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est bien défini, il est continu et il applique Fensemble Kn{alp{x)=ct dans
un ensemble compact. Le théoréme Tichonoff-35 ingbal im-
plique qu'il existe
v cKnfx[p(x)ge}l tel ques a=g(y,). dous avons:
posons : A=p(f(+.}))/c nous obtenons, flexd=)y, co qui
théoréme.

Remargue. Un cas particulier du thioréme 3 et démontrdé  par
H. Schaefer dans Nouvrage 12

pla)=c et s nous
démontre le

BIBLIOGRAPHIL

t. Amann H.— Fixed pornt cquattons and nonlinear cigenvalue protdems v cndirad fanach
spaces SIAM Review. Vol. 18 Nr. 4 (1970) p. 620- 709
.Birchoff G.and Kellog O. — Tnvarianl peinls in funetion spaces. Yrans. Aner. Math.
Soc. Nr. 2—3 (1922} p. 96-- 115

3. Bonsall E.E.— a) Lincar operatoss in complele posfive conrs. Prov. Roy. See. London
(3) 8 (1958) p. 53—73. b) Positive operalors compact i wn auxiliary topolugy
Pacific J. Math. Nr. 10 {1260) p. 1 1311 138

4. Cornea A. et Tchim 1. — Surlexistence des valcurs propyes pour Tes applications
compactes. Rev. Roimaine Math. Puges Appl. Toan XXII.NT. {1977) p. 599 600,

5. Dugundiji J. — Auexteasion of Tistsc'stheorem. Pacific ]. Math. 1 (1931 p. 355307,

6. Edmunds D. E., Potter A, J. I, Stuart C. A — Nowcompuot positive operas
tors. Troc Roy. Soc. London Ser. A 328 (1972) p. 67—81.

7. Geanas A — Surla méthode de coptinuité de Pobicaré. C.R. Acad. Sci. Parts Ser. A= 13
t. 282 (1976) p. 983-Y83.

8. Karlin S — Positive operators. ]. Math. Mech. Vol. 8§ Nr. 0 (1959) p. 907 --937.

9. Krasnoselskii M.A. —a) Positive solutions of operator equaiions. Noordhotf, Gronin-
gen (1964) < b) Topological Methods in the theory of non-lincar integral equations
Pergaman Press, Oxford {1964}

10, Krein M. G.and RutmanM, A. — Linear operators leaving invaranit a cone in o Bu-
nach space. Uspehi Mat. Nauk (Nr. 5) Nr. 1 (23) (1948) p. 3—93.

11. Massabo [. and Stuart C. A, — Positive Eigenvetiors uof keset contractiont. Nonlin.
Anal. Theory, Math. et Appl. Vol. 3 Nr. 1 (1979) p. 35— 44.

12. Schacfer H. H.-On non-linear positive opevators. Pacific J. Math, Nr. 9 (1959} p.
847—860.

13. Stuart C.A, — The principal component of solutions for nonlincar eigenvalue probloms,
Pall. Un, Mat, Ital. (5) 13—DB (1976) p. 720—742.

Collige milstaive royal de Saini- Jeaw
Département de Mathématigues
Saint-Jean, Québee, Canada JOJ 1RO

Département de Mathématiques
Faculté des sciences
Uiniversité de Sherbrovkr,
Shevbrooke, Québec, Canada JIN 2R1

I

Recu le 9.V.1980

| Vaale'e stiinpitice ale Universitigit AL T e din Lasi
Pomul XXV, s T oac 981 E L
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s 1. Intreduction. One of the topics of contemporary interest in the
control theory is that related to the impulsive control problems.  These
problems arise quite naturally from a number of mathematical 'mode]:;
describing  various physical, cconomic or hiological processes in which cer-
tain modifications mayv often be well approximated by instantanecus chan-
ges of the system. o o '

During recent vears, some successful studics, investigating various
aspects of particular impulsive control cases, both from a theoretical dnd
a computational point of view. have been developed. The works of J. G.
Piecrce and A. Schumitzky [13 141 arc relevant. A good deal
of attention has becn given to this topic by J. L. Lions and his collabo-
rators [10], who introduced the technique of quasi-variational inequalitics
for solving such problems. Finally. ). Noailles [11, 12 has very re
cently reported a couple of results relating to impulsive control in the
area of evolution equations.

The purposc of this paper is to single out a particular type of pro-
o — the lincar impulsive regulator problem. Using a “semigroup and
evolution operator™ approach, un analy tical treatment of a guadratic cost-
linear dynamics impulsive control process is made. Concerning the exis-
tence of an optimal control law, the appiopriate operator Riccati equation
(in a mild version) is considered and studied.

‘The paper 'is divided into cight sections. In § 2, notations, dcfini-
ions and some results which will be used in the succeding development
e presented. Section 3 contains a number of models involving linear im-
ive contiol problems with quadratic cost functional. The sctup of the
sblem is described in detail in § 4 and the adequate optimality theorem
iven in § 5. Section 6 deals with the synthesis of optimal control for the
idered problem, introducing a svitable ..Riccati equation® formula-
n for the feedback law. The next scction is concerned with the respective
ator equation. Finally, § 8 presents the linear hereditary systems case
ich the gencral results are immediatelv applicable. '

§2. Preliminaries. In order to establish the setting for the sequel,
| pertinent notatlions, definitions ane results are prescoted in this
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To begin with, let H and U be real Hilbert spaces with norms | . 4
. |p and inmer products -=.,.= and (.,.), respectively.

et £(H, U) denote the real Banach space of all continuous linear
operators I : H—U, endowed with the natural norm || L || in particular
€(H) will stand for £(#, H). The adjoint of 7. in £#, ') will be denoted
by L' =€(U, H). I. =&(H) is said to be self-adjoint if L=L". A self-adjoint
operator L will be said to be positive if <Lk, #1= >0 for all h=H. The class
of all positive self-adjoint operators in £(H) will be called H(H). Bv I is
denoted the unit operator on anyv space.

Relating to the elements of H(H), the following result will be needed:

Proposition 2.1. If L, and L, are two arbitrary opcrators tin K(H),
thew 1+ L, Ly is invertible in H and moreover Lo{l--L,Ls) 71 belongs to H(H).

The proof is mostly similar to that corresponding to lLemma 1.2 in
157 and therefore will be omitted here (sce alsa '8)).

Next, let R be the field of all real numbers and let R be the Euchi-
dian real Hilbert space of finite dimension 5. The symbol £,, will be used
(instead of £(R” R*)) for the collection of all real % x » matrices with a
suitable matrix norm.

For «<b in R, the symbol C(a, b; H) denotes the usual Banach
space of continuous functions from the closed interval fa, b] to H, and
£7(a, b ; H) means the vector space of all m-measurable (m, the Lebesgue
measure on R) maps [«, b] = which are p-integrable, 1< p <0, or essen-
tially bounded, p=o0 ; the natural Banach space associated with £%(a, b ; H)
is denoted by L?(a, b; H) and the corresponding LP-norm by || . ;.

Let the positive real number » be given. Then by M*(—r, 0; H) will
be denoted the quotient space of £(— #, 0; H) by the lincar subspace of
all f such that |[f]s=0, where

2ol 1A 1= (LA0) Bt S 1)

Endowed with the norm (2.1) and the inner product

{r

(2.2) (f, ghwe= < J10), 2(0) S S, gl = dt,

r

M¥—r,0; H) is a Hilbert space isometrically isomorphic to H s L3 -,
0; H) endowed with norm

u
1s3
(2.3) e, /zljum[ o S /:%;)';d:)

and mner product

(2.4) ([4°, RYD, [d° dl}= < A% d¥> 4 S < B¢y, dM(t) = dt.

r

By this isomorphism, the correspondent of he M:(—7r, 03 H) 1s
[h(0), A1 in H~ L¥~—v, 0; H). For simplicity, & will be often identified with
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the pair [k° i'1=[k(0}, #i. {Concerning the motivation in introducing
M3 —r, 0; H) and additional details regarding this space, see {7] and its
references). ' ) )
For an operator L &M —r 0, 1)), the mentioned isomorphism
will be used (as in [71) to decompose L into a matrix of operators:
(2.5) (‘Loo 1401]’
1’10 ['11
where Lo S&(H), Loy s&(L¥—7, 0; H), H), Lio=&{/, L} —r 0; H)) and
Lanef(l¥—7.0; H)). -
Now, let 0 < T < -4oo and nx1 be a fixed real number and an te-
ger, respectively. The svmbol {114} will be used to denote a strict parti-

0 4 _
tion of the closed interval [0, 7], that Is

Y [‘u < tuil= T

(2.6) D= fo< ty <o ...

The class of all H-valued functions f on {0, T'] which have continuous res-
triction to &, frvy, and left-hand limit in ¢, denoted by f(£,,). for every
ie{0,1,..., n}, wil be conventionally called Crd0, T ; H).

Let {A(); 0<t< T} be a family of closed and denscly defined lincar
operators in /, such that the Cauchy problem

2.7) ::_; () = A 2(0),  s<t<lin
(2.8) W(s) = I, |

with s arbitrarilv fixed in (£, 4,4, is well posed for every heH and cach
ie{0,1,2,..,#}. |

Let then & be a svstem whose state v, belonging to (e {0, T; H).
satisfies (2.7), lor s=t,, Viel0, | ... n}, ancl
(2.9} W{0) = 1.

with ap given in /1. ‘

Definition 2.1. .[n fmpulsive control of & will be defined as the set of
wodes (times) f, and « st of clements w, € U. such that
(2.10) vt) = x(f7) + Biowa

here B, = &(U, H), 1=1,2,.., .
~ Consequently, the dynamics of such a controlled system is described
the multipoint boundarv-value problem

dx
dt
(ty=x{t7)+ By,
x{0) = x4

b b, 1 =0, 1,5,

()= A x(t), <

t==1,2 ,..,n,
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On this line, an impulsive control problem will consist in the mini-
mization of a given cost functional F(x, 1), subject to (2.11} and (possibly)
to the other constraints on state v & Cresl0, 70 H) and control =/{1,
Wigtvoonr M) SL

such a problem, in which the performance index I is quadratic and
the relations (2.11}, having also involved a ..distributed” control 1o
<120, T : 1), are the only vonstraints, will he investigated here (§ 4—§ 8).
The studyv of this particular case is important (sce Examples 3.3 and
3.4 in §3), even il the optimizution problems often have a limited control
actually (as in Examples 3.1 and 3.2).

For some concepts and results pertaining o abstract linear evolution

equations, used in the following, see 4] or (3, ch. 1. In the hnear he-
reditary svstems  case, sufficient conditions for the existence ol evo-
lution operators are given by M. C. Delfour and 5. K. Mitter

{(see (7] and its references).
In general. @ strong evolution opertor S
when the Cauchy problem

(¢, 5}, gencrated by A{), exists

dx .

oy = A x(ny, s -1 7T,
(2.12) u’t() 1)+

sy =x, Ogs<T

has a unique continuously differentialle solution, for every xpe D{A(s)).
Then, the solution () can be expressed as

{2.13) M) =5{t, ),  for (I,s)E8d,

where F={(l,s); 0gssl< 1t

Concerning the inhomogenecus form of (2.12), that is

Dl T,  x{0)=x,

_‘;'T"- () =. 1 () x () +140),

it is known that, for sufficiently smootb
continuously differcutiable solution
]

W) =5, (»)_1-0-:~R.s'(f, s J(s)ds, v<t<T.

1L

(2.14)
/ (see (4, (2.14) has the unigue

(2.15)

If f: 1tegrable, then (2.15) docs not repre-
sent a solution, but x(f) is still a well-defined H-valued continuous func-

tion which is usually called a mild solution of (2.14).
Finally, here is a perturbation result which will be used in what fol-

lows and whose proef can be found in (5], ch. L.
Proposition 2.2. Lct A(t) be a closed lincar operator on H generating

the strong cvolution operator S(Z, s) with ess sup [|S{ ) < M. Let L:
(LR -1

0, T)—~&(H) b a strougly measirable map such that

0, T7—H is merely Bochner i1

1€0. 1]

ess sup {| L || < M.
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Thes the integral cqualion

(2.10)

1(t, s)=5{¢, 5)+- S.S'f/,-:) Li=)y V{=z, s)d=, (£, 8)=7,

il
hrts o :rm'czm‘ solution V(1) €£(H), which s a mild cvolution operaior with
ess sup 17U, 8)| = et
iy ETT
Remark 2.1 Vi, s) is called the mild cvolution operator generated

- by A@)-+L(). I, in addition, L(s): H—=D(A@D) for all s-£=[0, T and
1 50 5:_,[:) LA (s)h 1, exists for all &in J, then {2, s) is a strong evolution
a2 ET ’

operator.
Such a perturbation result holds also in the tinte-independent case,

when A(f)=.1 is the generator of a Cp-semigroup and L{f) is required to
be strongly continuously differentiable in £, '

§3. Examples of quadratic cost-linear impulsive control problems.
The abstract theory which will be developed in the next sections is fitted
for a wide class of lincar evolutionary processes, both finite and infinite-
d.lmensmnal, including lumped, delay and distributed systems. To mo-
tivate the infinite-dimensional setting of such a theory, several simple
examples of models involving impulsive control problems are given in
this section. ;

Example 3.1. (on the drug distribution in the human bodyv). Among
the mathematical models describing the exchanges of drug between various
lumped subsections or compartments of the body with, in the simplesi
case, a homogeneous, time-invariant, lincar svstem of differential equa-
tions, it may be considered the Kruger-Thicmer model (presented
in [13]. It is alssumed that the drug, which is administered orally, is first
dissolved into the gastro-intestinal tract, is then absorbed into the so-

d parent volume of distribution (a lumped compartment which

P'rlblood, muscle, tissue, etc.), and finaliv is climi »

B the vicins, ) v is climinated from the

7{1(1!) and x,(¢) denote the amount of drug at time ¢ in the gastro-

ract and apparent volume of distribution, respectively. Taking

. ‘__unt a certain delay r>0 and denoting by «(i=1,2 ..., 5) the

t rate constants (with ¢1#¢g), the dynamical description of this
- te‘nﬁlon_of the Kruger-Thiemer model is given by

- ) =—axnl)—anlt—r), 0<t<T,

hl;‘_i’_(?)=.._'ﬁ2x2(t)+clxl(t) cxaff—ry ey (t-r), 0<t=T,

- n(0)=x(6)=0 Ve [—r, 0.

lay 7 is supposed to represent the time lag between the :

on and the moment of ingestion of drgug. cen the moment of

:=1.mg that, at discrete moments 0 <, <t <... I, <7, the drug

d in amounts d,, 4, ,..., d,, the following conditions :1r'c impose?i

w(f) = % (47) 4+,
xalt) = %!},

for all

it
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For therapeutic reasons, it may be desired, for example, to main-
tain the amount of drug in one compartment ahiove a certain positive mi-
nimum dosage level /o, while keeping the drug in the other one below a
certain maximuwm or plateau /; ; so the constraints (3.3) are involved.

(3.3) 0 q(ty<l, flagunll). hHh<i<T

It is also assumed that only nonnegative amcunts of drug can be
given, that is

{3.4) d, 20, for every 11,2, nl.

Finally, subject to the above considerations, 1t 1s desired to mini-
mize both side efects and the total amount of drug to be used, namely the
hiological cost function

1

(3.5) T, ds s di) = ; ¥

i1

Thus, the problem which arises in this context i= to fined inf J{dy ..., d,)
subject to (3.1) through (3.4).

Example 3.2. (with relation to the kinetics of lead in the human body}.
One of pollutants with detrimental effect on health is suspected to be lead.
That is why some good attempts were recenthy made (sce (3] and its refe-
rences) to study the lead pollution and the lead content in animals and
man, through the use of so-called compartmental modcls. Such a model
for the kinetics of lead in the human body (based on that one given in [37),
involving some delays and impulsive control, is proposed in this example.

It is known that lead enters the body by food, beverages and by in-
halation, reaches the digestive tract and lungs, respectively. The digestive
tract is not only fed by dictary lead but also by some lead contained in
saliva, gastric secretion, and bile whose portion is proceeding from the
tissue compartment. The guts will not absorb all this lead ; part of it will
be excreted by the faeces. The lungs do not also absorb the total input of
Jead, since dust particles containing lead are partly exhaled or excreted by
mucas. The total amount of absorbtion enters the blood where the lead is
mainly attached to the red cells. From the blood, lead is distributed in
the tissues and (slowly) in the bones. Lead is first absorbed by the liver
and the kidney, but later, with various time lags, by all parts of the body.
There is a continuous exchange (by diffusion) of lead between blood and
tissues on the one hand and between blood and bones on the other one.
Some lead (from blood compartment) leaves the body by urine and some
more lead (from tissue compartment} by hairs, nails, and sweat.

Following [3], five compartments are considered here. The lungs and
the digestive tract are chosen as compartments 1 and 2, respectively.
Compartment 3 includes the skeleton, and compartment 4 the blood and
possibly some soft tissues which exchange rapidly with blood. In the com-
partment 5 are joined primarily soft tissues. The environment is considered
to be compartment 0.

If 7 is the time variable, then let v{¢} denote the amount of lea(_i sto-
red in compartment i(i=1,2, 3,4, 5). Let also d;;= 0 be the delay inter-
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vening in the exchange of lead between the compartment ¢ and the com-
partment j. More exactly, there are taken into account the “delavs” 6, =—
--tl’“, 02=_"dch by=—dy, U= —dy, UOg=— dye, Oy= .
“s—_-—‘——dg(), ﬂ9=—d“ and 01(]:'——[[.-,‘, such th.’lt -

(3.6) )’=(‘)10<0. << es"._ et

tfw. n'.- e Jm,

\Ug 03 e 00=0

The constant rate of absorbtion of lead from compariment i te compart-
ment 7, with delay 0, is denoted by of. Assuming that diffusion processes
remain linear, the dynamical svstem of this compartment model for ‘the
kinetics of lead in the human body is described by the following differen-
tial equations ’

) =—(chteh) alt)

sy = — B chiralt+0)

=0

(‘:4.‘.‘1(!_' UJ),
3 X &
Y, chova(l+8) + ¥ (e 404,
i={ i=0

10 4
wh=—Y et +0.) + Y charalf - 0),
i=u o

{3.7) ) z 10

xyft) =chni(t) + el +0;) + pX chexa{t+0;) + Y € Xy (E 4 0) —

=0 it

4 v 8
— Bcdanlt +0)— X, ot +0)— 3 closlt ) + ¥ chore(t +80),
= i=0 im taadl]
" s N 9 .
x5(t) = Y cipx{t+0) — E Guxs(t-05), 0t <T.
=1

i=0
The quantities x(f) are supposed to be known for f=[—7, 0], that is

82_ ; x:(0) = 2, (6),

—rgbg0,1=1,2,3,4,5.
Cqt may be also assumed that the loadin 3 i

i ) g of the system is made b

: s(tlantaneous lead inputs, at the moments 0< <ty <}.‘.<t,,<T. Let d‘:
an f¢ denote the amount ofilead which enters the body at the instant ¢
by air and by food, respectively (1=1, 2,.., #). Naturally, the following
-onditions must be considered then -

k) = x() + now,
xa(te) = %2(87) + wifl,

o oxnlty=x{), k=345 i=1,2 i,

green

al>0:

fi2 0, for every ie{l,2,.., n}

p ir'of parameters (A, u) is equal to (0,1), (

i : : H : 1,0) or (1,1 .
inhalation and ingestion circumstance at t ) (1,1), accor

he instant /.
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Maintaining the amounts of lead below certain maximum  (poisso-
nous) levels 7, le.

0=i=T, i=1,2, 34,3,

(3.11) 0< ) <l

it is desirable 1o minimize the pollution effects © so am’ svs the problem @ find
T

1 2 | » .
inf| L33 Lt e 8 tat 4 7).
lzkzls 0 2.21 ' ' 1
)

(3.12)

subject to the constraints {(3.7) — (3.11).

Example 3.3.{ou fluctualions of capital stock). As it is mentoned in (3
(Example 1.5), concerning the economic modelling of a trade cvele, there
is the Kalecki model for the fluctuations of capital stock x{f). This
is described by

X(f) = ax(t) + balt — ) 4 enplf), Ot s T,
~(0)=h(0). .

where a, b, ¢ arc constants, and the delay r represents the time lag bet-
ween the moment of decision to invest and the moment of deliveries of
capital equipment ; % denotes the distributed” control and X is a known
quantity.

\loreover, it may be assumed that the modifications of the capital
stock are instantly vielded by the amounts w;, at the moments 021 -
wctao . g T L

(3.13)
r< (0 <0,

(3.14) x(t)=x(7) - #i i=1,2 .., 1

Finally, it is desirable to stabilize the system by a feedback control,
or to regulate such a impulsive controlled process 50 that the minimization
of the following functional should he achived

}
S(:x ) - SN+ X vk,
el

1)

(3.15)

subject to (3.13) and (3.14) {In (3.15}, 3t is considered that « >0, filf), vi= o).

Example 3.4. (relating fo some thermic treatments). In steel making
plants several thermic treatments are used for obtaining certain special
qualities of metal slabs.

Let be supposed that in such a treatment one can act, at the instant
1(0 <ty <tg< . <t <T), using a coolant o1 heating temperature 1t;(E)-
Then, a possible model for the temperature distribution {x{s, £)) in the
metal slab Qc=R? is given by
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éx(tE) ~
p =g x(l, Iy +c(t) wolt, 5). te), O<t <T,

v(0, &) = xy(E te ()

| (3.16) _( ) = vol&) 1 ()
: ex(t, v)

—lt =), verd 0gtgT
CHy,

¥, Sy=x{f, I} THEAR te ) i=12,..1n

where A is the Laplace opurator, ¢fon denotes the normal derivative, %
is a distributed control, and eft), xo{Z) are some known quantities. '
Ihe problem might be that of maintaining the temperature distri-
hution so that the desired gualities of the slab should be achieved.
As, in gencral, this is quite impossible, it may be sought the mini-
mization of the cost functional ) '

S“ (e, 24 3, a))da)dr+ %, {witeies,

(3.17)

v 0 =t O
over all 1 =Cmel0, T LHQ)), ug= 120, T LHE)) and ;& LHQ), subject
to (3.16).

§4. Basic assumptions and statement of the problem. This section
presents the hypotheses of a control problem which will be investigated. Let
H a_ngl U be the Hllberfc spaces introduced in §2. Here are, then, the basic
notations and assumptions relating to the operators which will be used
n the sequel.
=% e o7 1')"'I(‘)he;t‘fayr§iil_v of closed and denscly defined linear operators in
; 0<i< T} generates a strong evolution operator S: &={{{,5);
1> 2(H) satisfying g A

2 I St sl M,

.M lilgz'.a positive constant.
t the same time, S°(¢, s) is also assumed to be a st ' i
_time, . 50 ¢ rong evolutio
ator on H which is generated by —.1°(t) (see [4]) and satgisﬁes (4.1)?
Z)HPhe._operator B, is in &(U, H), for cach i=1,2,.,# and C:

. £( U'I H) iS SuCh that’ f()r every ¢ e LT - s
neasurable over 10, T' and , the function 1—-C(t)(| is stron-

vit, s)= F,

IcE)) < A ac
Y
me positive constant £,.

e adjoint C'(f) is assumed to have the sam i
) 1 e propert !
The self-adjoint operator N, =£(U) x;atisfiesp G

0=t T,

THLES " :
\ I‘ at (Ngw, v)2y | v 3, for every wvel,
PR il
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(.14) {Q(t); 0<t< T} is a family included in S(H), - such that, for
everv ke H, the map £—0(t)his strongly measurable over 10, T, and

(4.4) O < ke ae 01T,

with some positive constant £g.

(A5} The operator R(¢) belongs to K(U) for every ([0, T, Moreo-
ver, for any v< U, the function f— R($)v is stronglv measurable over 10, 77,
and

{4.5) IR <A ace 0<t<T,
{4.6) - (R(tye, #) 2 plef}, VeelU, ac 0<i-< T,

where k4, and p are¢ some positive constants.

For some fixed positive intéger s, let {£};3} be a given strict par-
tition of the real finit® closed interval [0, T] (so as (2.6}).

In order to make easy references to some notations already used in
§2, let % and AU stand for C_ (0, T H) and L¥0, T; U)x U", respec-
tively.

The evolutionary differential system that will be considered in this
paper is

(4.7} x'(O)+A@)x(t)=C(2) wolt)+ E Bty ®@3(t—1,), 0 <i< T, x(0)=x,
N i=l
w'he_rp '=d|dt means the derivative in the sense of H-valued distributions
over 10, TI, & is the Dirac-delta {1, #, .., #a) belongs to ¢ and xp is given
in H. h .
 Taking into acocunt. the above mentioned assumptions and the re-
called results on abstract evolution equations, given in §2, it is easily seen
that (4.7) has a unique solution, which, according to (2.15), can be expres-
sed as
i
i
(4.8)  x(t)=S(t, 0) xo+ S S, $)C(syua(s)ds + 3 S(t, 1) Band(¢—t), 0<i<T,
_ =1

]

where % denotes the Heaviside unit function.

Finally, let the following impulsive regulator problem—called %
in the sequel—be formulated here :
Minimize the functional.
T

(4.9) S(<Q(t)x(t), (0 > + (REwole), ml) dt + 3 (N, )

i=1
g

over all x %X and u={(ug, #; ,.... #n) €W, subject to the state constraint (4.8).

Relying on (4.8), it may -be considered that (4.9) depends only on
uwz(ttg, Uy ,..., #,) €U and x. For x, fixed in H, let J(#) denote this cost
functional.
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The main result that will be established here {(in §3 §'.-‘j‘rclating to
the problem € may be summarized as follows @ Under the basic iz_vpofhr-
ses (A1) ~ (A43), the cost functional (4.9) can be mmwn_:ed. and the unigue
pinimizing control can e expressed 1n feedback form in ferms of an ope-
vator which satisfies u Ricalti cqualton.

§ 5. Optimality theorem. Concerning the qptimal_it}- result for the above
problemnc, a suitable theorem is given in this section. ‘

To begin with, let be noticed that J: A — 0, oo is obviously a
strict convex and continuous function. By virtue of {4.3) and (4.6) J is
coercive. Conscquently, there exists a unique wet which minimizes J(#)
over all 1= (see [9, ch. I). As usual, # 1s the optimal c_'ont.rol in 2, “{hlle
the function that corresponds to %t in (4.8), denoted by ¥, Is the optimal
state. )

The optimal elements of @ can be characterized by :
Theorem 5.1. Lef the hypotheses (41, {42), {13), (4 1) and (A45) be
satisfied. Then the pair (%, 1) 15 optimal in @ 1f and onlv if the following
relations hold

1
(5.1) &{t) = S{t, O)xg + S Si, s} Clshug (s)ds -+ Y S, ) Biagi—t), 0=t =T,

=1
1]

(5.2) ;(z)=85'(s,no(s)i(s) ds, 0<i<T,
(5.3) Tol)=— RUHC' P, ac 0<f< T,
- (3.4) G===NTIBUAlL), T=12,..0.

Proof : Necessity. 1f (¥, u) is the optimal pair of the problem %, then
#) < J(i + rw) for every ued and any real number . It follows that

tim 23] (i 3ar)— @) =0,

* whenever the limit exists. In fact, after some gtandard calculation, the
xistence of the above limit can be clearly seen, for every # € A, Moreover

tim 2+ @)= 2 (€ 0] 6.0 0368 +
b ( . v '
L RW), wold)dt+ Y (B',-'SS'(S, 1) Q(s)7 (5) ds+N ik, u;)],
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I
sSetting 5(1)=‘.\"(s, £ O(s)x(s)ds in (5.6) (as (5.2} claimes), and ta-

king into account (5.5) it readily follows that (3.3) and (3.4) hold. To con-
clude, qlt ha§ merely to be noticed that (3.1) means, in this context, (4.8).

Sufficiency. Under the suppositions that (¥, 7)€% U represents
a pair for which relations (5.1} — (5.4) are fulfilled, and (v, )% <A
(with an arbitrary « in U) satisfies (4.8), due to the positivity of Q(f), R(4)
(for everv t&{0, T1) and Ny(i=1,2 ... u), it comes out ' j

.....

Je)— J (@)= 2[ § (olt) — e, ROt} +C 0D} 5
(3.7) N

-
"

o

=1

(s— Tts, Nyfiy+ B (t,))J .

where $ is given by (5.2). According to the relations {3.3) and (5.4), fror
(5.7) it clearly follows that _](ﬁ);é_{/(u), for everv u(ts‘it). 'I'his(cor)xltltl(lt:sl
the proof. ‘

Remark 5.7. Obviously, the optimal adjoin > b
T H) s y p adjoint state p belongs to C(0,

Remark 5.2 (f) Let the integer me{l,2 ..., n+1} and the real =<
62 [l'm_1_, ful, resvpecm'cly. Furthermore, let W, denote the Hilbert space
L¥x, T, Uyx U™ % stand for the sct C.o(= T'; H), and & be an arbhi-
trary element in H.

Then the following problem may be considered :

Minimize
T
(5.8) S(ﬂi Q@) xy(®). ¥t} = +(R(t)wolt), volt))) di+ ﬁ (Ve v)
< {=m
over all ye %, and v=(vo, Vp ,-.., va} € W, subject to

(5.9)  y(t)=S(t, h+ SS(t. S)C(s)uals)ds+ 3 S(t. 1) By vixlt—t), =<t <T-

o

This problem will be called &, in the sequel.
thn m=1, t=lp=0 and h=x, #. is obvious & ;
the sum in (5.8), 5.9) will vanish.
Denoting by {¥., v) the optimal pair of €., similarly with Theorem
the corresponding optimality conditions will be '

when m=n+1,

3.1,

i=m

(5.10) T.()=S(t. =)k + S S(t, s) C(s)io(s)ds+ B, S(t, t) B oylt—t), =<t <T,
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Tty = { 5°(s. 006 3l ds.

(3.11) gig T,
\
{5.12) Bolt) = —R () C (Nt} ae ~<t<T,
{(5.13) D= NT1Big (). r=mom b
{(iry I Tr is kept to denote the optimal state in €, and % is choosen in

then, as it can be casily verified, 3. coincides with
the restriction of ¥ to [, T'], and so does g, with respect to p.

| As in [9], the problem €. is connected with the question of the con-
| trol synthesis for € Such a question is discussed next.

§6. Synthesis of optimal control. As it is known, the control synthesis
means the determination of the optimal control # as a function of £ and of
the state variable %, along the optimal trajectory, such that (at each time
te0, T!) no memory involving post states or prediction of future states
be required. ) '

To obtain the feedback control for &, an appropriate operator will
be introduced and investigated in this section {as in {9]).

To begin with, let =, h, V. and g. be as in Remark 5.2. Then,
consider the map P(z): H—H, defined by

8_ such that h=%(%},

let us

(6.1) P(=)h=17.(). 0g<-=T, hesH.
Beside this, the following relation is supposed by delinition
(6.2) P(Nh=0, for every hell.

Remark 6.1. According to the part (i) of Remark 5.2, by {6.1),
together with (6.2), the equality _ ' .
an be deduced.
o P(s) realizes the optimal synthesis function for the feedback control
¥, as (6.3) suggests and as it will be shown in this section. - .
" For the time being, some propertics of P{z) are pointed out in what
vs ; throughout this and the next sections, G{f) and: D will stand for
INC (1) and B,N['Bj, respectively. . ) 2
roposition 6.1. Under the basic ca.ssm;apiious (A1) — (A3, the ope-
) (giver by (6.1.) and (6.2)) belongs to the class H(H), for every =

Le=gT,

—

.. o <1 - - - N
The case when t=7 is trivial. For the other one, in which
1 and 72 be optimal states in the problem 2. that correspond
ary elements in M, %; and k,, respectively. Let also g3 and
esponding optimal adjoint states in %,. Using the relations
(3:13);.it is not difficult to sec that P(<} is a linear operator
=10, 7],

e, forming the inner product of Fi(z) with %, and taking
~(5.13), one obtains
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T
(6.4)  <gi(=) hp= = S (@YY, 23O~ + g1ty G(t)g2(e) > )dt 4

+ ¥ it Digit) =
Since Q(f), G(f) and I arc positive and self-adjoint operators, from
(6.4), taking into account (6.1), it follows that so is P{<) too. By the same
reasons, when My=/h=/h and, implicitly, ¥!=7F*=7_, together with "1=
=§2=7., from (6.4) it also comes ecasilv out
r
(6.5) <q.(3), h> ;S COBTAD, TAD>dl,  Vhel.

On the other hand, using (4.1) and (4.4}, by {3.11) one has
T

(6.6) §.(7) Gk S <QWFA, T.0)> dt,

where k,=7TM%, Finally, combining (6.5) with (6.0), and taking into
account {6.1). one obtains

(6.7) Pz} ushe by, YheH, VYze0, T

The proof is thereby complete.

Proposition 6.2. If the hypotheses (A1) — (A3) still hold, then P(.)
85 strongly continuous on [tm 1, tm[, for each me{1,2,.., n41}.

Proof : The assertion in the present proposition leans on some es-
timations in which optimal elements of &, are involved. Therefore, the first
step of the proof is to establish them.

Thus, letting hy=h,=4 in (6.4), employing (6.7) and recalling the
positi;ity of 0(f), G(¢) and Dy, the following inequalities can be firstly ob-
tained :

T
(6.8) S <§olt), GG () >dt <kl h B, VheH,
(6.9) <§+(t).D:q(t)> <k | B fy, YheH, i=m,.,»,

for any z<(0, T].
Next, using (4.1) — (4.6) together with (6.8) and (6.9), from (5.10),
in which (5.11) —(5.13) are inserted, one gets :

(6.10) | ¥:(t) lu<hs | b |y, O<<gi<T, VheH,

where k.=M( 1+& VEpT+ VEy . 31 B, u) .

L) |
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Accordingly, from (5.11) it follows .
) ) | .

(6-11) “ () [n<he | Bty Ose<i<T, v
with k5=kzk‘TﬂI.
Furthermore, for any
such that lma$7<% <_l_5m,‘ by an
of Jalg)—Tn(n) with “-la) — ¢=

o = 5 < DLLlt) T8, o) Tl >

i i 1--1} and some 7, %
ced integer me{l, 2., -t 3 .
e eas%' computation on the inner product

() one has
<= Fegln) —3(n),

i6.12) i

LG @A — a0, T —Talt) > s

If the positiveness of Q{¢) and D, is used again, and also (6.1), (6.7), 1),
then (6.12) implies | |

TS GO) (72 O)—T0), T (O—To()> 8 <hy | 1y 1L 300 —Fal) L=

n-

=k, h ,,‘ Stry, Vh—h— S S(z, ) G(t):}‘,(t}dth ,

T W

\\'ith k-,- =k;+k6°

Hence, in wiew of (4.1), (1.2}, (4.6) andf(6'.‘1 1)1tfollows 15

. - . SRR IR i A T :
{6.13) S <G(t) (§- (t) 'én(t))r g.(t)- q.,.(t)> d't% w(- Th _I_‘):; o < 3
1W0. ' = = — B+ Bk M — =) hl '?{
where w(s, 7, =k | {4, Y —h g . thop M (7 ;

_  Similarly, one obtains NS
(6.14) = DGt —FoA0)), Tl —Talt) > <05 n R,
Then, in as much as g
T~ Ty =SSt A= S NE @B

) - g -.-.“ e ™
ViE{pn oo iy

s 960 @t -
— St DGt — Tl xt—t), Ve T

oy

i'), (4.6), (6.11), (6.13) and (6.14) it results
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{6.13) YA —3.(8) g so(rwmh).  sngig T,
Wher_e <:)(1. no k)= Sy, D)h-h bRk M —= ) -+ Mie(z, 5, 1) (b V-
+¥v X I Bl
i=1
Next, for £, (€=« N<ldw. Noiicing that
P(x)h—P(x) h=§f(7)—-—(}"n('¢) = S S, TNl

T

T - ) ) .
§ 870000 (05, O)a+(5tn 9—1) {576 0005 0,

and taking into account (4.1), {4.4), (6.10) and (6.!.5), we gel
P} — P(n)h |y < Mhohy(r,— DR w18 (s, ').‘? () =
— (%) aE TMbyofx, %, h)

(6.16)

for any /# in H.
Similarly, when b s ~27 <y, it comes out

6. 17
(6.17) PV~ Po)h gy < Mbgho(s—n) bl -1 S*(=, 0) §uln) — Bl5) [t
” ARV

- TMbyw{v, 7, b M L gl ;
o e 2(7, Y+ (M4-1), ¢u(=)—qx(n) |n
Once the above estimations establi
: ; i ablished, let % be arbitrarily fi i
i:;...E;h,et..;;me;nd l‘ct = be in the same interval, tendin-?g tt) 5. i‘lﬁiglyacfégﬁgirilz
ol 3 v o Lo oSl 9 S') and B0, one can fotic tat
. T, 'f, ’ >V ) i 56
I b}}}g('g;(z gr;d 5&6’!7) et i‘s dvc:‘)ono ‘(:Jr cvery A in /. Consequent.
re 0.2. As a consequence of Propositi i

1 ( position 6.2, ' be easily
zfs::y([hlg f}hi{ the map t— P(t}h is strongly measurablelr)\lt?ray'ob}(iasél}.
(43 and (/iS) ccgrolr((i::)nngjly, 1tr}vok1qgh}’(1g)position 2.2, by assumpt'io’ns ('A Ic;r

, unction wit .7), it follow '
A(t) — G(t) P(t) generates a mi ior R
{ ild ev i i
will be ealied Voo o) e satisfiese‘ olution operator which, in the sequel,
Lo ess sup | V(o) fl< "
Remark 6.3. The linearit
3. y of the state-costate

suggests that an a i i i i i R it
S e Ppropriate Riccati equation might be applicable in thisz

‘-

(6.19)  P()h=S"(tm. £) P(t5) S(tm, Lhhi+  S*(s, £) Q(5) S(s, t)hds—

-\ $'(s, t) P(s)G(s) P(s)S(s, t)kds, tm, <t<t,, VheH,

OPTIAM A, TMPULSIVE CONTROL hi

t'T
(6.20)  Pta)hi=Plta) (1+ D PR, Vhell o m el ntlt,
where P(z)h denotes the left-hand limit of P(. Vhoin f, (for me{l ... nl,

heIf) and implicatly, when m=n+1, (6.20) includes (6.2).

The cquation (6.19) with boundary condition (6.20) can be obtainel
Iy some straightforward considerations on ¥ and B, as it will be shown
in the next secction.

Relying on this remark, one can now use a standard procedure to
express #(f) in terms of ¥{f), as follows.

Theorem 6.1. Let the ussumptions (A1) ~ (AS) be yet kept up. if there
caists o map P 0, TI=H(H) which has strong continnons restriciion {o

fu 1y b s well as strong left-hand limit in f, und satisfies (6.19) and (6.20)
w41}, thew the feedback control & in %

for every heH and each me{l ..,
can be ey pressed as

(6.21) io(ty=  RDC ) PETE) ae 0t T,
(6.22) Bo=— N U PE)R(L)., 1= 2
Vforeover, the minimum cost in & 1s piven by

(6.23) J{i)= < %o, P(0)vo >

for any mitial stalc voe i
Proof : To obtain (6.21) and (6.22) it suffices to observe that these

two relations derive from (3.3} and (5.4), respectively, as long as the op-
timal adjoint state p{f) is expressed in terms of () h),'__ﬁ(t)-_—P(t),'ir(t). In
other words, it should be shown that if the optimal state 3{2) 15 the solution

of the closed loop cquation
i

(6.24) )= S(t, Ofxg- SS(t, G (s) P(s) T (s)ds —

T,

A

¥ Si) DPUITE 1), 0<t
121
then the following relation holl
i T
25) D)= SS'(s, 1) O(s)i(s)ds,  VEei0, T,
i

'I.n order to prove this, it is uscful to be noticed firstly that (6.24)
equivalent to

26)  ¥(s)=S(s, )¥(t)- SS(s,a)c;(a)z?(o)x(o)da, tn 1 SIS < b,
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(6.27) Wtm)=3(t;)—Dn Pt F(ta),  m=1,2,. 1.

Next, as it 18 casily seen. setting A=¥%(4,) in (6.20) and using
(6 27), one has . 3 :

(6.28) . Pit;) ¥t =Plt)Fts),  VYmell, 2,.. nh.

Furthermore, for ¢, <t -<f,, with any me{l, 2, -k 1}, by (6.26)
and (6.19), after a direct calculation, one obtains

¢

PR =S (tm. £) PU) T (85) + SS'(S, 8) Ofs)F(s)ds.

Clearly, the latest relation, in conjunction with (6.28), vields (6.25).

As regards (6.23), the proof leans on a tedious but routine compu-
tation using (6.19), {6.21), (6.22), (6.26) and (6.27). Thus, using the strong

evolution opcrator 1'(Z,s) generated by —.1(f) — G(f) P(t) (according to
Remark 6.2), it is not difficult to sce that

ity = < xo, PO) g1 (ty, OYDUtT) (), D) x> -

1 En(' ¥y, PUODP@) 3t >+ < 7)., P)R(t)—

im]
— Tt LY PG Flton, 1)F() = ).

From this, by some more calculation, (6.23) can be easily reached. So
Theorem 6.1 has been completely proved. 5

The existence question which arises from the statement of the la-
test theorem (with regard to P) will be treated in the next section.

§ 7. Riccati operator cquation (mild version). Asit has been said in
Remark 6.3, the motivation of (6.19) and (6.20) will be given here. The

existence of a solution of (6.19) and (6,20), including (6.2), will be discus-
sed next.

Let ¢ be in ¢, ;,¢,, for some me{l,2,..., n4+1}, and P{f) the ope-
rator given by (6.1) together with (6.2). Due to the linearity of P(f), in-
voking (6.3), it may be written then

(7.1) PO)E() =pt) — P(8) (R(t)— x(t)).

In view of Remark 5.1 and relation (6.7), by (7.1) it infers that P@)x ()
has left-hand limit in ¢,, denoted by P(4;)¥(f;), and moreover

(7.2} PUg) ¥(1,)=P(tn) ¥(tw), for each me{1,2,.., n.
Accordingly, since {4} =3¥{tn) +Dn (tn), it follows
(7.3) (P(tR)— Plt) + P2 D P(tw) [F (tm) =0, Yme{l,2,..., n}.

1
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Formally, (7.3} vields the relation
P(ty) T+ DaPlty)i=Pltn), m=1,2,.,1,

from which, according to Propositions 6.1 and 2.1, {6.20) is preciscly deri

. wery meE I,Z,...,Jt}. o o |
ved: {¥; ;g;gil (6.1‘){), one can start from writing (3.1) and (5.2), by virtuce

of (5.3}, as l
(7.4) F{t)=S{t, 5) T(s) Ssu,o) Glo) Plo)do, lm 3 <5<t tn
and |
(1.5) (=S (tmd) Plta)+ S.s"(s, () Os) T(S)ds,  twy <I<tn,
13
with m arbitrarilv fixed in {1, 2 ..., n+1}. _

respectively,

Then, using (7.4), for s=l, . in (7.3), by a direct calculation one

obtains "
(16) =S lm 0] tn)+ LOTE— | 5.0 LOIGE) (s,
where

im
L(t)h:SS'(S,!)Q(S)S(s,t)kds, 1y <l tm VheH.
{

Further on, using (6.3). (7.2) and (7.4) again, (7.6} gives
3

{7.7) PO =1 -—S S*{s, () {s)(s) D(s)¥(s)ds,
where .
(7.8 H'(t)h:l.(t)h—{—S'(t,,, PSS (e )R, Vvhel.

Finally, considering

l-

Fltyh= Ss*(s, B P(s)G(s) P(s)S(s, Y ds,  VhSH,
and setting Z(t)=P{O)—V{)+F() in (7.7), one has
(7.9) Z()3 (1) = S\S"(s, DZ)G(S) PENT(s)s,  tmy S E< tn.
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Clearly,

1

Z()h=P(tYh——5" (tm, 1} Plta) Sltm, ) S< (s, YO($)S(s, )k ds+

{7.10) ’ ‘

} SS'{.\',[) P(S)Gs) P(s)S(s, O)hds,  tw y€t<tn, YheH.
3

Next, according to Remark 6.2, it can be noticed that (7.4) means also
=1, s)X(s), twvs sty m {2, n4 1L
Consequently, from (7.9) it follows that

Z(HE(1)- SS'[S,!)Z(S)G(S)P( VU(s, )7 {1)ds =0, by <t~ 1ty

Iherefore, formally, the following relation mayv be reached :

t
n

Z(tyh= S §*(s, OZ(S)G(s) ()T (s, Yk ds,  Vhell.

So, by (4.1), (4.2), {4.6). (6.7) and (6.18), the relation

¢
-

1Z(t) sk,,SHZ(s) Lds,  ly Si<tn,

. i
where ky= MPpktk, 5T, can be deduced.
Then, by (:ronwail $ mcquallt\ Zity [=0on H, forevervie f, 1, ln
Hence, in view of (7.10), (6.19) is justified now. ' '
~As to solution of the equation (6.19), (6.20) and (6.2), the following
existence result can be stated :
Theorem 7.1. [f the assumptions (A1) ~ (A5} hold, then there ¢xists
a wnigue operator P: [0 ]’ — J(HY} which is strongly confinuous on i, ,,! '
for everv m=1, 2 ..., n-+1, has strony left-hand limat in by, Vm e {1,2, }'
and salisfies (6. I9) rllon" with (6. 20) and (6.2}, tnclustvely.
Proof : First we will show the existence and un;qmmab of P on
t,, T, hence, fur m=n+1 setting P, = P(T =0 in (6.19), in order to
satxsf) (6.2). Then, knowing already that Ple,) = 8(H), as D, does too,
by virtue of Proposition 2.1, (6.20) would be casily deduced with m=#).
Once P(f7) determined, we shall be abl: to trcat the mext case (m=n}.
bv the same manner and so on.
\When m is arbitrarily fixed in {1, 2 ..., #4 1}, the proof of existence
of a unique claimed operator P(.) on f,.;,fs] can be generally made
using results from 6] or [3]. For the sake of a computational point of view,
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the utilization of succesive approximations method {in this context) is
brieflv described here.

Thus, letting ~=f,—f in (6.19), t€ L. la and dvnotin(r P(t,,,——.),
Oltp—-=), Gll—), S{tp-—0, tw—=) (where g=0,7) by P G O( ], ;(
and S{s, ), respectively, one can consider

w e - hd

(T Po(m)h=5"(0, =) P(tn) S0, <)k 4-857'(:;, 0(6)S (s, <)k d

0
and

T
~ hd

(1.12)  Py(=)h= P2}k SS‘*(n, 2y Py 1 (0) G(a) Py s (0)S(o, =)h da,

for =& [0, ty—ty 4], any A= and v=1,12, .
()b\lous]\ under the basic absumptlons (II) (A5), Pol=) 15 2
self-adjoint strong continuous operator in £(H), and, by m(]ucnon 30 13

Pv(r) too, for every v=1,2,... It may be also noticed that P W7} is stron-
gly measurable over 10, f,, f,,, 3 'lqkmﬂ into account all these, by a stan-

dard argument onc deduces that 1’ {=) is strongly conv crgcnt on f, for

{0, 0], with 0 adequatel} settled in 0, f,,—Ffn 4 1. Moreover P( ) — the

unique strong limit of Pv( -} — is self-adjoint, strongly continuous and
satisfies the cquatlon

~

(1.13)  Plejh= i’)n(—.)hs $(a. =) Pla)C () Pla)S(o, =) hda, 0<=<0.

u

-

On the other hand, from (7.12) and (7.11) one can casily obtain the
estimation

( ILAPEIES s
with ky=AM2(k, bkyT), for cvery heH and 'ELO Lp—tm_y )
Consequently, there exists a unique extension of P denoted by P, w}uch

verifies (7.13) on the whole interv al [0, £t - ,]- Tt is also clear that P( )
is a self—qdjomt strong continuous operator in £(H), for cvery -0, {,,—

—t.. 4. and P( ) has strong right-hand limit when = vanishes. Then P(¢)

P(t —1t), for each te iy 5, tn

To complete the proof, thc positivity of P(t) needs to be shown. In
view of this, Remark 6.2 is called on for P and (as in [3]) the corresponding
mild evolution operator V{¢, s) is used in (7.4). After some tedious calcula-
tion on (6.19), it follows that P satisfies also
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(3%
1w

Pityh=T"1t,,, N PUED TV (L. Dot S T ts, 1) (0(s) 4+
t
+ PLs)GLs) Plsy) Uis, tyh ds, tyy <t vheH.

Obviously, (7.14) implies {hat Pty is a positive operator, Y=, 4, e
and the proof is thereby closed up.

§ 8. Linear hereditary systems. The result established in Theorems
5.1, 6.1 and 7.1 can be immediately applied to the optimal impulsive con-
trol of linear differential- delay svstems with quadiatic performance index.
'o illustrate this, a certain case is treated in the present section,

 Thus, let the positive integers #, &, 7, d and the real numbers 0 -7«

< T =%, together with —r=0,<8, <. 0 2Oy 0msty -2ly <o T hes
<lay=T be given.

\With these, we consider the following class of linear hereditary dif-
ferential svstem :

(7.14)

0

k .
)=o)+ B A4 )+ § Ao 4 0)3(t+ 000+ C)olt)
Ja=1 5
(3‘1) .0, fl by, 1=()“, I ..., n,
Yty =) A B, =L 2,00
A(0)=H°, x(0)=h"(0) ae —r<b<O,

where h==[k°, B}] € M¥(~7, 0, R¥), Ago and d,(j=1,2,..., k)arcin C{0, T
£aa)s An 2 [0, T][—7r, 0] Ly is continuous in ¢<[0, 71 and essentially
bounded in 8 —r, 0], CeL*(0, T; ), #o el*0, T; RY), B,y and
w(i=1,2 .., ») are in R%.

When g together with 4 belong- to L=(0, T ; £44) and dy el”
(10, T{x 1—7, 0] ; £ag) it is known that (8.1) has a unique solution z &
€ ACHtpy , tm ;RY), for every me{l, 2 ..., n+ 1}. The symbol AC*a, b, R¢)
(written shortly AC?) is used to denote the Hilbert space of absolutely
continuous functions on [a, b]— R4, whose derivatives are square inte-
grable, endowed with the inner product

(f 8)acr= i(%{—:) ‘%—‘))R‘ dt.

[

So that, in the present case, the hypotheses taken into account (near by
(8.1)) arc enough to place the solution of (8.1) in AC? on [te s, tu[. M=
=1;2,.,n+1.

Let X denote the class of all functions x: [0, T'] - R* which are in
AC: on every [tm.,tnl{m=1,2,., %+ 1) and have left-hand limit in ¢n,
for each m=1,2,..., 5

Moreover, let N, be in £, such that N,=X; and

82) © - (Nar, wlg2ylwlin VweR. i=12..%
with some real y>0.
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Finally, let O and K belong to L0, T : £,) such that
(8.3) 0B =0'(), RO=K(), ¥ei0 T
and
(R.4) (Q(t)e, v)gez 0, Ve E R, (R(tyw, w)g:2 ¢l w lpe vues R, vt=[0, T],
where ¢ is some positive constant.
Then, the control problem which will be examined in this section is

denoted by I1 and has the following statement:
Minsmize the functional

T

639 §i00x0. s (ROWO. Ol F Vo )y
#
over all x in X and n=(wqg, 1 ..., ) € L:(0, T R = (RY) subject fo the

condraint (8.1). N
According to {7], a closed linear operator A(t), £€(0, T), can be
defined on M#*—7, 0;R%), by :

[+
k
_.4°o(¢)h°_j):1 A,(t)k‘(ﬁ,)——s.—{_m (t, B)(#)d6, for B=0

—r

(8.6) [A@)h)(0)=
dh'(6) .
— ———", otherwise,

49

for h=[A° A'] in the domain 2 of .‘f(t), where ®=ACH-—r, 0: R U
nM2—r, 0; RY).
If the symbol x, is used to denote the function defined by

{8.7) x{0) =x(t40), bOe[—r, 0},
then x: [0, T1= M¥—7, 0 ; RY) will stand for the map expressed as
(8.8) A)=1x(), =, 1=0, T).

Now let us introduce the operators 6(15) : Ri= M:(—r, 0 RY), @(t) :

M(—r, 0; R~ M*—7,0; R, t=[0, T, and B.: Ri=Mi(—7,0; R,
§=1,2,..,n, respectively defined as

) , YweRl, 1[0, T],
0, otherwise

A Hk°, for H=0 ' .
(8.10) O(e)h)(8)= {g()'oth‘;wige . Vh=h, K] €M—r,0; RY),
@1y Bug= [P lor ST 2

} 0, otherwise T
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where 7, means the class of all positive integers j<i for which ¢4, belongs
ta |-—r, 01,

P e A~
In terms of &, C, {0, By and A, the problem IT can be expressed as:
Minimize
T
(8.12) S!(Q(l),\(f}, ()t (RUYall), 2o(f) )y di- Y (N, Ut s
[Eal |
L1}

over all % i Cim 0, T; M¥—r, 0;RY) and w=l*0, T RY (R
subject o

(8,13 Y A x () =ClOuolt) +- 21 B @3(t—1), 01T

2(0) = [A", ).

Furthermore, it mayv be noticed that (as it is proved in [77) ,-'f(i}
generates a strong cvolution operator S{f, s) defined by the agency of the
matrices ®y(/, s) and @, (¢, ) given as follows:

by F={{t,5); 0<s<i< T} &
is the unique solution in AC*s, T ;RY) of the equation

(n“bo(t, S)

(bo(t“i"ﬂj, S), i*{*ﬁ,?S}
|
ét |

k
=100{f) Po(t, 5}+ ,-).—:1 At) { 0, otherwisc
ot 0, 5), 1482
0, otherwise

n .
614 +{at 0)[ },m, ae on Js, T, s 5)=1

By, s, 0)= %

=R A otherwise

k| Dolt, s+a—0,)A,{(s+0—8)), o4s—I< 01*‘«0} *

{8.15) ’
+ S ®y(t, s+o—0)An(s+a—0, )db,
B ta)
where o =[—7, 0] and £,(z) is given by
{8.16) Ay(z)=max {z--y, —r}, z, veR.
So the evolution operator S: §—£(M*—7, 0;R%)} is defined  as
(8.17)  S(t, S)h=So(t, s)I°+Sa(t, K, Vh=11°, KT €M¥(—r, 0 RY),

where  So(t, s) =&(R¢, M¥—r,0; RY)) and S5 s) e&(L*}—r,0: R4,
M*¥—r, 0; R%) are respectively given by

-\......-,.-'-

T —— -

_’-ﬁ OUTIMAL IMPULSIVE C(-)ATI'R()L i i [T
_ bolt-- 0, A, for 4 Uzs N
(8.18) Solt, )RV {0y = of ) 5) , (f,5)ed
: 0, for 20 -s
and
[
LD (01 0, soe) b (e )iy, for £3-025
[h.ll)_: -\'l“J .\')f." (()): S I( H . ".) ! (r.)f A 1 ,(/, .H') =5

it 4 0—s), for {+0-=s

Then the solution of (8.13) can be expressed s

t

(3.20) ¥(t)=S(l, 0}k XS(/, 8) () p()els 4

Y S( ) Baeyli—t), t=0, T .

i1

At the same time, the unique solution of the original equation (8.1 18
0

w{f) =) (=0) =Dg(t, 0)1" 4 Stb,(i, 0, 0}V r)dn

(8.21) ' -

»

_|_S My(f, s) Cls) wp{s)ds+ Y, e, ) B gt~} vsi<T.
im}
i

Now the problem of minimization of (8.12) over all vin ¥=Cr (0, T°;
M, 0 RY) and win A=L¥0, T RY) - (R, subject to (8.20), is of
type €, where I/=R! H=M—r, 0;RY, 0=0, B;=58; and C=C., Mo-
peover, as it is easily verified, by (8.2), (8.3), (8.4) and {8.17), the assump-
tions (1 1)~(-13) are clearly satisficd.

Then the results obtained in the previovs sections can be readily
applicd in the present case, noticing that from {8.17), (8.18) and (8.19)
we pet:

S*(t, sYh=Sg(t, s} b, ST AL sHr, Yh=[" It e M*(—r 0;R?),

R.22
2 (t,s)ed,
where
(8.23) Sa(t, sYh=p(f, )i+ S DL+ 0, 5) B{0)d,
ﬁl"'

and

it
(8.24) Sie )R] () =01(L, s, -r.)h“-'rs WL 0, s, 1) AHO) O+

{1.[:)

b A (n) =R s—1),

e —r 0.
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Here f(s) is given by (8.16) and the symbol 1, is used to denote the in-
dicator function of the set {n &[~—r, O[; {—r—s<7 <14 [fi(s)—s}. Le

1, for t—s<r and {—s—7<y, 0
0, for t-—szr or —r<n<<d—Ss—7r <),

(8.25) 1..,(n)={

Thus, according to Theorem 5.1, the optimal clements (x, u, p) of
problem il are characterized as follows :

H(t) =®olt, 010+ Stbl(t, 0, q)hi()dy+ sfbo(f, s) C(s)ftols)dds +
(8.26) . °

+ Z Dy, 1) By (t—4), 0gigT,
fml

T
(827) pl)= Scb;(s, 1) Q(s)E(s)ds, 0<tsT,

while 7, and %, arc expressed just as in (5.3) and (5.4), respectively.

Concerning the feedback operator P(t), t=[0, T], that is fitted to
this case, by virtue of decomposition (2.5} onc can consider Pgo(t) € £4a,
Po(t) =(LH{—7, 0 ; R%), RY), Pyot) =g(R*, L}—7,0; R%) and Pu(f)<
=£(L¥—r, 0;R%). Relating to the latest two operators, the matrices
Pilt, 6) and Py (Z, 0, q) in £4¢ may be considered, by relations

(8.28)  Pult, Opw=(Piu(®)2)(6), £(0, T), 0=[—7,0], Ve eR%,

i}
(Pu()f)(0)= S Pu(t, 8, 0)f(n)dy, te(0, T], 06—, 0,

-_T

(8.29)
VfeL¥—7, 0;Re).

Since P(t) is self-adjoint, it is naturally imposed

(8.30) Pm(t)f=SP;°(t, 0) f(8)d6, t=(0, T2, VfeL¥—r, 0 R

Substituing these into (6.19), a tedious calculation leads to the fol-
lowing equations:
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— e

(8.31)

——

' et el

{8.32)

LI}
Pt t.Dl*lu,,,,r.}’..u:rm'(b.,u,,,.!).-. \ \u:;w,
i a‘. J

AT R T fli'll'u' !
m

1]

U

f. Hedirgd Y

S ¢l>"l_.-_,, P e - UL e @ - ARl LT DT FERR L

mn M L}
B, ot
I
L
S (b:;"-"“v':ﬁ'..:-.- L [0 (2] P2, 4 0l
i
w0
S ( D Pl L (5 s - B [ LT (WA LWE N IS ES:
U’ Hia i L1}
[
i

S S S D(s 0, 1) Prglts G s, 3Dyl 7, P a8,
[ 11 FE T
. 3

i ]

0ot

! " m

S (D;':'I"* f “.'Pr]n"'.m-‘(hl:-'.-l Tl lb;-_:',__ ERL LI LTS I Dyltm

:-.‘Hnl
ik

b Lt (01 Pt B =1 Pyl e g.”,,.:,;.u f =t S —

i

o
i
T

1

+S Dis £ OO (HD (5. iv— D (5. 1. DY Pogl )6 (3) Paol s @uls. o
t
B, 1, 0) Panl 1G () PRyl 51l =t
i, B
+®‘;|_.- ‘.,f,ﬂ)f’m(s,1'](;(x]i",‘,(s)d?,.:~_i"l.. J-ds—

— S{ 1,.0(0) Pyols. B f—3)G(8) Pual 51Dl i
‘

o
1 Sl’w|_s Nt ;'|if;_.-:.!‘;"(.¢, Tyl L, Hacd T }rl.\-

i:-'-t
100

ol s, Bin athds—

1€ Py dn! YI'E R,

1l

Pt 010 D 01 gl Pl 2 S S!Ir;--'_ B (T SN T AT T S RO I L

e T

et =

- g ©yis '.‘.!.0!Pm(.i.’.l:;l.c'-l’:nrs gl s - n  lod (el s g < b =, U7, Apm RS

LRI
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] 1]

i
e, 0, nlas DY (1t 01 Pogl i Pt £ )i S S(I)Irt,,. T O P, TP,k pleded T -
It}
m

il
-

1
' ) .anh')

=

TS D'l!-‘;olt,',, Tyt ¢ T, N0 - fD;u‘m e BV Pl DD U, £ )i d T
t

Fm

&]
1]

+1,,,..r(TJ) [‘D;“m L, B.”J,IIOII!;P ot o tmla S(D;{'l.'n =Tt 0"“11("1_»‘:' TR "m)h'd_-]‘i'
2T

"‘m'
0

{

r“-lfe). Plo“;. 0 Lt !m)q)l':fm- t TJI'-" S }Ju(f;,‘, 0 ! 'fm- TIq\)l(!m <, (75 ‘rj,tl:"[';_'-l-
b'mt“
ut

F1y APl 04 0=t g b tad ] T St‘DIf_s £ Qs Dy s, s

¢
0

(8.33) doh
£, £, 00
- S @;(s, 2, 0V P [ S1G{ 5] Pygls) Prls, t, plaeds — S S S tl);(s 1L, 0 Pels, ':)G(s)P;o(s, a)®yis
{

£, 8
i

+o, i, Nwdedtds— 1, ,10) S [Pm{s. B 21— )G £) Pools)Du(s, £, w)wt
t

L1
+ S Pygls. 6+ 1—5)G(s) Plols, YDy (s + 7. 1. 'q)ud"r]ds—
B,
%, (7))
S [D1(s, £, 8) Poo{ )G (s} Plols, N4t = shw+ I, (0) Puals. 04t~ s)G(s)Plo (s, -1 — S jds=
“lm.‘s("]) g
= g S@}(sa:- 7, 6,0 Pygls, TG (5) Plos, 41— Shied 23, Loy KE <L,
[ E1
0e{—r 0, nE{~r OlwsR,
where I, is given by (8.25) and oy s(al=tw- Iy, A0+ (0-+r ) Li=1, (0]
Similarly, from (6.20), taking intoaccount (8.28) and (8.29), it follows
(8.34)  Pulta)o=Posltn) [[+DuPooltu)] 5,
(8.35) Prolty, 0)w== Py, 0) [(I4D,, Paoltn)] e, VO&[—r, 0O,

and

t
= S [(I);-fs. t, 0 P,,ufs}(?i.tﬂ’;olﬁ, @y 7, e - BrTals £ 80 (s, TG () Pa(sYPi (5.8, e dds -

-
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].J“(t;., 0, 'r“)it = I)]l(imn 9, T‘)H""—zvln(t;, B)I),—"P;o(f,", ‘f))&",

(8.36) ) . i
0=[—7, 0[, n={—r,O[

for every weR® and cach ms{l, 2., n}.

1 (Poolt), Pualt, 9), DPuift, 0, %)) represents the unique solution of
(8.31) ~ (8.36) (including (0.2}, sui able transposed in this context), then,
according to Theorem 6.1, the feedback control of problem I is expressed as

o) =— RINC (1) Poolt) ()~

(8.37) o S RAWC () Piolt, )+ 8)d0,a.e.0=10,T],

x4

4}

(B.38)  rym N VB Poolts) ¥t - S,\';-‘Bﬁ’;o(t,,ﬁ)}(t‘—;—B)dB, f=1,2 .., 1.

T

Finallv, the minimum cost is given (in this case) by

¢
(B, Tool0) 1" ga+ 2 S (Pro(0, 1) A% W) d+
(8.39) D -
S S-:_ﬁ,,(o, 1 5)in(s), W(5)) e do d,

where [#?, k1] = %(0), 1o

General remarks and conclusions. (1) The purc impulsive control
case is that in which t, does not act at all, i.e. C(f)=0,¢< 0, T]. Obvionshy
the results cstablished here hold also in this case. Morcover, it should be

noticed, then, that the fecdback operator f’(t), anct all optimal clements
of 2, can be obtained without difficulty.

(i) On account of the assumption (4d1), it could be considered
not only an integral Riccati cquation formulation for the feedback law,
as in the present paper, but also the differential version of {6.19), The
study of that appropriate differential operator cquation and, implicitly,
the adequate analytical aspects of 4, can be made without any great
difficulty, following 5], for instance. In order to maintain the form of
the results, also in the case when, in {dA1), S{( s) is assumed to be
on]}i{a mild evolution operator, such a study has been avoided in this
WOrk.

(#4) It seems that the question of optimization of instants f;, simul-
taneously with controls u;(i=1, 2 ,..., n} does not make sense as a part of
problem €. Certainly, somcthing like this will be possible when other
constraints on control and state will intervene in €.
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(7e) In the time-independent case (with respeet to ), all the re-
sults of this paper hold as long as, in A1) (1) =.1 s supposed to gene-
rate a strongly continuous semigroup {Y (), f= 0, [ | Throughout the

last four sections Y{(f—s) will stand then for S{é sy, VI, s) =5,
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A SINGULAR PERTURBATION METHOD FOR A SYSTEM
OF FUNCTIONAL DIFFERENTIAL EQUATIONS

BY

MIHAI TURINICI

1. Throughout this note, for every arbitrary fixed n €N, R* denotes
the usual #-dimensional space endowed with a given usual norm|| .|| f ¥ =
={ P L ST R P L b x=(x,...%,) K", 1< p<goo). We shall denote bv
< (respectively, <) the order relation in K* induced by R% "(respectwely,
(k%)) and, for every a,beR®, a<b, put [a, bl={xeR"; agx< b}
a, 4+-oo[={x€R";a < x}, mOreover, for any x=(xy....%) >0, :lefmc
1/x=(1/%,...,1{x,) and for every x=(x1,.:.,x,,)ER", y='(y,,...,y,,)ER , pu,t
xy={% V1. Xaa). For any linear functional fe(R")", and every ?}Eh,
the notation (f; ») stands for the halfspace f(¥)=}. Let I be a finite index
set. A family ((fi; M) i<l of half-spaces is said to be an adm'zsszble Ja-
mily if its intersection H=n ((fi ; M) ;1) is not empty, H being called
the polygonal domain generated by the family ((fiin) s esl). In this con-
text, ¢ : R"» R is called a normal H-mapping, provided that

(@) (R < H and g [H=1iy {the identity)

(b} 10 () — ()<l y—>, for all x, y SR

(c) xekr, iel, fi{x) <k imply fdd () =%

Concerning the above normality conditions {a)—(c), it should be noted
that they are intimately related to ,.rectangu!ar“_polygonal domains. Tor
example, if H=qa, bl, a, beR", a<b, we may write H= A fis M) =1,
..,2n) where fi{x)=x, Sur i(X)y=—x N=ay, At 1 =—by, ‘for ;ali x-_:(xl.'.,
L x) s R, i=1,..n, and a standard normal H-mapping is ¢ (x}=min
(max (v, a), b), ye R® ' ) )

As a somewhat particular case, we may consider H=/la, +o[; here,
obviously, H=n((fi: ™). i=1,...,n) where fi(x)=x, MN=di, for all ¥r=
(x4, ¥y € R, i=1,...n, and a standard normal H-mapping is ¢ (x)=
=max (v,a), x€R"

Under these notational conventions, the first aim of the present note
is to state and prove a flow-invariance vesult — via mean value theorems
for a class of functional differential Cauchy problems of the form (CP)
(see § 2 below) extending in this way some recent results of this kind ob-
tained by N. Pavel and M. Turinici 10/in the ordinary case. Asa
second objective, a singular perturbation method — via flow-invariance tech-
nigues —for a vector-parameter functional differential Cauchy problem of
the form (CP(u)) (sec §3) is developped, giving thus a ,functional® cx-
tension of some classical singular perturbation results established by



