & N, the miomber N (L, na,
m) — N{L, m. no} docs nol depend on the choice of the chain L(ne. m] (i.e. is
constant), then (he digraph G is gradablc.
Proof. We attach to n, an arbitrary non-negative integer M [l
and to every m € N m # no. the number M {m] = Min.] +Q (.. )

where Q (ne, m) = N(L, ne, m) — N(L, i, na), and let < ng, "y o be
an arbitrary arc of A.
If ny =mno and ng # na, we have: M{ng] -—M{n, = Mn, 3+ £ (n,,

ng) — M) = € (no. np) =
If n.%# no and wy = no, we have: Ming] —~Min,d = M n,] ~-
— (M (no] - Q(no, 1,)) = M[no] —M{no] —Q(no, n,} = —Q (o, ny) — L
Suppose now that n, # #a. ny # Mo, and let ]{m, ne] be an arbitrary
chain from n, to n, (Sl!( h a chain exists because G is connected. 1f the chain
L(n, #n,] does not “contain the node ng. we consider the chain L¥*[n., ny] =
= L {J < #n, ng >, for which we have:

( ) "\“(].*, Mo, "ﬁ) ez -'\( -y Me, "a) -+ la
(2) N(L*, mg. ne) = N(L, n,, n).
From (1) and (2) we obtain: M[n.] —M[n,] = M{n.} -+ Q(ne.. r,u) —
M noa] — (o, 1) = Quna. m) —Q(no. Hg) = N{L* a4 ng) V({LF,
s 1) - (VL o n) — (0L ne)) o= N(L, 0. 1) 51— N(L. n)

no) —— N(L. ne. ng) -]- N(L, ., n.,) =HIP
If I contains the nnde 7y as a last but one node in L we consider the

chain I** [ny, nl =1L — -2 m,, ng =, for which we have :

(3 N(L, ne, n,) = N(L** ny, ng),

(4) N{L. #ye 1) = N(L**, ng, o) k- 1.
From (3) and (4) we obtaink M (n;] —-M(ﬂ 1= Mine] + Qna,n,) —
Mns] — Qs n,) = Q(ne. ny) — Q(n. n,) == N(L¥* nmq, ng) — N{L*%

", n.) —(N(L, ne ng) —N(L, n,, 'no)) = ;\’ L** e, my) — V([ o
ny, m) —N(L, n,, ng) +.\(I My, ) 5=
I{ I contains the node ng (not mussar]l\ the Jast but one in I) we
consider the subchains I {1, ny} and L[nB. #n,) of L, so that L = =L y [.
We define the chain L***[n,, n,1 = Tu-=mn « Mg >, for which we

have
(5) N(L*** uy, n) == N(F, ne, ng),
(6) N(L*** n,, ne) = N(I., ng. ne) + 1.

From (5) and (6} wecobtain : M[n,] —M[n,] == M[n.} - (s, ) —
—len.'] o, M) = Do, ng) —Qne, 1) = N(L, #s, ng) "—z\([ Ty
ne) — (N(L**% non,) — N(L***, n,, n,)) == N, na, ngl — N (L, Ny, ny) —

~N(L, n,. ngy) + N(I, ng, M) o+ 1 = 1.
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Because Ming] = M(n,), ¢ docs not contain circuits (sec [1]),

(; ic a gradable digraph.
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