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The best approximation problem in normed linear spaces may be
regarded as a special optimization problem. Thus, many known properties
of the best approximation problem appear as particular cases of some ge-
neral results of optimization theory. For instance, it is the case for the
duality propertics of the convex best approximation for which the convex
analysis offers strong methods of investigation. Using various results from
the optimization theory, many authors have obtained interesting results
in the abstract approximation thcory or in the approximation theory for
) concret spaces of functions. A unitary treatment of the best approximation

problem as an optimization problem can be found in the book of P.-J. Lau-
rent [75.
\ In the present paper we intend to point out a relationship between
the existence of the elements of best approximation by a closed set and the
property that the sum of two closed sets is also closed. Consequently, we
obtain different characterizations of the proximinal sets of a normed li-
{ near space. :

I § 1. Some duality results. Let C be a non empiy closed set of the
] normed linear space A, Let us consider the problem of the best approximation

(P.) min| x — #j|
=€C

of an clenent ne X by the elements of the set C.

The solutions of this problem (if they exist) are called the elements
of the best approximation of u by the elements of C. The problem /2, can be
! considered as a problem without constraints

(1.1) min { { x — « || + Jo(x)}
TEX

Or as a munimax problem

(1.2) min sup {x*, © — 1),

rel r*eS*
where I, denotes the indicalor funclion of a set A and
St={x"e X< 1}
is the closed unit ball of the dual X* of the normed linear space X.
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Thus we can naturaly define the dwal of the problem (P, considering
the dualitv by conjugacy for (1.1)

(1.3) max {{x*, u) — Iz (x") — Jge (™)}
meX
or minimax dualily for (1.2)
(1.4) max inf (x*, u-— x).
«*ES* r€C

Since we have

IE‘ (J'.) - Sup (I', .T), % E‘/\-’ ]
Tl

it follows that the two dual problems (1.3) and (1.4) coincide. Consequently
we can obtain duality results for the best approximation problem, using
results of the duality theory by conjugacy or using results of the duality
theory by minimax. Thus, if C is a nonempty closed convex set, applying
Fenchel Theorem ([1], p. 185%) we find

{1.5) inf || ¥ — u}l = max {(+*, 4} — I3 (x")}, ne€X,

zEC *g 3
because fy(x) = || x — u|, x € X, is a real-valued convex function, con-
tinuous on X for every n€ X, g{x) = — I(x), x= X, is a concave func-
tion upper-semicontinuous on X and. as conjugate functions, we have f*(~ x*)
= — (2", u) 4+ Ig (27}, 8" € X, g*(— x") = — 15 (2*). From (1.5) it fol-

lows that the dual (1.3) or (1.4) of the best approximation problem (P, has always
solution and the two problems have equal values for each nonempty closed con-
vex sel. Furthermore, an element X € C is a best approximalionfon € X
Jrom C, if and only if there exists X* & 5* such that

(1.6) N3 —ull= (3", ) — I5 (37).

if C is not convex, P, can have solutions while (1.6) does not hold
for any clement ¥* « 5. Generally we have

{1.7) (2", 1) — Io {(x*) < || x —u] for every [2*, 5] € 5" X C,

since always the value of the dual problem by conjugacy does not exceesd
the values of the primal problem. Hence, in the convex case, the relation
(1.6) is equivalent to

(Z*, ) < &3, u) — | — ]| for all x e C,
or

(1.8) (Z*, x—3) € (¥, u—X) —{|T —u| for all x e C.

HueC, then ¥ = 1 and we can take ¥* = 0. If & C, then ¥* == 0
and necessarily || ¥* || = 1. It is easy to scc that the property (1.8) is equiva-
lent to the following two properties:

(1.9) (T, u—Z) =13 —ui,
(1.10) (Z*, x—Z%) < 0, for any x = C,

e, ot
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From {1.10) we obtain that ¥* = (¥ —()*, where
A== XY (w7, x) 20 for all x = A},

If A is a convex cone with vertex at origin, then A% = — A" and
therefore (1.10) says that if Cis a closed convex cone with vertex at X, we have
e (C—-3X)OnsS.

Tt is known that if 0 e, then the conjugate of the indicator function
coincides with the Minkowski functional associated to the polar, 1.¢. fe-=
= peo. In this case the dual problem is

{1.11) max  {{r*, 1) — pee (%)}
r*EE NG
A detailed study of this dual problem can be found in [9].
If C is a cone with vertex at origin, then pge == I« and the dual pro-
blem becomes

{1.12) max {x*, 1),

TOES.,‘CG
which is a linear optimization problem with convex constraints. If Cis a
lincar subspace the dual problem can again be simplified. We remark that
all these known results of the duality theory can be deduced by minimax
duality using msinimax theorems for the convex-concave function

Kz, ¥y = (2", p—x), [z, 2] = C x 5

since SY is w*-compact. )

The pairs of solutions for (2, and (1.4) are the saddle points of the func-
tion K.

Consequently ¥ & C is a solution for (P, if and only if there exists X' =
= S* such that

(1.13) (x*, t—x) < (%", u—X) € (&*, w—x)}, for all [x, 2*}=C» 5"

In fact it is easy to sce that (1.13) coincides with the two properties
(1.9) and (1.10) with ¥* 5",

§ 2. Characterizations of proximinal sets. A noncmpty set C of X
is called proximinal if cvery element of X has a best approximation in
C. It is clear that a proximinal set is necessarily closed. 1f (15 nonempty,
closed and convex we obtain dual characterization for the proximinality
of C if the propertics given in the previous section hold for every # = X,

Now we point out a simple characteristic property for proximinality
given by the condition that a certain set of X' % R is closed.

Theorem 1. 4 nonempty set C of X is proximinal 1f and only if the
sum of the epigraph of the norm and Cx {0} (the natwral embedding of the set
C in X x R) is closed in X < R.

Proof. We recall that

epill-]l = {{v.2]l € X X R; ||v| < 2]
Let us denote
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(2.1)  H = epifl-fl <+ € = 0 ={lr4 v,al e X < Riv] o ve ;.

\“P})OI:;L' that /1 is closed and consider an arbitrary clement # = X
cnote ' o

{2.2) de (1) = inf u— x|
gL

. ll.hcru exists a sequence (va) = C such that | u—x, | <d, () == 1fn
}: at is )[u. de () + Vn & H. Since H is closed we have (1. de ()] = 1
11131111 (2.1) 1}1 follows that there exists ¥ = € such that || 4—% I oy (1«)'
which savs that ¥ is an element of the hest approximati i by the el
ey S pproxunation of # by the cle-
_ \Qonvorscly. i @, bhas solution for every w & X and [in, 2,}) & H
o - ) _ L " ’
n & N, such that Bm fw,. «,) = [i1,. a]. then there exists Yo € ( such

H=p o
tl’::lt I} Ha == T [ ? de(wy). For every e = 0 there oxists #, = N such that
. — ol < - 2. Since N
|t . ‘]n ch\? e/}. | oty — %o < ¢f2. smee fog, o2, | € H there exists T, =
= !, such that [, — Y, || € 2, . We have fa,— T, [ <lu,—X.| <
< [l oy — || 4o, € % + e for everv e — 0, that is Vitg — ¥l € & with
- . Y . H ] !

xf. E’ (,’.‘.f.mm which we obtain [u,, a) © H. Hence H s closed in N %

» K. This completes the proof. ‘

We remark that the epier inci
i pigraph of the norm coincides with the coue
. R : . 5 e
generated by S(0: 1) < {1} and hence

(2.3) = Hlav + 1, 2) & X « R:az20,ve80;1), ve(—

con (5(0; 1) = {13) + C « 100,
or ’

{2.4) =] 1) S{r;a) = {x}.

L

axl gy

' mln' the convex case Theorem 1 with /f given by (2.4) was established

;!I]]iq “q:lst : sp(‘la?ldcasc of the global stability of a minimax problem. Also
S res s relate voresulte R ) - R

ih ed to the results of P Levine-J-Ch Pomernal

Corollary. For space X ' ‘
Y. tor a Banach space X the following properties are cqlina-

() X 15 reflexive ;

((11) cpi [l 4 {ker x*) < {0 is closed in N x R Jor every a7 = 8
) epi |- : U ogs closed in XN oA onae s
o m)X-p Il =4 € > {0Y 45 closed in X « R Jor every cosed convex
’ -f"rot‘)f. 1t is well known that a Banach space 1s reflexive if and only
:)r Ci\f(]) ILon\]‘cx‘f:'lt:)lsed lnonempt}' set is proximinal and hence (i) < (iii)
- 1 and oniy if, the closed hyvperplanes are ming is (i
2. ooy vperplanes are proximinal that is (i) « fii)
The properties (ii), (iii} are rel: isti
. s . related to the characteristic propoert
i.[Ibl]-eflexav’\zg )sp';;e; that the sum of two bounded closed convex sctsli).x (-llo.;eg
< p- 222). But 1n oour case the two sets o B ed sinee o
e wo sets can be unbounded since ept||-ff
L3N ; R
. Remark. 11 C is convex. the norm topology can be replaced by nne
which is compatible with natural duality (X, X*) (for example the weak

leni.
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topology). In the nonconvex case supposing that the property from the
hvpotheses of Theorem 1 holds for a compatible topology we obtain onlyv a
sufficient condition for proximinality.

By virtue of Theorem 1 the property that a set is proximinal can be
reduced to the property that the sum of two closed sets 1s a closed set. A
general criterion along these lnes was established by . Dieu donn¢
"S1 1S the asymptotic comes of fwo convey closed sels of a separated {ocally
conre v space have in common only the origin and in addition one of {he sets
is locally compact then the difference of the two sets is a closed set.

1n our case to apply this criterion we must ask that € is convex. Then
it follows that H is convex and hence /f is closed if and only if #/ is weak
closed. We recall that the asvmpiotic cone of a convex closed set 1 [2] 15
defined by

{2.5] A, = N a4 —a)
A~0

where a is an clement of the set A.

We can show that 4, is independent on the element o arbitrarily
b ocen in A {27 It is casy to sec that the asymptotic cones of the sets cpi
i-ll and (—C) % {0} have in common only the origin of X x R. But epi
|| is weakly locally compact if and only if 5 (0; 1) is weak compact, that
i & is reflexive. Thus we find again the known result that every convex clo-
sed ot of a reflexive space is proximinal. We also see that from the Diendonné’s
eriterion it follows that weakly locally compact convex closed sefs are proxim-
nal_ But this result can be directly obtained if we observe that the best ap-
proximation problem of an element # = X by elements of a set C is equi-
valent to the best approximation problem by the elementsof Cn S(u [ de(u)-+
4 2). with ¢ > 0, which is weakly compact if € is weakly locally compact
because it contains no half-line ([6], p. 340) ; it is obvious that. for weakly
cornpact sets, P, has solutions.

Conscquently, the application of Dicudonné’s criterion leads to the
refinding of some known sufficient conditions for the proximinality of convex
closed sets, Recently, J. P. Dediecu [3], [4] has shown that in Dicudon-
né’s criterion the conditions of convexityv and of locally compacity may be
rclaxed.

For an arbitrary closed set 4. the asymplolic cone 1s given by

(2.9) Ao = N {0.¢] A
e

If there exist @ = A and ¢ = 10, 1] such that [0, ¢} {4 —a) = A—-u
(in particular if A is convex) the definition considered here coincides with
the definition given by {2.5). A set A is called asymploticall v cont pact il there
exict ¢ > 0 and a neighborhood 17 of the origin such that ([0, €} 4)n ¥ is
relatively compact. For instance the locally compact convex closed sets
and the locallv compact closed cones are asvmptoticaly compact [4].

Theorem 2 T4). Jf the asvm plofic cones of fiwo closed sels have tw common
onl the arigin and in addition one of them [s asvmplolically compact, then
their difference is o closed set.

From this theorem and Theorem 1 we vasily obtain
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Theorem 3. Luwerv asymplotically compact closed set is proximinal.

Corollary. The locallv compact closed cones are proximinal,

Remark., Since the weakly closed sets are closed, the results remain
valid if we consider topologies on X' compatible with the natural duality
(X, A7) Also, as it follows from [4], every weakly closed set with the interior
of the polar nonempty with respect to Mackev lopology 1s proximinal,

Now, let us remark that the set # may be considered as the projec-

tion of the epigraph of the function Fe: X x X =7 defined by
(2.7) Fe(v, ) = lu—x ] 4- To(x), [x, u] € X % X.

Indeed
epl o= {lv, n, 2]l e X x X x R: [u—y| < a v e ChL

If we denote by Projs. 5 the projection of the space X X (X = Ryon X x R
we see that

(2.8) Il = Proj,, (epi FFp).

since C is closed it follows that 7. is lower-semicontinuous and hence
epi £ is closed. Therefore, by virtue of Theorem I, a nonempty ciosed sef
Cis proximinal if and only if the projection on X x R of the epigraph of
the function I defined by (2.7), is a closed sel. o

P.LevineJ. Ch. Pomerol [8 have obtained several sufficient
conditions that the projection of weakly closed convex set of a dual spact
1s weakly closed. Thus we can casily obtain different criteria for the proximi-
nality of a convex sct of A,

§3. Dual characterizations of the proximinal convex sets. _

Theorem 4. A nonempty convex sel € of X is proximinal if and onlv if
Jor every [xo, ] = X « R, with Cpn § (Yo x) = & there exists ¥ e R
such that

(3.0 inf (¥, vo— )+ n—xl} > a.
fua}€X <07

Proof. It is clear that the relation (3.1) can be cquivalently written as
(Xa. xy) — sup {(F;, u) de(1)] = wq,
wEX

from which, according to the definition of the conjugate of function d,., we
obtain

(3.2) (%o, xo) —di(T) = ao.

If C is proximinal and Cn § {xo; 2o) == &, that is fre=—2af = =,
for everv x & C, we also have de(¥s) > ap. On the other hand, since
the set C is convex and closed, the bifunction F¢ defined by (2.5) is pro-
perly convex and lower-semicontinuous on X % X. Hence de 15 convex
and lower-semicontinuous on X [11]. Tt follows that do=d". According to
the definition of biconjugate, if we take ¢ = 0 such that 0 < e < Ae{x0) —
ac there exists ¥ € X* such that

({;‘ .t'o) == d:—:(,’;;) o~ d::-’ (.\'9) — £ = dc(f.) ~— £ > Oy.
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Hence (3.2) is proved, ie. the incquality (3.1) holds. :
Conversely, if € is not proximinal, there exists xo & X such that
de(x0) <= | vo— x| for every x & C. Hence € n S {xo; de (x0)) = Q_ and
consequently for x = de (¥} there exists 35 = X' such that (¥, %) —
de(%3) = de{xe) which contradicts the definition of the con;ugate._
Theorem 5. A convex set which contuins the arigin 1s proxviminal if and
only if Cn S{n, o} # & whenever
(3.3 sup {{a*, )} —afja" ]} < 1.

“'EI:"
Proof. By virtue of the polar definition of a set we have
HO = v, 81 & X* 0 R (a*, w) -2 B8 <1 for cvery [, a) € H} =
et 8] e X' R oaf(v, o) 8] (¢, ) < 1 for all 30,

i cx o B0 . & ' 5 )
reC,oeSO; )=1{ 8leX" xR |i<—E » e

Hence (v, o] € H® if and only if

. o 3 it * 0 x .
(3.4) () + a 8g) for every [x. BleXN* > R with e (Ons5"(0;

ay
)

It is clear that = = 0 and then the property (3.4) is equivalent to

(a*, i) — 2 x" Y <1 for all v & (°

which is just {3.3). _ o e
o .-'\ri‘ordi(m: t)o Theorem | the set C 8 proximinal if and only il f is (.}o:t,d.
But / contains the origin and it is convex and then from the bipolars thco‘: ¢m
we have that /7 is closed if and onlv if /1 = 1/% which is equivalent to /f >
= 110[!_ ' . ) - .
since Cn S{u; o) # @ if and onlv if (1, &0 = /{ the theorem is
mpletely  showed. _ o '

o We casily see that Theorem 4 may be established also taking into ac-
count that the convex sct H is closed if and only if every point of the com-
plement of H can be strongly separated by a closed hyperplane by H.

We also observe that (3.1) is equivalent to
(3.5) FXoll €t and (X, xo} — I3 (¥g) > o
obtained replacing u—-x by #. On the other hand, (3.3} mayv be writien as
(3.6) sup inf (&7, w4 29)} €L

L*PECT eES(H N

In the case of the cones, since /{ == Iq, the theorems 4 and 5 can be
simplified. . o o .

Theorem 6. 4 convex cone C with vertex at ovigin is proximinal if and
only if 1t satisfies onc of the following equivalent properites L .

’ '(fi) Jor every [(xo, st & X < R~ H there exists 35 € C° M S

stuch that (X3, ¥o) > %o,

(ii) if o

sup  {(x*, 1)~ a2 g 0.
P EC g

then (x,, 1) € H.
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Proof. By virtue of Theore dng i i
- ftl \. llt}l‘L- n‘f [heorem 4, taking into account (3.5), the proxi
Hiality ol the convex cone with the veitex at origin is equivalent to {1},
From Theorem 3, since M is also a cone and '

HY = {ix, o} € X 3 R (¥*. x) + = B<O for all [x, 8] = H}.

it follows the cquivalence to (ii). On the other hand ¢ {1
with ;: 0 if and only if Cn S{lfxu; 1) 2 &, NElkke) £ 2
n the case C alinecar subspace of X, the polar set €° her s O
. 1c ] ac X, ar s 2 beromes (L
=4 & X' (2, ¥} =0 for all v e Cl " e !

BIBLIOCGRATHY

L Batha, V., Precupane T Converxtty
C VL e xity and Optintateen in Banack & . 54
5 1 Noordhof{| Publishing House of anarual.p-\c:trk-nw 1978 e Suthtt
x voquet, G, — Hasembles ef cones conveves fatblement ¢ -m' fits ¢ I Sei. Pars
254 (1082}, e o e amplots, O Acad, Sei. Paris,
3 Dediecn, J. v Cone asvmptote d'un en
. . ‘ $) somble non comvexe, A pplication i Uogtivmesatio
o CR Acad. Ser, Paris, 285 [1977), p. 501 504, " B
4 Dedicu, ._[. V. Critives dr fermeture ponr Cinvage d us formid wen convene
plication. C.R. Acad. Sei. Paris, 287 (1978, p- 941-.943,
II: icndon e ] Surla se'f_)nmfmn des ensembles conveves. Math. Ann. 163 11966 Lp1—3
I< o t 1.1 ¢ G, Topological Vector Spaces. [. §24, 25. Springer-Verlag, Berlin, 1969,
N lI Auren l.) Po-Jo — Approximation et optisisation. Herman, Paris, 1972,
R Levsiae, P, Pomer o b J-Cho — Cclosed mappings and Kuhn-Ticker veclors i comvey
5 pragramming, CORE Disc. Papers, 7620, Louvain, Angust 1976.
. ¥ > - . ; ’ .
Levsineln, Pomeral J-Che — Infinite programming and dualitv {opolepical veetsr
; supres, j Maik. Anal. Appl., 46 (1974), pe 7381, ' :
W Precupanw T. - Some duality results in conver opfinatinr. Res, Koum. Math, Pyres
et Appl. (to appear) .
. Racka f_r Har, I.{..] o — Dualidy and stabdity i extremm Problems tuvelving comver frme-
_ tions. Pacific ], Math., 21 (1967), p. 167 1&7. ' '
- Singer, , L. — Best approvimation v normed lincar spaces by elements of linear subspaces,
Publishing House of the Acad. K.S.R. & Springer-Verlag, Berlin, 1970, ' .

Regerved [5.V.1979

far wue mudtnap.

LA

Fuacultv of Mathematies
Uniersity of lasn
6600 - fast, R.S. Romansa

o B R

Analele stiintifice ale Universitatii WAL 1 Cuza» Tasi
Tomul XXVI s 1 a, 1980, [, 1

FUZZY PROXIMITIES AND FUZZY COMPLETELY REGULAR SPACES I
BY

A Ko KATSARAS

1. Introduction. In {8] the author gave the notion of a fuzzv proximi-
tv on a set . In this paper we will change one of the axioms of the defi-
nition of a fuzzy proximity, One of the advantages of this change will be
that the corresponding fuzzy topology will not necessarily consist of ordi-
aary subsets of X as it happens for a proximity in the sense ol (8. Also,
every fuzzy proximity in the sense of [8] will also bie a fuzzy proximity in
the new  sense.

Section 2 or this paper is preliminaryv. In section 3 we give the defini-
tion of a fuzzy proximity § on a set .Y and we prove that to 3 corresponds
a fuzzy topologv. In section 4 we define the fuzzy completely regular spa-
ces, We show that, if ¢ is a family of functions from X into the fuzzy unit
interval, then the coarsest fuzzy topology = on X with respect to which cach
member of G is continuous is completely regular. Also, every fuzzy comple-
telv regular topology on X is obtained in this way. A T, fuzzyv topological
space X is completely regular iff X is homeomorphic to a subspace of some
tuzzy cube.

Finallv in section 3 we examine the question of when a given fuzzy
topology = 1s compatible with some fuzzv proximity., We show that there
exists a fuzzeyv proximity compatible with < iff < is completely regular.

2. Preliminaries. In this section we will recall some of the definitions
refated to fuzzy sets and fuzzeyv topological spaces.

Let X be o set and 7 the unit interval. A fuzzy set in X is an element
of the set I7 of all functions 2 from X into /. If f is a function from X to
Yoand ¢ & IV, then /7' (u) is the element of /Y which is defined by
£ () (x) = w(f(x)). Also, for ae [¥, [{s) is the member of /¥ defined by
flay (v) =0.if v & fAX} and flo)(v)= sup o{x}if v = f(.X). A fuzzy topo-

<ef7y
logy on Y s a subset © of I* such that
i) o 1 ex
(i) If u, g & =, then a/ge 1,
(i) I w; = = for each § e i, then sup u, = =
4

If isa fuzzy topology on X, then the pair (X, <} is called a fuzzy to-

pological space and the members of = are the open fuzzy sets of this topo-



