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OSCILLATION THEOREMS FOR SECOND ORDER ORDINARY
DIFFERENTIAL INEQUALITIES AND EQUATIONS WITH
ALTERNATING COEFFICIENTS

BY

M. K. GRAMMATIKOPOULOS

1. The oscitlation problem for differential equations with altcrnating
coefficients is of special importance in applications. Thereforc. there has
been an increassing interest in the study of the oscillatory behavior of
solutions of such differential equations. Among numerous papers dealing
with this problem, we choose to refer to [1j—[12}. The equations considered
wse papers arc the following ones:

) 4+ plt) x () =0, £ Z Lo,

in ti

(1)
@) V) + Pl FLED] =0, ¢ 2 M.
3 ) () + pO Il ()] =0 ¢ 2 b
where the real-valued functions p. f and r are subject to appropriate as-
sumptions.
d there establish sufficient conditions in order

The results obtaine
that all solutions be oscillatory,
ries. The first category {cf. (11, [4].
conditions of the form

and they can be classified in two catego-
“71—[101 and [12]) concerns sutficient

Sw) p(e) dt

hile the second one (cf. [2], [3], [31. [6] and [11]) concerns conditions
nvolving the averaging of the function

¢

{20 £ (s) ds, T
i

here, in both cases, $ is an appropriat
For the equation (1), Wintner (
ndition

<O,

1

z max {{a. 0},

e function.
of. T11)) introduced the averaging

i dsls p{t) dv = .

T,

N |
hin -
tow £

T.
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Some more general averages for (1} were in:roduced by Coles (ef. [2))
and by Coles and Willety (cf. [3]). Later, the concept of averaging
was extended by Kamenev (cf. 5] and [6 ) to the equation (2).

QOur purposc here is to study the cquations (1), (2), (3) and more ge-
neral ones under weaker assumptions. The results obtained below {(Sections
3 and 4) concern both of the above categories and generalize and extend
previous ones due to K i guradze, Kamenev and othors {cf, 11—
[12]).

2. Consider the differential equation of the form
(*) (D" (D) + p () f @) -+ Hpe, (), ()] =0, ¢ =1,

where for the real-valued functions r. pofand H the following assumptions
are made :
(1) » is continuous and positive on [z, w0},
(i) # is locally summable on {7s, c0).
(i11) f is increasing and continuously differentiable on R 10t and has
the sign property
(v} = 0 for every v e R — {0},

{iv) If is continuous on the set L= {ts, w0} x R? and such that for

every {4, v, z) & F with V#EO
Yt w2y = 0.

Note. Although the function # is not involved in the process of the,

proofs, its significance lics in the fact that it broaden the class of the cqua-
tions (*) so that it responds to a wider area of applications.

In what follows, we consider only such solutions of (*) which are de-
fined for all large 4. The oscillatory character is considered in the usual
sence, 1.e. a continuous real-valued function u on [4,, o) is called oscillatory
if it has no last zcro, ortherwise it is called nonosciliafor v,

In order to obtain general results and for technical reasons, 1 is more
convenient to work with the corresponding to equation (*) differential
inequality

(**) OO+ 20 flx ) <0, ¢ 20,

The results for the equation (*) follow then as immediate corollarics
of corresponding theorems obtained for the incquality (**).
3. We start with resulis concerning the first category of conditions.
Theorem 1. Consider the differential tneguality (**) subject to the con-
ditions (i)—(iii) and
<
{v) S Al < o0
)
Let @ be a positive, tncreasing and continwously differentiable Junction on
(te, o) such that

dt
(@) S o)y
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] nd
If eher ® r is decreasing on [f,00) @

- S(D({) plt) dt = e,
{Cq
&'y is positive and dncreasing o [fo, ) and
or o
i

S ® (s) pls) ds = 0,

to

im

I
(Ca) e | D) | 7(8)

solution v of the dif-

sittve solutions.
hen the tregualily (¥*) has no posifive solutior
N (**), hiecause of (i),

Yoo s ] ‘)S]Ll Ve
] ro f \\ C 1\.,511“1(! t]](., L.\‘St(.n(.(; 0[ a I,)

.( 1 lnt(lll.lht\ ( ) k\lt]‘ d()l‘lld]ll !ﬂ, wl. 1 10m
f“l‘Cllll'l :

ain that s
we obtalr [r([) X (()j] + P('t) £0 for cvery t z lo

) -
i = bhtained from
. . . integrating the result o trom
slving thi squality by @{f), integra : N we deduke
Mumxply”;&t':l?ilg.r”il;(tl(;rzltccst)un}t the fact that /' 20 on R {0},
o to § and t g

that for every (2 &

o x'(s) T
DO § i) o) 1409) [TésT] “

) o)
) J here I B(to) 7(te) X’ (to) .
Vs . ( p(s) ds, where L = ———"—
< L i S(_I)'fs) r($)¢f{'—x((&))—_l—d5—“'s I)(S) P( )f? f["(fu)_l

i
| 1 svery ¥ = T
We shall prove that for some T2 fo and for every

' V6 Vo<
by ) ¥ =\ B(s) #{s) fh(s) _—__] = .
. 200 S [ JTx(s)]

' Bonnet second

i [ hen, by (v) and the cond

act, if @7 is decreasing on [f, o), then, by Lv) & sral on the right

. {d(t:' ]lf :Dtrl’lé(t;r((l:;t we c%isily derive that the ~mbtt m;}ﬁi; oy iRere

m(tlz?n-;d(‘il;_is bounded above by a positive cogbtli\lr; SR

o -L‘t(‘)' 1 2 1, such that for every ¢ 2 T, (5) tothébrem for some positive

z'xnlh ::n;l [t =oro) then, by using again the Bonne '

1ng 0, 3 ] > . .
coril:stant ¢ and for every {Z f, we have

H
) g e 0 ),
s) pls) —md g5 <
) 0 16 70
" L 'y from (4) we obtain:
and consequently, due to the positivity of @7, fro
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5

————

¢

1 D) r(t) a'(8) . t'(s) \?

6 + | D s} {————] ds] =
O S| o S s (zir] )
o R L S B (s) p(s) ds, where [, = £

D(t) ()

: D(ty) #(te)
From (6), using (Cj), it follows that for some T

(5) holds. Since from (5) we have AN < 0 for
rewritten as follows

Q@) (1) 1 2°(2) |

2t and for every ¢t 2 T
every £ =2 T, (5) can be

7 —=2 2 > (o) ) i) [~ Y ae s T
) o § @607ttt (EELY s
Multiplying (7) by )
LEOICON, (o et (1) Ed-J" oy
e R G CUECI I R YRS
and ]i_ntcgrating the result obtained from T to ¢, we obtain that for every
tz
8 log | 1 O/ T_‘t'_(f_)_z,]_ ﬁi”_)_}
® g +§ (919 150 o] 2 g e
By (7) and (8), we conclude that
x'(f) < —M for every { 2 T,
D(t) {t) ’
which, by (C)), leads to the contradiction lm x(t) = — oo.

In a similar way onc can prove the f;';laiowing theorem,
Theorem 2. Consider the differential incquality (**) subject to the con-
ditions (i)—(iii) and
(vi) s —{ﬁ =00
fx)
04

Let @ be a positive, decreasing and continuonsly differentiable function on
{te. o] satisfying (C)). If either O v is wercasing on [to, o) and (Cy) holds

or O’ 7 is negative and decreasing on [to, o) and (Cy) hotds, then the inequality
{**) has no positive solutions.

From Theorems 1 and 2 we have the following results :
Corollary 1. et the conditions (1) —(iv) and

wn

S

—m

< o and Sf[(h)
y

4y
/)

(v) -

<. Q0

be satisfied, Then wunder the asstumplions of Theorem | all the solulions f

the dt;f;{it;cf(;}'{itzll(-‘;q”:'dfli?il(;)nlf:ggcﬁblzft[é(rd\?rgc.)}ution of .tl‘w equatirnn o(g’)") :]\:Cl:
ljomain {fe, C{C). This S()ll‘]t'l()n iala ]‘)‘Ctﬁgpé)(i)jgctlioﬂos(,:})“iitgnzug DL’-quu'Eion B
hL S:}Illﬁiit}ﬁ;ﬁ? :nhf;n: t{ﬁghfsrr‘::l:lptions of the corollary. Indeed, the
t1jrl;t;ns;'f‘ormed equation 1s

() 'O 5 A TV -+ Ty Y (@01 =0,

where X ' . -
o) =~ o) amd A ) = U )

Then, duc to the positivity of the solution ¥ and because of (1}'), \1 15 obvicusly

! :;Il];nion of the incquafity (**), \\'hi(‘l'l cox}lra(llcts Iheorem 1.

L Corollary 2. Lef the conditions (i) (iv) and

dy

S t-i-y— = o dnd S—-— < 00
/(%) REAS
[l - l
be satisficd. Then under the assitm ptions of Theorem 2, all the solutions of

i wtral eguation (*) are os-.-z'!latog‘_"r.' ) orollury 1.
the d:;{g:o; fl"h:- ]prm)f of this corollary is similar to that of Corollary

Theorem 3. Consider the differcntial inequality (**) subject to the con-
ditions (1)—(iii), (v) and

(vi)

o,
{vi1) S 0 .
]f 1 1
{Co) 1im'_‘5mup S -;(1:-5 S pis)ds d = = e,
t t

] ] ity (**) we haze lim ind x{¢) = 0.
then for every positive solution x of the inequality (**) we -Im ‘ i {t) )
P'rouf. Lel x bea positive solution of the inequality (**) with domain
[ts o). Then, by (iii), from {**) we have

O

(1) for every & 2 Lo,

f1x0)) | -
Integrating this inequality from fo to { we obtain that for every { 2 f
) ‘
J L. 2 7(:0) .1"{fo)
7(t) x'(1) S vy [—F 8 Y ds <L —(pls) ds, L= 2L
I A L OFAEIO N Eom x(fo)]
O o ‘ : Jlx(s)) , Natto
Taking into account the fact that f° 2 0 on R — {0}, from (9) we get
[
1’(‘) xl(i) < L —- S f’(s) ds for every i Z e
flx())
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Dividing this inequality by #(f) and integrating the result obtained from
fs to ¢ we deduce that for every £z f,

LIt ! t

dy ds |
10 — <Ly =\ Is d=.
(10) Sf(_v) S #(s) S (<) S P (s) ds
z it} by ty 1
From (10), using (vii) and {Ca), we easily get :
Z{t)
. dy
11 1 (N == — o,
( ) uﬁ.in Sf}') «
*{ko)

If im inf x{f) ~ 0, then there exists a A > 0 such that

[ &)

x(t} 2 K for every £ = f,,
and consequently, by (v}, for cvery ¢z 4,

x({}

ol fe=

which contradicts (11). Thus, we must have lim inf x(f) = 0.

f .
Corollary 3. Let the conditions (i) —(iv)., (v} and (vii) be satisfied.
Then, under the assum ptions of Theorem 3, every solution x of the differential
equation (*) is such that lim inf fx(#) | = 0.

Proof. The proof of this corollary can be carried out as in Corollary 1.

4. We turn to the sccond category of conditions involving averages,
Following (6] we consider the real-valued functions ¢,, ; @, «, and o,
which we suppose to satisfy the following :

The functions ¢, (i =1, 2, ... » #1) arc positive and locally summable
on [fs, co).

For cvery ¢ = fo. we define wo(f) = (¢}, and
i

1
@ l(t) o (S (L“(S) db) t’b‘*l(f) (t. =1, o » ”)‘
'l
The function @ is positive and continuously differcntiable on [ts, cC)
and such that cither
(I) ® is monotone and | & ‘| 7 is decreasing on [f,, oc)

or
(II) @ is strictly monotone and | @ |y is increasing on [t,, oo).
For every ¢ =4, we definc
¢
1 N
alt) =~ § () 4i(s) ds
218

ts
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and ‘
@iy (f} = ! Sai(s) Wi (s)ds, (i =1, 2,.. n—1).
w )

1)
i increasing on [0, o)
The function © is continuous, nonnegative and increasing {0,
and such that

w

_(:)._(.v_)dv < O0.
(Cs) S Ik

i i it i) satisfies
Moreover, we suppose that the function f1in addition to ({iii)
0 s :

J(3)2 € > 0 for every y € R—{0}.

:lw, for every § = 1 v:‘c put ‘ L
At) = (S 9al) d—.)'] fanatsn { onalsn-a)
. §(o, {(s1) 5‘4;1(3) S O (1) pl=) dr ds dsy ... dsay,
and ‘ ' ‘ ’ . .
Balt) = (Sq;,(f) dr) Sm,, (e 1 S y_2(5n-2) o
. ‘S'mi(s') il —(D_‘f:%l)r(s) ‘S d(=) plx) dx ds dsy ... ds, 1,

a o give the following two thgorvn}ﬁ._ '
o \i'(hef)‘rem 4. Lot the conditions (i) — (iii, €), (v}, (I)
tisfied. If, in addifion,

and (Cy) be sa-

t

1 ! ) i T 5% 4,
¢ W (8) dsjdt = ¢, = da,
@ felfens
and : A
() lim 4,

‘ol ine ity (**) has no positive soh«iio?zs. )
, differential inequality (**) > ig SQyttlc0 main
ol ?jfcvfcff h; c:!ji{cbc a positi{-'e solution of the.mequn}lt% ( ;gr\;&;fxlll'ldo
[ts, o). Then, we consider the function w defined by the

o) =TT cery 2 g
(12) r&(t) fix(t)_: , for cves
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From (12), using (i), (iii, ) and (**), we get :
- o o 2O /1]
w' {£) 0 < — p(#) for every £2 ¢,

Multiplying (13) by
] vy D) i i
! we durive that for egfcry”;iltr:tegmtmg the result obtained from /4 to

4
§ oo de <1 + S O'(t) w (<) dr —
¢ ’
——S D(<) p (=) d=, where L = ® (1) wits).
4L
Next_, (14) is multiplied b
obtained result is rr?ulliipligzl ﬁl));ft)m:: ¢

$0 on. After n—1 such s i
Integrating from ¢, skt

(¢} and integrated from
! _ £y to t. Th
{t) and integrated again from nt. to ¢ zm:i3

itiplying the obtai '
to ¢ we obtain thatgfor evcr;utleg ;f s A

£

0ult) + Tolt) < ( (o) ds] [L + Dalt) — Au(t)),

where -
0nlt) = 5 W 1(8.1) 5 ;,. 2(5n-2) S ba(s) @(s) w(s) ds ds, ... ds,
T() = S @ (5, )S“’ olSn-g) e
‘5 y(s) S °c) ‘*”252{1["(‘"‘)‘] dx ds ds, ... ds, 4,

and

¢
¢

Dft) = ( 5 Ja(s) ds) h 5 @ -l(s,-x)s -2 (Su-g) .

bk b

b
5"’1‘”5 O’ () w(<)dtdsds..ds,,
A ly

The rest of the :
those in [6). proof can be carried out by using the same arguments with
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Theorem 5. Lol the conditions (i) (iii, e}, (vi), (F1) and (Co) be satisfied.
1, in addition, (Co) and
() lim A1) — oo

Lorw
Bold. then the differential incquality (**) has no positive solufions.

Proof. We assume the existence of a positive solution ¥ of the inequa-
uey (*F) with domain [fe. o0). As in Theorem 1, we define the function & by
e formula (12) and prove (13) and (14). Using the Bonnet second mean-value
sheorem and taking into account the increasing character of the function
O'r, from (14) we obtain that for some ¢ = 0 and for every ¢ Z /o

() wlt) + S"’("‘) “’252)[’ L) o c 14 e (01 () _S ® (=) p (7) d=

ty ’

and consequently
]

o) 1 (PREELE ] o e
(1:’) S dr £ I, -+ ¢
‘ oA W) ) 7(z) -
| L
Sy AL T E

The proof can be completed by successive multiplications and integrations
of (15) exactly in the same way as in the proof of Theorem 4.

As applications of Theorems 4 and 5 one can casily derive the fol-
lowing corollaries concerning the differential equation (*).

Corollary 4. Lef the conditions ()—{@ii. ). (iv). (v), (1) and (Cy) be
satisficd. Then wnder the assum ptions of Theorem 4 all the solutions of the
differential cquation (*) arc oscillalory.

Corollary 5. L/ the conditions (i)—(iii.e). (iv). (11) and (Cy) be satisfied.
Then under the asspmptions of Theorem 3, all the solufions of the differential
equation (*) are oscillatory.

Remark. ‘The technique used in this paper for the study of the ine-
quality (**) (Theorems 1- 5) is proved to a very useful tool. This technique
allowed us to obtain as direct applications co1 responding general results
for the cquation (*) (Corollaries 1-—35) which include as special cases
the equations (1)—(3). Due to the form of the cquation (*) and the assump-
tions imposed on the functions 7, p, f. H and &, our results obtained for
the equation (*) generalize and extend the corresponding ones given in
{17 [12] even in the cases of the cquations (1} — (3). More precisely,
Corollaries 1 and 2 generalize and extend the corresponding results given
in [4] and [8] for the cquations (3) and (2) respectively, Moreover, these
corollaries treat the case where @ is monotonc and | @’ | 7 is strictly in-
creasing on (le, %) which have been not done before. Corollary 3 is new
and, as far as we know, results of this type are not appeared in the litte-



76 M. K. GRAMMATIKOQPOULOS i

rature. Corollary 4 generalize and extend the provious result given in [6)
for the cquation (2). Corollary 5 concerns the case where @ is strictly mono-

tone and | @ | r is increasing on [#,, o). Such a case has not been treated
before.
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