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NECESSARY CONDITIONS FOR BOUNDARY CONTROL
PROBLEMS GOVERNED BY PARABOLIC VARIATIONAL
INEQUALITIES
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0. Introduction. In this paper we proposc studying necessary condi-
tions of optimality for boundary control problems with convex cost crite-
rion and whose state is given by the solution y of the unilateral problem

{the ,obstacle problem”}
y(x, )y > $(x) on ¢ =0 x 0, T,

yi4 Aoy =f on {(x H€Q; ¥ >0 (Hh
(0.) 3y —max {f—A4sd, 0} on {{x# <Qi yx 8 = ¥(h

a:ly-}-a,t;—ysu on E=Tx1]10 T{
N

vix, 0) = yolx} on Q,

where 4, is a second order elliptic operator on Q, 2,20 7==1,2, &y +
@y # 0 and ¥ is a given function on Q. Here Q is a bounded and open do-
main of the Euctidean space RY with the boundary I'. The control # which
is exercised through the boundary is taken from the space L® (X). The ne-
cessary conditions of optimality are found in terms of quasi variational
evolution incqualities which generalize the classical Lagrange equations, The
paper is much in the spirit of the author works [1], [2] where the present
approach has been used in the study of distributed control problems gover-
ned by elliptic and parabolic variational inequalities. For recent other
esults on necessary conditions for contrel problems governed by non-
linear parabolic cquations, we refer the reader te [10] and {12]. The
lan of the paper is the following:

L In Section | we give the basic notations. Scction 2 contains a lunc-
ional description of a general class of nonlinear boundary control systems.
t is shown that such sys ems can be reduced to a class of nonlincar eve-
tion incquations whose cxistence is discussed. In Section 3 we give
e of the main results of this paper, Theorem 1, which i concerned with
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a control problem governed by Eq. (0.1), where 2, — 0, i the Dirichlet
problem with interior unilateral constraint. The proof is given in Section
4. In Section 5 is considered the case ay # 0. In hoth situations the NeCes-
sary conditions for optimality are obtained for sufficiently regular optimal
controls u*

re 'l MUY i we= 0 and S H1E(N) i .20,

1. Basic notations. () jx bounded and open subset of R with a suf-
ficiently smooth boundary (it will be enough to assume that " s regular
of class (%), Let i, 7. 8 be real numbers and let | S p <o, We set 0 =
=Q X170, T[, ¥ -1 % 10, T{ and denote by W, HEM). 115 @)
and W3 (X)) the usual Soboley spaces on Q, I, () and X, respectively (see
eg [71 Chapter I1I). We sct Q) = H™(Q), jim () = 1), 1yps
(@) = 1™ (Q) and e (Q)== e (3. By HP(Q) we shall denote the
space of all clements ye pym (Q) of trace zero on I, By C9(0) and ¢ (%),
k positive integer, we shall denote the space of all continuously differen-
tiable functions up to order % on the closures ¢ and X of Qand 3, respec-
tively, By L» Q) and L7 (Y), | ¢ £ < 2. we shall denote the usual Spaces
of integrable functions on ) and X respectively. By 8°(0) we shall denote
the space of distributions on 2 and by M (Q) and M(Z) we shall denote
the space of bounded Radon measures on (J and X,
Banach space . we shall denote by L»0, T : 1 g P < %, the space
of all p-integrable functions from {0, ') to £. Lot v Ko R
TJ—20, -} 0] be a lower semicontinuous convex function on %, We shall
denote by d o (vI= E* (the dual space of E) the set of al] subgradients of
¢ at y (see e.g. [3] p. 89). The mapping o 9 IL - E* is the subdifferentia]
of . If »is Gateaux differentiable at Vv then @ o (3) consists of 3 single
element, namely the gradient V o(y) of # at y. All the spaces considered
In this paper are real,

I Iis a Hilbert Space. then for each ¢ ~ 0 (he function ¢,
J 00, +oof defined by (|.] denotes the norm of E)

(r.1) Bl3) inf {e ly—2yt o) s e
1s Fréchet differentiable on £ and (see {3], p. 107, (4] p. 1L 21)
(1.2) POV 2 9u9) <218 0,(5) | 4 g (1 + cag) 3 )

respectively, Given g

1 AN

L3) ey — {1 4 ¢ 99) ™ x) = (dg)(v) = do(y) for all v & [

2. Nonlinear boundary control systems. let /f be a Hilbert space
with norm || and inner product (., ) and It 1 be a Hilbert space
densely and continuously embedded in 4. Denote by || the norm in V¥
and by V' the dual of 1, We have

Ve Hoe 7
algebraically and topologically.
Let 4 be a linear continuous operator from I to ¥’ which satisfies

(A1, 1) 2 o | u|? +alu|?forally e V,
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l
{ where o = 0, . o o
| Finally, let U be another Hilbert space with inner p_r_or.m(l‘ S . >
| ind norm |||+ and let B be a linear continuous operator {rom { ie /f,

The boundary centrol system we shall consider is
2 Az Fys [ oon [0, T,
2.1) y= 1 A,
2 (0) == 24,
where w, 15 the solution to
w, - Aw, = Bu, ae te |0, T},
2-3) w, (0) = A7 A,

1 2

T are give : : clongs to L

Here fel2(0. T3 H) and 7o vy & H arc given, the input " b‘ lo B3 ok

S )y and F = @ ¢, where o is a lower semicontinuous convex fune-
E)N: = @, :

. I, :
' - -

’ ‘¢ denot : differenti: symbol — |
tion from f{ to K. By’ we have denoted the differentintion Y 7

We nottce that our assumptions on A imply that for C:I_Ch_‘ﬂ = ]j’ °(0:H Im (]j)ﬂ
the Cauchy problem {2.2) has a unique solution w, = ¢ (0 ,-12 ){9] Y
(0. T; ) such that ), 4w, = L0, T H) (see eg. (3, p. 22, 9] p.
6§). In this way the system (2.1), (2.2) reduces 1o
. - Az FQr Aw) = f on {0, T],
(25) 2’(0) = Za.
i :voluti ' 2.3) does not admit
neral, the time dependent evolution equation ( G GRSl
i?ro%‘gl;lo‘;l;tions. l-{owevgr if { == Aw, is sufficiently regular, we l:avc o
Proposition 1. Assume that A is symmetric. Let U= Aw, = L* (0, T ;

H) and z:o =V be such that U e L0, T; H) and o(ze 1 T(0)) < —‘Jll_ 0. Suppuse
s addition thal there exisis a function Co & LY (0, TY such that

(2.4) @ 5ule +T(0), 49> Colt) = 0o,z + U

* all £ -0 and re V with Aze H, . I
¢ aThsen Eq. (2.8) has a unique strong solution : which satisfies
(2.5) Pl e L0, T H), Az € L2(0, T; H).

Proof. The proof is standard (see e.g. [4], [6]) but we chall outline it
for the convenience of the reader. .
We start with the approximating equations

YAz 400,040 =f ae r=0, T,
2(0) e :u.

N . 5 . L - ([0, T3;
nce do, is Lipschitzian, Eq. (2.6) has a unique solution r, & 0, 1
suc}? ‘that z? s L2 (0, T? H) and A4z, e L*(0, T; H). By multiplying

2.6)
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Eq. (2.6) (where z = z,) with d¢,(z, + ) and using condition (2.4) along
with the formula
(8 .lw), @) = ((.w))" a.c. on 0, TT,

we get
£

@,(t.(t) g f.(t)) +_; s!a@.(z.‘f‘ c)!"dsg ?,(:o G :(O)i -I—S Co(S) ds -+

L1
¢

H T DA e, 1)
1]

Since ¢, are uniformly bounded from below by an affine function, the latter

yields
T

(2.7) S 99, (z, +0) 1°dt < C. &> 0.
¢

. In particular it follows that {:; -~ Az} is bounded in L (0, T; H).
Since zo« V, we may infer that {z} and {4z} are bounded in L*(0, T
H) (see e.g. [9] p. 22). Therefore

(2.8) 50 1P+ (20 4 A2 a0 P < €

where C is independent of e.
Using (2.7) and the monotonicity of 83, we get_that for alle, & = 0,

| 2,(8) — % (t) i +3 liz, —z, 1*ds € C (e +2), t= [0, T).
o
Hence there exists z: {0, T]1 = V such that
z, =z strongly in C([0, T]; fI) and L*(0, T"; V),
ze— 2 weakly in L2 (0, T; H),
(2.9) Az.— Az weakly in L® (0, T°; H),
09, (2. + ) — w weakly 1n L2 (0, T ; II).
By a standard argument, the latter implics that
w(t) = 0o (z{f) +3() ac. £ =70, T
and thercfore # is a strong solution to (2.3}, i.c.
F) Az () Fao ) L) o 1) ac = 0, T

The uniquencss of z is an immediate consequence of the monotonicit, of Jo.

We shall conclude this section with two examples
Example | (Mixed Dirichlet problem). Consider on €}, the second order

differential operator .
(2.10) Aoy = — % (ay (x) 3 ), + dafx} v,

=1

where a;, & Ct (D), ae & L=(Q}) a,, = a;, and

Ik

(2.11) ay () EE, 2 0|5 ae xe ), IeRY
=1

b

+
@ i~ a positive constant). We shall also assume that ae 2 0 a.e. on £
Let == 0 @ where 1 L*{(Q) - R is a lower sanicontinuous convex
function. Consider the boundary control syvstem

Yok Asry +Fyvs f oon Q=4 x 0, T,

12.12) Yo=Y on X P10, I,

s, 0) = volx) x & .
Svstem (2.12) can be brought into the form (2.1) where # = L* {1}
Hi (), U = L2 (I') and 4 117 = 17 defined by
N
i2.1%) (Av, ) = a{y, #) = ¥, S(a,-,(.r) Ny Hay T do ey dy

id-1
i}

for all v, « = H§{L).
The operater B : L* () — L2(S2) is defined by Bu == 3,. where 8, = L*{{}} 15
the weak solution to nonhomogencous Dirichlet problem

Aq 8, 0 on €,

(.14 3, = U on I,

ie.,
{8 Ay dv + \ 14‘:1 do — 0 for all v e HI{Q)n H? ().
R . a

B

Y
RHere
an . ! .
-~ Y @y=—- CO3 (n, a,} on I'.
Jy iJ X
Example 2. This is a mixed nonlinear Neumann problem with houn
dary control. Namelv

Yoo+ Aey +Fy= f on (J,

2.15) ay +‘2 - on X,
gy
Wz, 0) = yo(x) on £},
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where Ao, £ are as in Example 1 and 23 0. To put (2.15) into ihe form
(2.1}, we take IT < L2(0), 17— 11" () and . defined by

(2.16) (4y, &) = a(y, -F“S Ysds, for v, e H' (Q),

1
U= L) and B:L* (I} o L2 {Q) is given by fSu =1z, where &,
< H' () 15 the solution t)

AoZ, =0 on {3,
2.17 I -1 .
( ) a5y - == = i on I
]
dv

3. Mixed Dirichlet problem with unilateral constraines. Consider the
boundary control system

Boddoy 4090 ong,
(3.1) V= u on X,
v, 0) = v, on Q,

Here /4o is an elliptic, symmetric differential operator of the form (2.10),
Yo Wi, f e L)), The function 9L (Q) - R is given by

0if y(x) > & (x ae ve )
(32) ol = 0 00> 80

+ co otherwise,
where ¢ = H*Q) is given such that ) <0 ae v eI Formally, Eq.
(3.1) can be written as (0.1). As seen in Example 1, q. {3.1) can be put into

the form (2.1) where H=I¥Q), I o H3(Q), UL, z,=0 and 4 is defi.
ned by (2.13). Itis casy to sec that in this case Sue=.lie, 1s the solution to

GE)) + 4o Lu=0  on Q,

.

(3.3) =1 on X,

Luf., 0) = 1, on €,
In the sequel we shall denote by X, the space T1etni~21 (5} with the
natural norm ||, {,. By X} we shall denote the dual space of X, Let us

assume that # e X, where 4> 2 and #(, 0)= 5. Then & e W3 (Q) (sce |

(7] p. 389) and

(3.4) R llﬂ'g"(m SCllull, +C; Yue X,
Further, assume that

(3.5) Yo (x) 2 ¢ {x) ac v =0,
and

(3.6) o, 1) > ¥(6) a.c. o= T, ta(0, T

B
&
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It s=hould be noticed that
do(y) = — e H(y—d), Ve L)
~ince Tv (3.6) (z =%, — ) — 0 ac. on I foreveryz e H}(Q), by Green's
‘ormula it follows that
(1%, D9u(z+ L) = alz, 9o.lz + L) = alz 4T — b, D+
A L)) — a (T — b 09, (5 L))

Li - e i3 i 'C SCC that

=i nee t hf.‘ fll neten v _)' 15 m()noton(: (non (1CC] Caslnb'), W A

]}" L‘.! i '\i'J () ? (:.-—*- t,)) = 0 a.¢, =] ](), I . On thC OthCl‘ hand, “Sln"b
- | = El T =1

the Green formula in Iiq. (3.3) we see that

(3.7)

a(?;u - !i'" 0(?5(.'.’—!—- Cu)) = ““S ((C.tt)l + A 0 '-!H) a?;(z'*‘ cu)dx'
Q

Since (%0 = LAQ) and ¢ e H}Q) we may therefore conclude by (3.7) that
condition (2.4) is satisfied with

Coft) = 2§ (L) Ao 4)° dx.
i
i iti ¢ el isfying (3.5) and
ence according to Proposition 1, for vy, & 1Wi=% (Q) satisfy lng(_ 3
LIC::“:\' astaotisfyigng condiizion (3.6), Eq. (3.1) has a unique strong solution
cy == - Moreover %, € H31(Q) and z & H*(Q) is the lmit in the
sensc of (2.9) of a scquence {z} C H>'(Q) delined by
(=) +Az, — e (2, + 0 — ) =f a.c. on Q,
.'.’a(.’t’, 0) =0
: i 3 M i 1Puel
For a gencral #< L2 (I) it follows from the resultsof Mignot anc
El 11 th%t the control (svstem (3.1) has a minimum weak solution y = Lz(Q)E.
Hence in order to have existence and uniqueness in the control sys-
tem (3.1). we must restrict the input functions # to the class Uy deflned by
(3.8) Uv= {ueX,; u{s, ) > ¥o), u(c,0) == w{s) ae. (o, )= X}.

The optimal control problem we consider here is: JMintmize

(3.7) a.e. on Q.

(3.9) %S [v{x, £) — aafx) |* dxdt -g-Sg(c:, (s, 1)) do dt
Q £

ver all w = Uy and y e L* (Q) subject to state syitgm (3.1)._) . N

Herc y, is a fixed clement of L2 (Q) and g: I' x R » R is a convex
ormal integrand on I' x R (sce {13]). In other words, )

() Forcach s =T, g (s,.) is a lower semicontinuous convex function

D R and nonidentically 4. ) b
(ii) g is measurable with respect to the o- field of subscts of I'x R
nerated by products of Lebesgue sets in I' and Borel sets in R.
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(i) There exists #® « {7, such that g (o, #*) & L' (Y). There exist
the functions aue L2 (1) and oy e /0 (T} such that

(3.10) glo, #) 2 @ (o) 4 4 ay (6) ae. o €', 1t = k.

Theorem 1. Lef (y*, u*) e f= () x Xgbean optimal pair in problem
(3.9) where g = (N 4 2)[2. Then there exists a function p e Cl0, T; 12
€ =1 Q) n Lo, T Q) n L= T; L (82)) such that

311 Pi— A pe M(Q) f;%'fex;.
{3.12) {(Pi— APlas= 3" vy a.c. on e, e Q) vy, > TEIEN
(3.13) PO, TY 0 on Q,
{3.14) PO 4 Aoy — )= 0 ae on ¢,
(3.15) Lol — o)z ® (1) D) for all e U,
LA

Here (#, — 4 p),, denotes the absolutely continuous part of the measure
po—Ap, d: N L Ris defined by
(37T6) (1) =Sg(c, (o, 1) do dt, ne X,

v '.-*.ﬂn'z =

and dpfdv (' — v) denotes the value of Upldv, e X at (u' — ) e Ay
The normal derivative dplds of pis defined by

S N ?"“ di={po— Ap)y) ;5 PO Ao v) dx dt
R [£a%)

T ¢
for all y € (() such that y (.,0) = 0 on Q. Here (pe — A pY(v) is the value
of the measure p, - A4 pat v,
Let us denote by @ : X, = Rthe funetion
Oy i e,

- 20 otherwise,

& (1) {

Then Eq. {3.15) can be equivalently written as
itp
oy

where ddv: X, o X7 is the subdifferential of d. We recall that if (int ) n

1D(®) or (int (D (d)) n s 5= &f then

(3.17)! d® (1) — 0@ (1) + N{) for all we (.

where N(u) is the cone of normals to U at .

Suppose now that glo, 1) LML) for any w « K. Then d¢ (w') =
e L' (X) (see e.g. [5). Corollary 1) and thercfore 9 @ (#) = {w e L1 (X);

e d @ (uy,
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is subdifferential of
: . f) € X} (0 ¢ is the subdifferen
L S Ry (6" 0 dsts @ = L' (Z) such
; 317y we sce that there exists

g(t ). Then by (3.15) and {

that .

(3.18) ws, £) €dglt w (s ¥), ac (o ¢ =X,

v

impli istributi * — A pld v is positive on Q. Hence
The latter implies that the distribution "’ {
(;Efﬁlit is a [[{)adon measure on Q and Eq. (3.15) reduces to

(aib w")(u*-- ¥) 2 0 for all ve U,.

¢ w0 on X,

dv
(?.P — " om0
dv
. * e L' (X) satisfies (3.18). i )
“hercltzih:uld lge )noticcd that since y* = H>! (Q), Eq. (3.14} can be written
. p=0ae on {(y, HeQ,; 4oy — f5=0}

Finally, if fe L9(Q) then y' e Wi (Q) < C(Q) (see [7). p. 5:;9)
Suppose in addition that ¢ = C(Q). Then we shall see later that Eq.
(3.12) can be strengthened to

on {(a, £) € L u* (s, t) > P(0)},

(3.19) (pe — Ap — 3" + ()" — %) =0 in & (Q)
and thereforc we have
(3.12) po—Ap =" yeon {y" > ¢}

4. Proof. of Theorem 1. \Ve start with the approximating control
problem : Minimize

XY * dadt #) do dt-|--1— | 26— 2% |2
(4'1) '2_8 i i dxd‘t"l's 8 (O‘, i 2 7

a T
over all « = {7, and 3y < L*(Q)} subject to
2 f Az £ Bz 4 L — ) =/ ae on

2(0) = 0 a.e. on £,
¥y =2z 4 ?';!h
Bere g, is given by (1.1), i
Pl —uwl® . l
=inf) L e, v} v e R
g (o, 1} = inf S + & J

€L, is the solution to (3.5) and & is the C~ real - alued function defin-d by
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(4.4) B (V) — e S (] — =0)p(8) 40 for all v< k.

Here ¢ is a € function on A such that

supportpec | — 1, 17, S P8 =1, o > 0and £ (0)

— -

F(—0)ford e i

Since f£ is Lipschitzi
L Apschitzian, for cach # & e ,
unique s ion ~ 23 o S (X) and = - 0, Eq. 2 P
dar\l’ \La‘iﬁlcu;)llo(;:afcri ({’{23){? J. On the other hand, for cach u eq \'(41.1:2‘ ll)lc;l:ml
. I -3) has a unique solution 7, « [121 . X
NungE i1 . o & 115 : 3
(Iall‘lépi';o-‘-‘*ﬁc:ilb A c-,a‘kl} continuous from X, to lli‘-‘.l (Q)lq U(fi)t)l.r'?f,j,- .l ];.L\l,mp_
e, :i)li ts.t‘md“!rd argument that for cacl ¢ o }l)rorl,)jlcm.ﬁ(—;l?t (l)l'w
(Q) the Soluiio:l lﬂlﬂ (1‘;, i) & LH(Q) < X, We shall d’cn()t'e by "-e) ]'h'l-rz
We shall prove tha(t)( K {E‘;.Z) E:m'rc.‘:‘.ponding to = 1, e, stmye _
N . _" .M — '.‘", ”" Str lxv 3 F A u_“r-_ FHEL
o “; peed the following tClelli(‘al) ]bﬂl]?;:tzl‘_\ I LAQ) = L2 (X} To this
em of o . )
ma 1 Lot w, e H (O} be the solution to

(Zt”‘); + A Wy -1 B‘(ws i t: 4‘) "f on Q

(4.5)
w,(0) = 0,

where, for € ~ 0, 3 is weak
e QE(O).-:‘-;, o L} IS weakly convergent to [ in Wer(Q), ¢ 2. Suppose

Y2Yae on Q and
4.6
(1) Glo, )2 ¢ (o) ac. (o, e 3.
Then for ¢ ~ 0 one has
1.7 ’ ; in C
(4.7) 1w, - 2 strongly in C ([0, T); 12 () n 120, T; I £93)
and weakly in H» (Q) °
where 2 € H(0) is the solution fo
Az 4 de (b Y)s f
#{0) == 0,
Proof. Observe firstly that

(4.8) a.c. on Q,

49 [413 =1 =
’( ) [ RS (y) ¢ YisCforale>o0, yeR
Then writing £ . (5} as ‘ |
(4]0) (wl)'_}'Aws_ g™ (w:_f"cz_‘ib)- = &
] wl(o) = O:
where = f -~ g1 ' -
VICTE &e =/ — e (14, + 0, — ) — P*(w, 4+, — ), it follows by (4.6)

K . . e .
at condition (2.4} is satisfied with some C, independent on . (This fol
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using the fact that {(T)4 1s bounded in L* {(3)) '["h‘en
follows that {m;) is bounded in C ([0, T]:
1 are bounded in L= (Q). hus
we may assume that

Jows by fermula (3.7) us) .
by the proof of Proposition 1 1t

JE{) n 120, T; 1) and {Aw}, HEA
ing a subscquence, if nceessary,

extraci!
w, — = weakly in L2 (0, T IG{&) n [F* (),
()¢ — = weakly in L2 (0).

{(4.11)
m {w} is compact in C(L0, )l

urthermore, by the Arzeli-Ascoll theore
7:(Q)) and in L (0. T HL(2)) (scc [8]). Hence we have

w2, — 2 strongly in C([0, T'}; L* (@) n 12{o, T 15(E).

(4.12)
Sinee (B, -+ 5, — )} 1s bounded in £2(0) we may also assume that
{(4.13) ae(a, 1- L, — ¥) —» g weakly in L* Q).

By (4.4) we sce that
v) 2 j @ L - )~

(4.14) B, + &, — U) (e + 5
gty — ) for all v = R
wlicre

jilo) = (2 2) " S (e — €0) ) 2(6) 0.
Since fI+1 {Q) is compact in L* () we may Supposc that 7, — 3 strongly
in Ll \We set
(1) - Sf(_\ —ydadt, ye 12{0).

Q
It is casy to scc that 2¥(y) — % (y) for every v & L3 {0 where 15 defined
by (3.2). Along with {4.12), (4.13) and (4.14) the latter implies
= L.

| ot % av) V&

v)dydt > plz 3 -

Q

Henee o= de{s - &) as claimed. ) . ' '
Remark 1. W f = LYQ) then w, € () aml arguing a» m

it follows that instead of (4.7) we have
w, — x weakly in H3H(Q).
(V4D 2

: 4% in C(O).

w5, =+ F

12]

Iln particular it follows that if ¢ - then

Lemma 2. For = — 0 one has

1.15) strongly in X,

u -
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12
4.16) A — 37" strongly in 1%Q) and weakly in 772 (),
Prosf. \We notice the inequality
1 ) ; 1
(4.17) 25 X o— Ay | ddt «3“-‘7‘{5, ut) do d! -'-2 | #F — ™ R g

LY
< I.S RO da P drdt Sg(o, 1" da dr,

2@ b3
where 3¢ o e o T.. and ¢ is the solution to

'(-5‘),-1'-.4;‘-; Be(ztf U, 1 Y) =/ on @,
2(0) = 0,
By Lemma 1. we know

(4.18)

that for = o 0,

- - *
et - < _“'

Zu strongly in I.4()) and weakly in f24(().

On the other hand by condition (iii) {part (3.9)) it follows that

gé’e(ﬂ. it*) do df =

L
P

Clf wt !J?','(.‘:) for all ¢ - 0,

where € is some positive constant independent of <. Along with (4,17} the
Fatter implies that {#*} remain in a bourded subsct of X,. Since, the map-
pmg 1 — I, is weakly continuous from

m X, to 112(0) we may extract a
subsequence convergent to zero, again denoted {e} such that
(4.19) [ s o weakly in X

S = Lo weakly in 121 (@),
Since all conditions of Lemma | arc satisfied. we may infer that

"\'. — :‘"

strongly in L*(()),

where v* is the solution to Eq. (3.1) where # = -,

Next by assumpti.
ons (i}, (i1} we know that the function u — S

& (o, u)dadtis convex and lo-

wer semicontinuous on [.2

(X) and
(1.3)

T
conscquently on X, Then by (1.2),
and (4.19) it follows that

tim int | { ., w)mam-+§nu'—-w7ﬁ}>
210
(4.20) -
>(et, u)daar+ %n;-_w;;g
x
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M

- - functic-s
: 230). Since {u° V) is a minimum P‘“““l for pleting
details see 3, pe 2o * T e nd V= v* thereby con e
(for details -Ll hu;clh\,- {(4.17) that n° = ¥ and )[ “u:t-i)on v - g, {t, v) s dif-
nal (3.8) we 'f(. lemma. As noticed carlier, lthL lwith relations (1.3) imply
| theproof of t u[' Our assumptions on g ;)ong
srentia ble on fo AL ass : = 1* .
{erent o (b u) & L (%) 'for f111 “1 ' (-ons"e-\ et lifferen-
that ¥V £ the space X, is uniformly ined by (4.2)) is Fréchet di
ALee LIk II"I 4.1) (where y is defined by {5, of this functional on
that the fm“‘tllmmm(m"h as #5 is a miniulllgl pon-t‘ttu, rexistence of p. =
B T \. . nas = ’ oce ure' e +
tiablc on g standard pr

is differentiable we see
and @° is differentiat

Cod e 2 and w® the S_V_Hl(‘nl
Uss o3 de}]‘l‘lig ’1‘1 ; n(‘l(g)) satisfying together with y¢ and u
e (oyn LE(0UT @ 3 b 5 ()'
S (b — Ape — (BY (1 — 9)pe == ¥ — ye on
AT Ap,
VTR N . gl'
(4.21) bl v, =0 X .
- a.e. on '
api u‘) -+ F,'(Hs'—‘”) l_\.bz
S AR 1
(4.22‘. ;

oy

hore gt Xy
;:c}c-r.gs to the conc o

of the space X, and v, =
In other words,

i

e el 15 Tt 1
v(ut—1v) 20 for all v = Us. . o
o i at since p, = =1 (Q), 0p[0v is well defined and ..

\;}Iﬁz‘ﬁ(“tu{.g‘)t}z:&bl‘;:‘lpf}'?()i. (4.21) by p, and intcgratc‘orcr (. Taking 1nte
a(.a_.1):im:hr.e{;?tmtt;\gty ({;‘)" > 0, we get the estimate

t

» g I = O' '[“].
(w26 A0 1A i d < € for £

iplv E by sgn p. |
cext we multiply Eq. (4.21) by sen,
;1{::110:: Co;nsgnlj),) and integrate over ¢.

more precisely by a (" =-approxi-
We get

" tor g = V.
‘ L(3) (v —¢) s | dvdt = ¢ for all ¢
@
In particular, this i_mpliﬁc:‘ th_?_t.
{4 p, is bounded in L"_{lﬂl.() .
in 10 (0, 7; 11(Q) -+ H () and !
T H(Q) with a sufficiently Lu,_,‘n =
we deduce that Lhet 18 @ r?r‘u:on:'p.xl‘(“u
subscuence if necessary. Wt n}an 1
Hy (1)) n L-(o. T L) nc (0. L )
p, — p strongly in L3O} ad weakdy
" B :
n L= (0, T LE1OY

o 2 bounded measure @

(4.25)

in 1. Since
' is bounded in LT (Q). du

] fed
[ v deduce that Jib 18 bounc
HALH) e duluu\tolttllnd{tgg ifn some LU(0,

refore it is ' ne LG
it thL'il'lwn arguing as 2 ('l.("l'll‘l:ill:” ;)1
cubset of LHO). Thus c_\t}%t ing @
me that there exists p= - (o, T:
LYy = H Q) such that

Ce LEO, T IO

It(/’c}‘ A P'

< M)
P
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R -

(+.27 o) —
) (5) (3 — ) Pe = uy weakestay in g ()

{i#p can be also revare

{p c al garded as an clement of (e -

J-hcn. passing to limit in T (4.21) we :)['hLI ('hml S ) o o))
distribas g o . Ree that p satisfies m the sense of

(4,28
(4.28) Pr—d p— B = vF— un
S, T) = ¢ t
In other words, A7) =0 B
.
(4.29) 5 by dxdl S ; 1
vl =V (g Bt -y 1 i /
u “ (2 AYde = 0, () 5(‘\ — )y it
[#]

for all 7 & CHO) A 120, 7
3 ; SO T HLON sue _ .
20 the othicr hand, by ([Uﬁ]'-;iil'())l)] :;lfi('l:j;s[]\]\tlct s/{*cgoih-}:{: 0 fory 0.

Pe ?ﬂs(_\‘f ) = () (0 — 2Py =) ) =

(4.30) | . |
=1rl L e dcs (s ey

Thi -1 ‘__ A
Fhis vields (1% — )

(4.31)

e (¥ —4) g 2 () (= — ) p | G, -
where =

) a.¢. on Q,

7 (,\’, f) _ J 0 il vE(Y, 1) —{’J (;1-) | > g,
and L ]y, ) — (1) | > <,

éwn~{° i3 ) — 9 () > —e
3 1 —y (v) 5 =
Since {(g5)7 (1= ) peb i ;
-3} s L0 PPl 15 bounded in LYHO) and ¢ (e ‘ e
.")()IS ']‘JOllnf]Cd m L) we see by u-i:ﬁi) thet (- _,) = §:;$‘()" -
e =, we have X at oon some subsequence

1

.32 ¢ re e ’
o 2B —9) 0 ae. on .

On the v by i
n the othe hand, it follows Ty Lemma 2 (hyy

wed . J i
. ¢ (¥t} » s he T weakly in L34y,
Along with (4.26) and (1.32) the Ratrer viclds
.{.‘5‘1 * ‘ '
(' 33} PO 4y v /Y =0 ae on ),
Now b (1) £) t follows that
o 4) (B (v — @) p, (1= — ¥) =0 in 10

’j [._. - . - ! b I O
- L B B ll:l['td A l}] H b=
b C .f. SOrQ l} ‘
\ B b e Y 1001l )] dIl(] i
1 ¢ Foel { Uerch Jj:
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of () such that (N ) € )

pere exists ameasurable subset o
oy e L () and

1 ’)"\) VYo uniformly on kg, .
) { FAUe ASUTC q o= {ude 4 (wp)s be the Lebus-
s {lL‘n(-nCS l)lcli(iiolzf:)’f( \f U(L\\II:::“!:\:rl(lJl) :bcl}hulgaﬁ'?élc:l (:lxsp.)z(:n tclcm%:nt of (L~ f(]})();)
o dLll((_t-)TiIx:tf.ular pal'{ (f)u ), and the absolutely continuous part (p)a L)
N 27 ~ (4.34) and (4.33) it follows that

By |
an(a* — ) =0 on L,
and therefore |
(4.30) S (v = W) {pp)an dy dli+ (wp)e (3 = 9 %) = 0.
ry |
On the other hand, the sin-

which vanish outside k.
xistence of a nomt _
(ON Q) <1k and (s

lecreasing sequence of mea-

for all » & L)
=0 on [ {(}).

v of i ics the e
radarity” of (wp)s Imph is
Eumhlc subscts J, of € such that »m

By (—i..")*)) we see that
g (v — Dty)andxdl =0,

E'f- muk

for all » = L=(Q) which vanish outside of ¢, n fy Hence
S (= W 0 e on

and by (4.28) we mav conclude that

| R

{(pr — Agp)a = ¥ — Ng ac.on 14 )
f of Proposition 2 it follows that if f = L*{¢

{4.37)
(0) and A% — A7 nuiformly on (0. Thus if

By Remark 1 and the proo
where ¢ 5> (N --2)[2 then 3* = C
Y e C(1) we have
b oo — i in C(O)

- . § : N : i M |1 c= F .
long with (4.27) and (4.3} the laiter implies that @, (> D) e M{) and
] u(y — ¥} =10 on 1,

mction p defined by (4.26)

ereby proving (3.19).
Turning to the proof of

o far we have shown that the f1
A12), (3.13) and (3.14) in Theorem 1.
ce that by Green's formula we have

S(((ﬁs)r—-‘“/’s) p (e - Ao n)p dvdl = S =

R

[ 4P %, dG it

[
all » e 112 (Q) such that #(x, 0) = 0. e & € Q
k= 113 (0) be the solution to

satisfies relations
(3.!5) W no-
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e 4 Aev 0 on ()
X = on X
| 2{,0) = 0 on {2
where 545 an achitrary tle |
: ary clement of X, wi :
= ((() Elnd w - | | -: (e (l - (i\ -E_ 2} 2 It f(’“ N ’
(4.33)’ ) [ lew € C|_.;||,,. Then we deduce by (4 21} (402\:; th‘i(;-
21y, (4.25) an

o i
Ijvg‘:dr;dtJSS((ﬁ')'(\,‘ 0]
v | - ! v)P.!'r.f')'xidxdtsf"l!:fi-
; { 7

Heance fas /gvt i

we hav}e P9y} is bounded

{4.39) ap,
'_v" -y, weakly in X;.

in X;. Thus extracti
Ay Thus extracting further subsequence

On the other hand, by (4.27) and (4.38) we sce that
* sce tha

{4.39y T =
) o0%) H#y (%) '{"5 P 0o + Aoy dx dt—f-s(v‘ — Vo) w dxdt
) :
for all » e CYQ) such )
) J (()} s that »(x 0)
(We have denoted agai : : . P
i ) gain by » the trace”
Next, observe by (4.15) that F (u*
]

of » on ) Formula {439} shows

~ ) = 0 strongly in X; and by

(4.20)
lim inf { . (
m ';nf S glo, w)dadt ~ 5 (o, ') da dt.
Fhen by (4.22), (4.23) and (4.39) it follows that
”/’( . 0
TR 1 “)
. v) 2\ (gls, u) - glo. v)) dodt for aii v = U,.

This completes the proof,

5. Mi N ]
txed Neumann problem with unilateral constraint

side e 1T '
r here the boundary control system W, dhall e

Yo+ da v iLd o (v) o / on ()

(5.1) h
ay -4 (—h t on X,
v, 0) — 1 on (Q,

1[("‘ = o i (e i
rex 2 0, pisgiven by (3.2) where 4 = Q) and 4, = /it (. fel )
= . f = L)

Vi

As scen in Example 2

63
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NECESSARY CONDITIO

we may put Eq. (5.1) into the form (2.1) where /I =

L (oY), 1= M) /= L2(I') and A 15 defined by (2.16}.
" \wve shall denote by Y the space
Y o ]11;'.‘.!4 (}__)’

(5.2)

and by Y

I . 112‘1 see ¢ -
fies 1n (Q) ( n's formula and Eqs.

* the dual space of Y.

For everv u € Y the solution I, to

(tu)l + AL, =0 on ¢/,

9%, .

5.3) o Ly 4 ¢ T on X,
(o, 0) = Yo on L2,

, it follows alter some calcula-

. [91). On the other hand
Skl (2.16), (2.13),

djons involving Gree
(A <y a‘?x(z =+ ";u)) = S ((’:u)l -+ Ao ‘-p) 3:?l(:-}- ?_t“) dx —
0

S( w— oz L) — %‘?)3% (za Ly dy,ac t =10, T}

')

-
forallz e D(A) =1t = H () 2z -k
jes that condition (2.

8zjdv=>0onl}.
The latter impli 2

4) is in particular satisficd for all

we U/, where y 1

i U .
(5.4) U =I ne Y u(, 0) =av.+ —"——o,U?a"y-—{— a.c on X ] .
o " dv dv

Hence for every « = U, and ¥y € H' (Q) satisfying

(3.9

Eq. (5.1) bas a unique strong solu

The optimal control problem w
l S v Ay P dx dt—}-Sg (5. 1) dao dt
3k :

vo(x) 2 (¥} ae. X € Q,
tion v =2, -+ & " Q-
e consider here 15 Minimize

(5.6)
z

over all u = £, and v e H*' {{) sibject to stale svstent (5.1). - .
Here v  L* (()3 is fixed and function g satisfies assumptions (i),
(i), (iii) in Section 2.
Theorem 2. Lof (47, 1"} be an oplim
there exists a function p & C(0, T: L) + (1 (
n L= (0, T L*(Q). such tha
(5.7) po— Ap = MQ),

(5.8) (pe — Apla = V'

4

al pair of control problem ’(:5.0). Then
Q) )y n 1, T H (@)

| 1,1
bl

— v, @6 On Y Yy
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(5.9) -
(5.10) e

(5.11)

on £,
| P, Y —f) =0 ar on 0,
Mt — vy do dt » D) — () Jor all v = {;

14 e,

where O (i)
here glo, wydadi for ye v

g

b

We recall that
e recall that the operator . - (£) = (71102’ is defined by f l
9 s od by formula
Ap v = afs Y
(Ap, %) = a(x, b+ 15 Prds for all p, v e {0y
I

{ln(l t o ‘C g ”5 ,’5
h(_, A\(,llll]"lllll ]) llndar / C()nditi n x . )
) _\, Q . ) £ Y=

Incorpor; i . o
porated. O on I', is implicitely

R o

. {roof. 2ce the proof is entire

¢ only outlined. Ve start with
Minimize

Iv similar to T
VoS g that of Theorem 1 it wi
) Lo . 5 ) : f
the approximating problem o
(5.12) _5 ; (
Vo oy, 2 s .
> Iy — it dedr ¢ .\ g:{o, u) ds dt —'li w— |
) ) 5 f
over all v e {/, an .
; and ve= {0 j
the solution 1o Fq. (5 - (0) subject Lo state syste
: o Iiq. . . state system ‘here , i
q. (3.3). Let (e, #*) be a solution of tllf('{'az[))};l"(l:tiu T" .
£ ¢ Xlima lng

})IOI)IL]]]. lg\ l]] ol < - -
i € Samw IL’I'\UIHII‘ 1 In 1 O {()t em 1 V% 1 i h(
( l, I ms » C Inter t ’1t

(5.14)

YL 22* i
TR strongly in Y,

VE S v gtroneds | 3
. : : .stront,l_\, In LH0) and weakly in 70 (Qrforz S0
~Next, one finds p. = fror (@) solution to N

(}b:)f ma -4:; f’): — ({j:)'(}.z o ,é) ;’: : -._.; S Ak, on (;
Alx. Ty =0 ‘ '
__/J—‘ a.e, v
4 xp, =0

v a.c, on ¥,

ane satisfying

3.15 | ; A
(:13) Aol 1) = Vg s, Wo, )+ F'(w — u*) -3, ae (

Here 'Y 5 v i
S 15 the duality mappipe ' -
to the cone of normals to {, at ,:gppmt’ of the space ¥ and s, belongs

Procecdine as i
roceeding as in the proof of Theorem

a, {je X,

timates I one finds the following es-
T .
(5.16) . :
j)t({) 1430 ‘."S ” f’u(f) i!i.._(). < L for I'E i'O, T}
]
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(5.17) {18y (o = puldrat s C
Q
Thus we may infer that there exists p e L*(0, T; H'(2) nl-(0, T
(Q) + (' (Q)), and such that

11 (Q)) which is continuous from [0, T] to L'
on some subsequonce & — 0 we have

(5.18) pe— P strongly in L¥(Q) and weakly in Lx0, T ; H'(£2)).

By the trace theorem it follows that
p, — p weakly in HV> (%) = I (%)
and by (3.13), (5.15) we deduce that

Sp(u‘ —vydodt > ®(w) — O(v) Vvel,
E
where @ is defined by formula (3.16). By (5.17) we see that

(5.19) (39 (v — ) b = #p weak star in M(Q)

is a bounded measurc on (.

where o, . AT : .
in the sense of distributions. the equation

Hence p satisfies.
pr—Aup —uy =3 — Je

1) — 0 {(which makes sense as an element of LY{Q) +

It is also obvious that p(-, 1) . i
(5.9) follow by the same device as in the proof

+ (IP(Q)). Eqs. (5.8) and
of Theorem 1.
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OSCILLATION THEOREMS FOR SECOND ORDER ORDINARY
DIFFERENTIAL INEQUALITIES AND EQUATIONS WITH
ALTERNATING COEFFICIENTS

BY

M. K. GRAMMATIKOPOULOS

1. The oscillation problem for differential equations with alternating
coelficients is of special importance in applications. Therefore. there has
been an incrcassing interest in the study of the oscillatory behavior of
solutions of such differcntial cquations. Ameng numerous papers dealing
with this problem, we choose to refer to [1j—[12). The eguations considered
in these papers arc the following ones:

(n Xty + p) () =0, 2 L

(2) UG+ pO IO =0, 8 2 b

(3) Uiy () + pOfle ) =0, ¢2 b

where the real-valued functions p. f and 7 are subject to appropriate as-

sumptions. _ . ) o )
The results obtained there establish sufficient conditions 1in order

that all solutions be oscillatory, and they can be classified in two catego-
ries. The first category (cf. [13, (4], [ 7!—(10} and [121) concerns sufficient
conditions of the form

Sq>(f) p(t) df = .

hile the second one {cf. [2], [3), {5}, {6} and [11]) concerns conditions
volving the averaging of the function

]

\ #(9) # (5) ds, To 2 max fta. 0},

-

T,

here, in Loth cascs, 5 is an appropriate function.

For the equation (1), Wintner (cf. [t 1) introduced the averaging
ndition

t L]

lim ! S ds S Pt} dr = .

[

T, T,



