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Droof. By virtue Theore AR :
e (;,; | \ ‘ lli'll‘t- ()‘f lluqum 4, taking into account (3.5), the proxi-
nnality e eonvex cone with the veitex at origin is equivalent to (i}.
I'rom Theorem S, since H is also a cone and

H® = {lv, 2l & X« R (2", ¥) 4 28<0 Jor all [, 8] € "},

it follows the cquivalence to (it), On the other h . .
. . . and ¢ n . g
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FUZZY PROXIMITIES AND FUZZY (OMPLETELY REGULAR SPACES I
BY

Ao K. KATSARAS

1. Introduction. In 8] the author gave the notion of a fuzzy proximi-
tv on a set X. In this paper we will change one of the axioms of the defi-
nition of a fuzzy proximitv. One of the advantages of this change will be
that the corresponding fuzzy topology will not necessarily consist of ordi-
aary subsets of X as it happens for a proximity in the sense of (8. Also,
every fuzzy proximity in the sense of “87 will also be a fuzzy proxinity in
the new sense,

Section 2 or this paper is preliminary. In section 3 we give the defini-
tion of a fuzzy proximity § on a set .Y and we prove that to § corresponds
a fuzzy topologyv. In section 4 we define the fuzzy completely regular spa-
ces, We show that, if ¢ is a family of functions from X into the fuzzy unit
interval, then the coarsest fuzzy topology = on X with respect to which cach
member of € is continuous is completely regular. Also. every fuzzy comple-
relv regular topology on X is obtained in this wav. A 7T fuzzv topological
space X is completely regular iff X is homeonorphic to a subspace of some
fuzzv cube.

Finallv in section 5 we examine the question of when a given fuzzy
topology = 1s compatible with some fuzzy proximity. We show that there
exists a fuzzy proximity compatible with < iff < is completely regular,

2. Preliminaries. In this section we will recall some of the definitions
refated to fuzzy sets and fuzzy topological spaces.

Let X be a set and [/ the unit interval. A fuzzyv set in X is an clement
of the set 77 of all functions p from X into /. If f 1s a function from X to
Yoand p € IV, then [ (u) is the element of /Y which is defined by
£ (3) = u{f(x)). Also, for ae [, f(s) is the member of /1 defined by
fla) (v) =0, if v & fAX) and fla)(v)= sup a(x) if v = f(X). A fuzzy topo-

€1 7w
fogy on X' is a subset © of ¥ such that
i) o. 1 e-,

() I u, p & 7. then uppe .

(i) If u; & = for cach 7 « 4, then sup o, = =

ied

H < is a fuzzy topology on X, then the pair (X <) is called a fuzzy to-
pological space and the members of t are the open fuzzy sets of this topo-
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logical space. A fuzzy set u is called closed if 1—y is opei. A subfamily «
of = is called:

a) a basc for ~ if every member of < is a union of members of x

b) a subbasc for + if the family of all finite intersections of members
of « is a base for =,

A closure operator on /¥ is a map p -y, from /¥ to [¥, such
that for all u, & in I we have

(1) T (3) BUP =y

Given a closure operator on [Y, the collection {fu e ™ lp =
=1 —uf 15 a fuzzy topology on X.

Next we recall the definition of the fuzzy unit interval which was
given in [6]. Let [ denote the set of all increasing functions o : 01 -
{0.1]. On j,we consider the {equivalence relation-defined by a; ~ a, iff
a{i+) = ap(f+) and a,({—) = a,(t—) for all ¢ = [0,1}. The fuzzy unit in-
terval 1s the set [, = (0,11, of all equivalence classes in which J, is par-

tioned by ~ . For z & f_, we will denote also by a the cquivalence class
to which x belongs. For cach ¢ = (0,1) we define £, and R, on I, by
L(a) = 1—a{t—), R a) = «(t4).

The fuzzy topology on [, generated by the family {L.R,: ¢ (0.0} s
called the usual fuzzy topology on [,. Throughout the paper, we will con-
sider on [, the usual fuzzy topelogy unless it is stated explicitly otherwise.

By the usual order on [, we will mean the partial order 2 defined by

a2 ap iff x(f4) 2 2{t+) and oyt—) 2 x(t—) for all £

3. Fuzzy Proximity Spaces. Definition 3.1. A4 hinary relation §
on I¥ is called a fuzzy proximity on X if § satisfies the SJollowing axioms :

(EP 1) w3 p implies p 8 .

(FP 2) (wyp)da iff ulsorgida,

(FP 3) w8 tmplies u+# 0 and ¢ £ 0,

(FP 4) u 8¢ implies p £ 1—¢.

(EP 5) w 8¢ implics that there exists o= [Y such that nw 8o and

(t—a) 13¢. The pair (N, 8) is called a fuzzv proximity space.

Example 3.2, If we defined 3 on 7Y bv u185ifl w £ 1, then g
15 a fuzzy proximity on X. We will refer to this fuzzy proximity as the dis-
crefe fuzzy proximity on X.

We omit the proof of the following easily established

Lemma 3.3. Let 8 be a furzy proximity on X. Then:

I} If wdp, w2 wopy 2 g, then p g,

2) If there exists an xe X with p(x) = 12, then w3 p.

3Tf 0, then p 81,

Definition 3.4. Let 8 be a fuzzy proximity on X. For p= IX we define
wo= by u=1—sup{p = [T: 515 u}.

The proof of the next Theorem is analogous to the proof of Theorem
3.3 mIn [8] and we omit it.

iV =
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Theorem 3.5. Lot (N, 8) be a fuzzy proxvmilv space. Thew the map u—
w = ug is @ closure operalor on IX. Therefore the collection (3= l—a=
L—uw} is a fuzzy fopology on X,

We will refer to the fuzzy topology =(38) as the fuzzy topology which
corresponds to the fuzzy proximity &. If & is the discrete fuzzy proximity
on X, then uy = w and thus the corresponding fuzzy  topology is the
discrete fuzzy topology on X,

It X is a fuzzy topological space and w a fuzzy set in X, we will de-
note by u? the interior of w and by ¥ the closure of w. If the tapology < of
X is the fuzzy topology which corresponds to some fuzzy proximity § on
X, then y = yo.

Proposition 3.6. Lel 3 be a fuzzy proximuty on X and u, ¢ = [Y with
w18g, Then:

a) u S 1—, b) u = (1—¢)"
Proof. (1) It is obvious. N
b) wopp tmplies that w35 and thus p =1 —5 51—z, Since

5 15 open comdained in \—pg, the result follows.
Example 3.7. For u, ¢ = [, we definep 8¢ iff w# 0 and p # 0.
It is casy to sec that 3 is a fuzzy proximity on.Y. We will call this proximity
the indiscrete fuzzy proximity on X. For this 8 we have

— 0 if p=10
;]_a pr— .
Lo # 0.

Fhus =(8)=1{0, 1} is the indiscrete {uzzyv topelogy on X,

4. Completely Regular Fuzzy Topological Spaces. Definition 4.1. .4
Suzzy fopological space X is called completely vegrdar if for each open fuzzy
set w in X and every x € X the following condiiion is satisfied : | [ X)) oo
then there exists a continuous function f from X fo the fuzzy wnil interval 1,
such that fly)(0 +) £ u(x} for each v & X and flx)(1—) = a

Proposition 4.2. 7f (X.).e4 is a fanuly of completely regulur fuzzy
lopological spaces. then N = TV X, with the product fuzsv fopology is com-

xE A
pletelv regular, o

P’roof. Let w be an open fuzzy set in X and let v = {v,) & X with
p{x) = 8, There are =, ..., %, = 4 and open fuzzy sets u, ..., w, in X4 ...
sy Xy, Tespectively with € u and g(v) - 8 where ¢ is defined ot X by
p(0) = min {u(va) s ma(vy)l, ¥ = (v) = X, For each i i— 1, ,n,
there exists f;: X, — [, continuous. such that filaeg} (=) = 8 and
Jilz) (04) = ui(z) for all 7eXy. Let w0 X > X, be the canonical
projection and f - inf !/ o Mo i 0= 1, nl. Then fis a continuous func-
tion from X to {, and satisfies the inequalities

SOYO+) = inf {[f{)(0+): i= 1., n} <

1

inf fuya) ti = 1,0} S (),
Tt =) = inf {fi(xy,) i =1 ,..,n} = B.

This completes the proof.
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Lemma 4.3. Lol X be a fuzey topological space and let B b o subbase
for its topology. Then X is completely regular iff the following condition is
satisfied © Given we B, v & X and O a real nuwmber with u(x) =8 ~ 0.
there cxists a continuous SJunction f fmm N dnto the fuzzy it inderedl, such
that f(x)(1—) > 0 and J(3}{0+) 'S u(v) for all v in X.

Proof. aupposc that the (ondltlon is satisficd and let o be open in X
and ¥ & X with u(x) > 6 There are py ..., g & 3 such that u;, A ...
o A the S w and min {y, (\') : 1' =1 ,., 4} > 0. For ecach 7, there ecxists
S X = I continuous such that fy(x){{—} > 0 and fi(. )()—L) < uny) for
all v. Let f:X — I be defined by

S s) = min {fi{(3){s):f=1,..,

Then f is continuous. In fact. for ¢ = (0, 1). we have

SHELY) = 1 —f{y)(t—) = l—min { (") (t—) ; § = ) ..., 0} =
= max {l—fi (V=) i1 = Fonb = [[3(L) V. f"i (L)),
which proves that fYL,) is open in X. Also

FHRYG) = IR 1 A3 RN

and so f'(R,) is open. Hence f is continuous,
Moreover, f(x)(l—) = min {f, (H(I—):i=1,..n} >0 and

SO =min { fi(v)(O-F) i =1 . onb = min o (v) 7= 1., 8l S (V).

This completes the proof.

Theorem 4.4. Let X be o fuzzy topological space and G = C(X, 1)
1he Jemily of all continuons functions from X into the fuzsy unit inferva; lv.
Then X s completely regular iff the fuzzyiopology = of X coincides with the
coarsest fuzzy topology on X for which each member of (- is continuous.

Proof. Suppose that X is completely regular and let =, be a fuzzy to-
pology on .Y with respect to which cach member of (¢ is continuous. et
u< 7. To show that wisin 7y, it suffices to show that if v = X and if u{x) >
> 8 = 0, then there exists p & 7y withs £ pand p(a) > 0. So let o {y) >
~ 6 > 0. Since X 15 completely regular, there custsfé(: with f(x)(1—) > 0
and f( W(04) £ u(v) foreach v in X. By hypothesis [ is =;-continuous and
hence p ._-f ‘(R, 2) € 7,

Moreover g(a} == f{a){1/2+4) Z f(x)(1-—) > 0, and

PO} = Sy [2-+) S f()U+) S ulv).

for cach ». This proves that » & 7, and hence < is coarser than 7.

Conversely, assume that < coincides with the coarsest fuzzy topology
on X for which each member of G is continuous. Let

B={fNL):t=(0, 1), feGlu{f(R):t<(0, 1) [f=Glu o 1}
Then B is a subbase for 7. Let f @ G. Define g: X - ], bv alv)(s) = 1—
—f{y){1—s). Then g is continuous since, for {=(0, 1), u _,) = [ (.hl 1)
and g"M(R) de(]-l—t)-
It follows that
B = {fL):t e 1),/eCulo 1L

7}, ve X, s e {0, 1]
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Let now g & B and v & X with u(v) -0 -0, If u# 1, there cxists
f =7 and { & (0, 1) with g = f(R,). For cach v € X we define

g(V) 1 E0, 1] =00, 1), g()(s) = Ay te-ks (1—to)).

The function ¢: X - [, is continuous. In fact

gL =1 — (=) = 1 —f)lo + {1 —ta)—) = [ (Ley ooy )
and g (R) = T Riwrs ). Also g(WN04H) = f(N(L+) — wu(v).  Since
< ulx) = g{0)(04) = sup g{x)(e),

L]

there exists 4y > 0 with g{x)(,—) > 0. Define 2: N = I by & {¥)(s)

= k('\’) {st;). Then /& is continuous since hYL,) = g (L,,) and A7YR)) =
== g HRy,) for all 1 & (0, 1}, Also A(y)(0+) = 2(V){(0+) = p{y) and i{x)
(1—) ( Hty—) = 0. If w=1, we take h: X — T, h{x}s) = | for all
x & ,\".s = {0, 1]. Weproved thatifp € Band x & X with u (x) > 6> 0
there cxists a continuwous function A: X — [, such that A(x)(1—)=
and A{v}{0+4) = u(v) for all v = X. In view of Lemma 4.3, X is Lompletely
regular and the result follows.

The preceding Theorem gives us a way to construct completely regular
fuzzy topologies on a given set X as the following Proposition shows,

Proposition 4.5. Let X be a set and H a family of functions from X
into the fuzxy wnitl inferval I,. Let < denote the coarsest fuzzy lopolozy on X,
with respect to which. cach member of H ts continuons. Then (X, ) 15 com ple-
telv regular,

!’roof Let - = C(X, ;) and let =, denote the coarsest furzy topology
on X with respect to which *each member of G is continuous. It is clear
that = — <, and hence = is completely regular by the preceding Theorem.

Proposntmn 4.6. The fu::\ wnit Tnterval is a compleh‘."\ regular space.

Proof. The family B = {L,:¢t (0, 1)} u {R,:f = (0, 1)l bo{0, 1} s
a subbase for the topology of 1 We will prove the result using Lemma 4 3.
let w € B, o/, and 6 = 0. such that ulx) > 6.

Case 1. w=L,. Since wl(a) = l—a {fa—) = 0, there exists 0
<11 < o such that l—aff-l-) > 0. For cach 8 = [, define f(8): [0, V] —

= [0, 11 by f(B)(s) = 153(3., +s) where v =ty — . Then f(8) = I,.
The map f: /1, - I, is continuous since
([,,) = f\’,___,',, and f I(J’\’,:I == degis
for cach s = (0. 1. Also f(,'s)(o-; ) 1
and f(a)(1—) = 1Za(f+) >

Case 11 u= R, 51[1(‘ ma)- x2{ta=) - 0, there vxasts 6 \ll i,
such that a{t,—) > 6. Define : 1=—~I'h\ F(2)(s) = Blfa+ys) where v == {; —f,.
Then f is continuous, fla)(1-—) = x{f,~) = b and [fIBYO4) = B(f‘o!—) —

= p(B) for all p = }'_-_ ' '

Case 111, y = I, In this case we take /- I, = 1, f(8)s} = 1. Clearly
fis contmum:s f(x}{!—-) =1 = 0 and f("‘)(ﬂ A7) = u 2) for cach 8 = 7.
[hus the result follows from Lemma 4.3,

Recall that a fuzzy topological space X is called o« T pspace (10],

if for all x % v in ' there are open fuzzy sets w, 5 in X with w(v) - 0, s(v) -
=0 and y(y) = ¢(2) = 0.

!
1y,

M

B{ts—) = ulp), for cach &
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Definition 4.7, . fuzzy fopological space X is called a 1 vchonoff space
if XN is completely regular and 1.
Proposition 4.8. If X is « T vchonoff fuzzy lopological space,
the family C{N, 1) separates the poinis of X.
Proof. Let v, v be two distinet points of V.
set poin X with u(y) = 0 and p{v) = 0. Let 0 be a real number
0 = ufr). There exists a continuous function £ from .\ into [,
Ilnt FaH1—) = 0 and f{s}(04) £ u(z) for cach z € X, Now

A=) SJON0-H) = wlv) =0 and so f(3)(1—) = 0.

It follows that f(v) # f{3).

We omit the proof of the fellowing easily establishoed

Proposition 4.9. 1) Lot N be a fuzzy fopological space and lof Y be
a suhsf)crr'(' of N. Then .

a) JfN ds completely regulur, so 1s Y.

h) If N is Ty, then the same is true for the spuce Y.

then

There is an open fuzzy
with 0 =
sueh

2} The /»odml of a fawily of Ty fuzzy fopological spaces 1s a 1' space,
3) Let X, Y be two homeomorphic fu,.:v fopological spuces. Then
a) If X d4s compectely regular, so is Y,

b) If N oas 1y, the same ho!a’s for Y.

Definition 4.10. The cartesian product of a number of copics of the
Juzov it interval. with the product fuzzy topology, 1s called a fuzzy cube.
Theorem 4.11. Lot X be a fuzzy fopological space and lel G = C(X, 1)
be the family of all continuous functions from X to the fuzzv unil inleroal

I..For cach [ = G let Y, denote the space 1. Let Y =11 Y, wuth the product
reG

Juzey topology. 1f X ds a Tychonoff space, then X is howrcomor phic fo a sub-
space of Y. More precisely, the map ¢ NSV, e(x) = 1, x, = f(a), is a ho-
meonorphism from X onto o(N}) when X is a Tychonoff spuce.

Proof. Suppose that X is a Tychonoff space and consider the evalua-
tion map

fr N - Y, x = (f(3))re = #.

In view of Proposition 4.8, ¢ is 1—1. Also ¢ is continuous. In fact if m,:Y —

— ¥, denoies the projection map, then cach composition myoe: N o Y,

v - f(x), is conlinuous and thus ¢ is continuous, Let Z = ¢(X), We will

show that the map ¢:.X — 7 is a hoemecomorphism. Since ¢ is [—1. onto

and continuous, it only remains to show that ¢ is an open map. It is casy

tosce that if {u,)ie 415 a family of fuzzy sets in X, then e(sup w;) = supe(uq).
icd

TEA
Also e{py o o 2 wm) = o{wy) e(uw,). It follows that, in order to
show that ¢ is an open map, it suffices to show that if B is a subbase for
the topology of .\, then e{u) is open in Z for cach » = 13. By Theorem 4.4,

the family
B= /"

is a base for the topology of X, Let now f & G, wopenin [, =
= f7{x). We have

(e)a) = g(x) =

wy:f e G, popen in 1.}

Y, and z =

w (f{2)) = = (2)(3)

FUXAY PRONINITIES AND FUZZY COMPLETELY REGULAR SPACES T kv

| =1

Since mpo Yoo Y,y continuous, it

for vach v
a open in Z. This completes

fullows that n-
the proof.
Theorem 4120 Lot X bea 17 fuzzv topological space. Then N is com-
el v regular off N ds homecinarphic to a subspace of a furzyv cube,
froof. The necessity of the condition follows from the preceding
Theorem. The sulficiency follows from the fact that every fuzzy cube is
ampletely regular {by [I()l)ﬁsl[lons 4.6 and 4.2) and from the Pmposmor

4.4,

N Thus efe) = o7 (w)l .
Mol is open in Y oand thus ¢ () is

IL'

5. Fuzzy I'roximities Compatible with a Fuzzy Topology. Definition 5.1.
Lot = e o fuzsy topology on a st X and let § be a fuzzy proximity on N. Jf
- Sid) thew we say thal 3 0s compatible with =,

One of the questions which we will examine in this section is the fol-
Iowing :© Given a fuzzy topology = on @ set N, when does there exist a
fu//\ proximicy on X' compatible with =2 We will prove tlmt this happens
iHf the fuzzy mpolo"\ T s mmplttd\ regular.

Definition 5.2, 7o fuzzyosels a, g, Inoa fuczy lopological space X are
said to be funclionally distinguishable if there evists a continuous function
f from N fo the fuzox unit dnterval. such that w{x) £ f(x)(1—) £ f(x)(04)

| -

<t —g(x) for all x in X

Theorem 5.3. Lot N be u completely regudar fuzzy topological s pace.
Then the binary relation § on 1Y, which is d('ftncn' by w 8o 1ff u, p are not
functionally distinguishable, is a fn“\ proximity on X compaf?bl with the
fopology = of X

Proof. \We will show first that 8 satisfies the axioms (P 1y —(FP 3)
of the definition 3.1.

f) Suppose that 2 38¢. Then there exists a function f e C (X, 1)
such that u(v) £ f()(1-—) £ f(X)(+) S 1—2(x) for cach x=X. Define

g N — 1. by u(x)s) = l——f( X){1—s). Ii is casy to sce that g is continuous,

Also
(1) =1—/(){04) 2 () and X)) = 1—/()(1 =) S 1--ufx).
It follows that ;73 .
2) (.'lc:u']y {aVs) 18 a
sume that qo 5 and 278 0.

mplies 78 ¢ and £78 o. On the other hand, as-
There are /. fo & C{X, 1) such that u(\) =
s fl( ) (1) S A((0+) £ 1—o(x)_and a(x) = fo (3)(1=) < f2 ()(0+) 2
= t—o(x), fm all vin X, Let /0N = [, be  defined by

) () == max {000, A9

Then f(x)(/-L) = { A+ (t+1 and 1— - min f1—
—h(x) =), 1—fo(s zn;(\ {j( }(t Iczliof\\(:)tlng ! ::!((011L1£51())1(1s .211(1 o

(Y e){x) = f)(1—) £ f(x)O0+) £ 1—o(x)
and hence (u vV ¢ &) 18 o

8) The function f: X - I, f(x)(s) = 0, is continuous.

Moreover, if u =10, (hen ﬁ(x) gf(»)(l_-)*f- (x){0-4) 2 1—5(x) for
each p & I*. Thus g Sp whenever u = 0. _
4) Tt, is clear from the definition of 3, that w 8¢ tmplies w £ l—p.

?
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5} Suppose tha dp and let f & C(X, [)) be such that u(y) s

t
< f(3)1-) £ f(x){o4) g? o(%) for all x = X. The functions &, byt X' —
=1, ((s) = f(x)(14-9)[2), ho(x)}(s) — f(x)(s]2), are continuous. Also
P | n_
B ) = /0. 1(904) o5 +] =795 ).

bR (1—) = f(.v)[-'2

S (Lye), we have

--—) and A (¥){(0+) = f{x)(04).
Setting o -

alv) £ M(n(1—) 5 f(-r)(-;- +)  h(5)(0+) SUa(x),

t—a{x) = f( \c)(% _) w hy(x) (1) Shy(04) € | —p(x).

Hence w8 a, (t—0a) 18 9.

This proves that 3 is a {uzzy proximity on X. It remains to show that & is
compatible with . Let i be a v—closed fuzzy set. We will show that u; =
= p. Suppose that p # i, Then th.re exists ¥ = .X and a real number
8 such that u{x) < 8 < iz (¥). The fuzzy set p = |-—p is t-open and p(x) -
~ 1--8 = 0. Since X is completely regular, there exists f & C{X, [;)
such that f(3)(1—)>1—0 and /(3)(0+) Se(y) = 1—p(y) for cach y = X.
Let u; be the fuzzy set in X defined by p{y) = f{¥){(1—). Then u,(y} =
—=f(v}(1—) SN0+ s 1—p(y) for all yv&X and so w I3 p. It follows
that uy £ 1—p, and hence ps(x) £ t—p(¥) = I—f(x¥)(1—) < B which s
a contradiction. This contradiction proves that g = ps and so y 15 <(3)-
closed.

Conversely, let uw be t(8)-closed. We will prove that 1-p is t-open. In
fact let x & X with (1—pu){x) # 0 and let 8 be a positive real number with
O < 1 —p(x). Since u(v) — pa(x), there cxists p = [F with u13¢ and !

--p(ﬂ:') ~ 1—-—0

Since w 3 p. there exists f= C(X, I;) such that u(v) < fy) {1 ) =
< fOMO+) = 1—p(1), for all yeX. The fuzzy set uy = f Y1, 4 1s T-open,
and

wy () -!—f(,v)(; )<1 A0S 1—u(y).

Thus w, 2 | u.

() = 1 --IM(

Morcover

l e
) 2 L—fx)(0+) 2 glx) = b

2 |

It follows that t—u is -open and hence p is z-closed. This proves that
() = 7 aund henee 3 is compatible wilh -,

et 8 be fuzzy proximity on X. For p, s fuzzay sets in X, we write
w <€ ¢ iff w13 {1—g). Then we have the following

Lemma 3.4. Lct w, ¢ be fuzzy sets in X with w < ¢ Then:

() If w £ n oand py 2 p, then py < < gy
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(2) n < g where ¢ ds te interior of p with respect lo the fuszy lo-
pology =(8

3 E =

(4) There exists an open fuzzy sel py such thal u <€y < p.

Proof. Tt is clear that (1) is satisfied and that (2) implies (3). For the
(2), we observe that w13(1—¢) implies #78(1—p) and that 1—p = —p°
Finally, since p 18 (1—¢), thereexistsa fuzzy set g, such that 278 (1 —u,)
and w218 (1—p). Let wy = . Since p <€y, we have p <y, by (3).
Also since p; S pe € p, we have py €. This completes the proof.

The next Theorem tells us that if a fuzzy topology < on a set X is
not cempletely regular, then is not compatible with any fuzzy proximily
on \.

Theorem 5.5. If 8 is a fuzzy proximity on a set X, then the fuzzy fo-
pology = = T(3) 15 completely regular,

Proof. Let @ beopen, » @ X and 8 a positive real number with (v}

. 0. Since T—p(x) = 1—p(x) = 1—6, there exists a fuzzy set 2 with (1 —
—u} 18 n and 1—i{x) < 1—8 and so A{x) > 8. Since A < w, there exists
(by the preceding Lemma) an open fuzzy set 2o with A € A € g
Now 7a (%) 2 A{(x) - 0. For cach integer n = 0, let

—

w 5
ta =01 ..., 2" :

A, =10 .
2" nel

We will define for r € 4 an open fuzzy set p, such that the following condi-

tions hold :

(l) Pu = Ae and gy = W
(2) If » < s, then p, <€ p,

To this end, suppose that we have already defined p, for each » € A4,, so
that conditions (1) and (2) are satisfied. (We know how to define ¢, for
v  4,). We will define p, for cach 7 & 4,,; which is not in 4, Such an
r will be of the form » = (2k + 1)/2" where k2 »0is an integer. Since g, v <
<€puri1em, there exists an open fuzzy set »y with gipn € k) <€ pusin?). Define
pr == ;. In this way we define the family {g, red, 1 of open fuzzy sets
which clearly satisfies (1), (2). Inductively we define a family of open fuzzy
sets {p, 17 & A4) satisfving (1) and (2). Next we define the family o1 &
€ [0, 1)} bLv taking

g, == supip,ire A, r st}

Each o, is open and o, — p, if t & A. H s <=4, then g, £ o, In fact, let

7, n €A with s <<r <r, =L Then g, £ 0, £ 0, 20, and thus 0,3

£ 9, S4q, S0, Define [: X o I, by f(z){t) = oy}, x € X, 1 [0, 1].
It e, 1) then for cach v & TX’. we have "

poly) 2 SN = ap.u(y) S w(y)
and that f(y)(0-+) £ p(y). Also
8 < po(x) £ 03.(x) = f(x){t)



A0 A, K. KATSARAS tn

and hence f(x)}{1—) = go{x) > 0. Finally /is continuous. In fact, itf € (0, 1),
then for cach v = X we have
FHEY() = 1=V {t—) = 1—inf f(y){(s) = 1 —inf 5, () =
[ X sl
I —infedy) =1 — inf 5,(3).
g 1—4 4 -1t
Henee /YLy is open. Similarly,
SHENY) = fOo)(+) = sup &y {3

and so f 1(R)) is open. This proves that fis continuous and the resuit {follows,

Theorem 5.6. Lef 8 be a fuzzy provimity on N and equip X with the
furzy fopology = = «(8). Let w, ¢ be fuzzy sets in X with wde. Then p, p
are functionafly distinguishabls.

Proof. Since ¢ € 1—¢, there exist (by Lemma 3.4) open luzzy scts
pe. £ such that o <€ g0 € p, € 1—;. Working now as in the proof
of the preceding Theorem, we get a {unction, f: X — [, continuous and
such that pe(y) £f(3)(f) £ p(y) for all v in X and al ¢ = [0, 1]. Thus

Ea(d) = pe(y) 2 fIN() S SH04) S ely) S bp()

for all v = A, This completes the proof. i

Definition 3.7. A mapping [, from a fuzzy proximity space (X, &) to
a fuzzy proximity space (Y, 82), 15 called a proximily mapping or a proximally
continnous mapping if v 8; p implies flu) 82 f (). Ilquivalently, fis a proxim:-
£v map if w18 s implics [ () TS Has).

If 3,, 3, are two fuzzy proximitics on the swme set X and if the iden
titv map from (X, 3;) to (X. 3,5} is a proximity map, then we say that &
is finer than &, and we write 3, 2 8,. In this casc we also sav that 8, is
coarser than 3, Thus, 3, = 8, iff w8, ¢ implies u 3, 5.

Proposition 5.8. [/ f: (X, &) — (Y, &) is a proximity map, then f
15 condinnons with respect to the corresponding fuzzy lopologics <(8)) and (5.},

Proof. 1t suffices to show that for every <(3s)-closed fuzzy set ¢ in
Y. 1 (n) is =(3))-closed in X. In fact, supposc that g is closed in Y and
let v&X and 0 be a real number with 0= f7(u} (v) = u(f(x})). Since u is
clozsed. there exists a fuzzy set p in Y with w8, p and 1—3(f(x)) = 0. Since
fis a proximity map, f{p)18; fe) and thus )

S ) £ 1 () (v) == 1—5(f(x)) = 6.

This proves that [Hu)(x) = fH{a}r) and the result follows, :

Corollary 3.9. /7 the furizy proximify 8y 1s finer than 8. then the fuxz
lopology =(3y) 1s finer than the fuzzy fopolosv <{8,). -

In view of Theorems 3.3, and 5.7, 10 (N, <) is a fuzay completely re-
gular space, then the relation 8 en 7% which is defined by z 8¢ iff p and
p are not functionally distinguishable, is the finest fuzzy proximity on X
compatible with =. _

Theorem 5.11. Let 7, =, be lwo complelely vegular fuzzy topologics on
a sl X. Let 3 be a fuzzy proximity compalibls with & and let 8y be the furry
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proximily defined by w13z ¢ iff w. g are functionally distinsuishable in
(X. T2). Then, =y finer that =y implics that 3, is Siner than &y

Proof. Suppose that 1118, p. By 5.6, there exists a continuous func-
tion 1 (X, 7)) = £, such that u{x} £ fx){l—) = flx)(O+F) S 1 —p (¥) for
21 & = X. Since 7, is finer than 7, f s continuous with respect to the 10-
pology T2 Thus 1 13;p and this completes the proof.
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