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(i) In the time-independent case {with respect to (), all the re-
sults of this paper hold as long as, in .11}, ({f} =1 ix supposed to gene-
rate @ stronglv continuous semigroup (Y (¢}, f= 0, 1 . Throughout the
last four sections Y{/--s) will stand then for S{f,s), V{{, s)=F.
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A SINGULAR PERTURBATION METHOD FOR A SYSTEM
OF FUNCTIONAL DIFFERENTIAL EQUATIONS

BY
Mi1HAI TURINICI

1. Throughout this note, for every arbitrary fixed n € N, R" denotes
the usual #-dimensional space endowed with a given usual normf| .|| { x| =
=(|%P+...+|xa A RL xe=(x,....%,) €R", 1gp<o). We shall denote by
< (respectively, <) the order relation in I* induced by R} "(respectwely,
(R%)") and, for every a, beR®, a<b, put [ab]={x=R"; a< x < b},
a, 4+oo[={x=R"; a-- x}, moreover, for any x=(xy,...%,) >0, glefmc
1/x=(1{%,...,1/x,) and for every x=(:c1,.:.,x,,)ER", yﬂ:ﬁ(y,,...,y,,)GR , p}x\’t
xy=2{ X V100 Xa Vo) For awy linear functional fe(R")", and every A €K,
the notation (f; A) stands for the halfspace f(x)= A Let I be a finite index
set. A family ((fi;a):is1) of half-spaces is said to be an admissible fa-
mily if its intersection H=10 ((fi ; \) ;=) is not empty, H being called
the polygonal domain generated by the family ((fi:n) s esd). In this con-
text, ¢ : R R" is called a normal H-mapping, provided that

(@) (R < H and ¢ [H=1y (the identity)

(b) 16 (59— ()<l x—, for all x, y<K®

() xekt iel, filx)<N imply £ (%)) =N
Concerning the above normality conditions (a)—(c), it should be noted
that they are intimately related to ,.rec:.’magular“_polygonal domains. I'or
example, if H=[a, b], a, beR", a<b, we may write H=n{{fi; N); i=1,.
..,2n) where fi(x)=x;, Sar i(¥)y=—2x0, N=ay, At 1 =—D0, .for gll x_-:(xl.'.,
Lt ERY i=1,..n, and a standard normal H-mapping is ¢ (x}=min
{max {x, a), b), ve R . ) )

As a somewhat particular case, we may consider H=[a, +[; here,
obviously, H=n((fi: »): i=1,..,n) where (¥) =%, N=a, for all x=
(x4, %) €R®, 4=1,...,n, and a standard normal H-mapping is ¢ (x)=
=max {x,a), v€R" .

Under these notational conventions, the first aim of the present note
is to state and prove a flow-invariance result — via mean value theorems
for a class of functional differential Cauchy problems of the form (CP)
(see § 2 below) extending in this way some recent results of this kind ob-
tained by N. Pavel and M. Turinici 10/in the ordinary case. As a
second objective, a singular perturbation method —-via flow-invariance tech-
nigues —for a vector-parameter functional differential Cauchy problem of
the form (CP(u)) (see §3) is developped, giving thus a functional” ex-
tension of some classical singular perturbation results established by
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AN Tikhonov 120 A number of important applications, cspecialiy
to enzymatic reaclions fheery will be discussed in o forthcoming paper,

2, Let w=N he a given natural number. Denote by X, the class of
all continuous veetor-functions v : K, — K" and, for every nonempty sub-
set [ K et N.(1) denote the set of adl clements velN,  satisfving
MO)eH, =Ry, Now, let vA(x) be a mapping from N, into itsell an|
A% R a given clement. In thiscase, let us consider the {lunctional dif-
ferential) Cauchy problem

(CP) V() =AY (), t= Re, x(0)= ",

FFurthermore, suppose //=n{(/;; ), is!) is a given polvgonal domain
gencrated by anadmissible family of half-spaces ((fi; 2,); (1), The consi-
dered polygonal domain ITis sald lo possess a flow-invariance property with
respect fo the Cauchy probleni (CP) {f cvery solulion x € N, of (CP) iwith x°= 1]
helongs fo N (H) (or, cquivalently, every solution xe X, of (1) with A= []
will belong to 11). Concerning this notion, the following simple resnlt mayv
be stated and proved, '

Lemma 2.1. Under the above notational conventions, suppose that
(20)  U=Re we X, is L f(0) <0 imply [{HDB)30
Then, necessarily, 1T posscsses a flow-invariance property with respect o the
Cauchy prolilvin (CP).

Proaf. Suppose there exists a solution ve XN, of (CP) with 1% e/,
that is, not remaining in #. Then, there is a 4,30 and an 17 such that
Slx(t)) <h. Put  dL=sup (t=(0,4]:  fi(x(t) 2n). Clearly, =04,
Silx(te)y =2, [i(x{#)) <y for all £e]ty,1,]. Now, from Lagrange’s theorem
we derive, (for some &€, 4,0).0> fi(x(t,)) — filx(f)) = (f, — LAY () =
=(t,—~L} fi(A(x} (%)) and thus 0>f(k(x)(%)). On theother hand, #,=1t, ¢,
implies fi{x(£)) <X so, by (2.1), f(k(x){4))>0, a contradiction, proving
our result. ED.

A close analysis of the invariance condition (2.1) shows that it is diffi-
cult to be handled, because the whole class .\, is involved there. It
would be of interest to replace it by an invariance condition in which only
the class X,(H} be involved. To this end, suppose the poiygonal domain
H defined before possesses at least a normal H-mapping ¢ (denoted, by
convention, x-%). In this case, we may construct a mapping ¥+ from
X, into X,(H) by x(t)==x(l), teR,, x=X, and a mapping x+k(x) from
X, into itself by A(x)=k(x), x=X,.

Furthermore, let us associate to the initial Cauchy problem (CP),
the following Cauchy problem

(CP) X () =k(x}2), te Ry, x(0) =210

In this case, the main flow invari nce result of this paragraph is
Theorem 2.1. Unler the veneral vpotheses stated before, suppo e the

Jfollowing condition holds

(2.2) teRy, xe X, (11, i I, filx( =x duiply filk(x)({))=0;

Then, - ecessarily, every solution x<X, of (CP) with x°=H will vemai in
XulH) and hence it is in the same time a solution of (CP) remaining in i1,

e’ T
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Proof. Lot te Ry, ye N, amd ie/ be suchthat f,(__\'(l‘)){}k,. From
the definition of a normal f/-mapping, ¥ < N,(H) and f(3(1) =2 henee
by (2.2), fi(AZ){1)=0, that is, A(Z()E))20, proving (2.1) holds. Ihv_
refore, by the preceding lemma, A possessesa flow-invariance property
with :'c.s};ccl to (CP). But, evidently, from the definition of &, any 5101\:.-
tion in X,{I{) of {CF) is in the same time o solution of (CF) amd this
completes the prool. ‘ Q.h.l')..

In what follows, it is convenient to write (2.2) under the symbolic
form

(2.2) JUCR O = XaH), Jx(0) =2)30.

{oncerning the above theorem, it is impertant to obscrve that, }f_
{CT) has no solution then, {(€'7?) may have no solutions 1n N {H). In tln's
case, it is justified to introduce some useful nofations. More oxzu,tnl_\,l?
mapping x—#&{x) is said to be wealkly H-aifmissible iff, fgl' every atell,
the associated Cauchy problem (1) has at least a solution 1n :\,: :11?(1‘
strongly T-admissible iff, for every s/, the Cauchy problem (¢ .111}53
At most 2 solution in .V,. As a simple remark, it is clear that, il —A(x) 1s
both weakly and stronghy H-admissible then, for every e, (CF) posse-
5508 Q uni(iue solution in X, (), provided (2.2} holds. B i

Now, as an application, let us consider somc particular cases, largely
o lf"f]ast:mi.“}-llli][‘u, by, ab =R, a<b Then, the flow-invariance condi-

tion (2.2) becomes

(2.3), (=R, v=N{{a, b)), i={l, .0, xilly=a;,  omply k()20

(2.3), tek, yeXN ([« b)), is{l . nj x (ty=b;, 1mply kpa){E) <0,

or, in our svmbolic notations

(2.3) AW N[, b)), x{)=a)=0; k(O e X[, b} x()=b)<0;
Case 2. 1f=i{a, -, a= K" In this case, the [low-invartance con

dition (2.2) becomes

(2.4) teR,, yveN(la, -+wl) rello g, yl)=a i pl v bi(xHy 20,

or, in our svmbolic form,

(2.49) MO e XN, ([a, +o), Al)=a)2 0.

It is important to remark that the corresponding statement ?[ theorem 2.1
in these particular cases may be considered as a functional” extension of
aresult ducto N. Pavel and M. Turinici[10] {secalso H. Bré-
zis [2}, M. G. Crandall [5], On the other hand, conditions implying
weakly or strongly H-adinissibility arc to be obtained by a successive ap-
proximation mecthod (sce, c.g., theorem 3.2 of the outhor’s paper {13]).

3. Let x=A(x) be a mapping from X, into- itsell, o = Ry a fixed vee-
tor and () a mapping from the n-dimensional interval Ju, fowi=
== {p e o-<pd into R Let us consider the (vector) parametric Cauchy

problem
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(CP(x)) wX' () =A(X)({), 1Ry, A(0)=x"u).

Tt is supposed further that 1%(u)— *=1%e) as u—~ e and, in this case, let
us associate to (C{u)) the degenerated Cauchy problem

(DC P(e) ox'(=hr)0), =R, (0)=1%w).

An mmportant question concerning these Cauchy problems is that of fin-
ding sufficient conditions in order that the (generalized) scquence of so-
lutions of (C/(u)} be convergent, as u— @, to a solution of (DCP(w)), this
convergence being understood in the sense of the usually local convex 'topo-
I?gy of X, defined by the monotone and sufficient familv of seminorms
P=(p;:i<N), p(x)=suplll x(t); 1=0,i]} x=X,, ieN. Afirstlot of re
sults in this direction was obtained, in case of an ordinarv differential svs-
tem, by A. N. Tikhonov [12] {sce also K. O. F riedrichs and
W. Wasow (6, N. Levinson [8), and A. B. Vasil eva [14))
through a parametric stability procedure. It is the main intention of this
note to give an useful answer to the question formulated above, extending
in this way, to a .functional” situation the results of the authors quoted
above and, in this context, it is not without importance to emphasize that
our methods in proving our main singular perturbation result are flow-
invariance methods (developped in the preceding paragraph) in comparison
with the preceding parametric stability methods. ;

Now, in view of the formulation of the main result, we haveto make
a number of hyvpotheses listed below :

(H). The data satisfyv the following conditions

(3.1) Wu)e /Y, for all u-w,

(3.2} for every wio o, the mapping v {1 a)l(x) from X, into itself is both
weakly and strongly R% -admsssible ' .

(3.3) AL & XA (82, 2 (1) =0)20.

An important consequence of this fact is that, for everv u- :

v : act s , wvery u o, the Cauchy
pmblc{}n (CP{w)) has a unique solution in X,{R%), solution denoted bi'
a{w, ¥°(u)) or, simply, by x(u). Indeed, it suffices to observe that, from
(3.1)—(3.3), all conditions of theorem 2.1 hold. '

(K). A second hyvpothesis is that cxpressed by
(3.4) o<usv smplies 1% )< (),

(3.5)  Jfor every u, v, ugvy, and cvery vy € X (R") with o

) MW, v, Ug Y, very A w'tll \(U)"—"'.L(U.) the
mapping v = (1w)h(y+x)—{1]2)h(y} from X, fnto itself is both weakly
stronglyv K7 — mimisse'b!ei il i R
(3.6) (U} v -k )1 —{ 1 )22} {x = NI, v(H=0)20.
tI;jgt,ln.is.;,nsc, the mapping nrx(u) from lw, |00 into X (K%) is mono-
{(m) o<y implies a(p)< x(v).

Indeed, let u, v> o, ugv, and put z=x{v)—x(w). It is cvi i
et v> 0, ugy, g=x(v)—x(u). It is cvident that z is
a solution in .\, of the Cauchy problem J=ti) s evident that s
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(C Do, ) (8= (1) V(o o)1)kl u))(t).t = R 20 = (w)— x(u)

[From the weaklv A adwissibility, combined with the invariance condi-
tion (3.6} it follows, again by theorem 2.t, that (C Py, v)) posscssesat least
a solution in Nu{K")= X, and, by strongly Rr - admissibility, every solu-
tion of (CP(w, ¥)) must be identical with z; hence, necessarily, ze= X, (R,
proving the evaluation (mr). ) ‘ ‘
[t is supposcd further that the mapping 2 k(v admits a ..cz{c-r'zi-:a
tive in the sense that, there is a mapping (. v) B K(v, v} from X} into
X, such that
{+f) )y (=K, X)), t= R, ((=d ).
for every 1 e X, having a derivative e X, - note that, in.tllc 01T.fin:lr~\'
case, this hyvpothesis is equivalent with the existence of partial derivatives
of the function generating the considered Cauchy problem |
1Y, There vvists veclors a, b= Ry, such (hat, for cirery
v N () tth W0y =x(w). the following condttions hold

{3.7) ua < V)(0) < ub,

(3.8)  the mapping V(YK x) from X, into itself is both weakly and
sirongly | —a, b -admissible etid

{3.94 K{v, YO veX( —a. b)), H{)y=—a)z0,

{3.9), K{v, H(Of(xe N {—a, b)), y=0)=0,

aluation, for all 2o

o ahd

As a consequence of this fact, we derive the ev
(¢ ag () ()b (R,

Indeed, let 2o be arbitrary and put s=(1]w)k{x(x)). It is clear that z

satisfics the Cauchy problem

(Cry(uh) VO =) R (), D), fe Rey A0y =(1mA0 )0,

and therefore, by the same argument  as that indicated in (K}, the eva-

luation (¢) holds. ‘ )
(MY, Finally, the mapping NR(x) ds « continmwous mappiig from X,

into itself, in the sensce of the locully convex topology of N, introduced abore.
Let us accept all hypotheses (H)— (M) stated before. Firstly, from

the evaluations ()< (v) combined with the Ascoli-Arzela  theorem and

Dini’s theorem 7. p. 239 the generalized sequence of functions (x{w);

n> o) c N, (%) e X, converges uniformly on cvery compact of R,ytoa func-

tion ¥(w) € X, (R%) < X,. Secondly, if we put (€ P'(w)) under the integral from

Sty — () = S k() (s)ds, [ < Re
and take the limit as u— o we get {from the last hypothesis (M))
o ¥{wh{t) —x(w)) = J sk(x(©)}{s)ds, tek,

and this shows that x{w) is a solution in N (K%)= A, of the _degut}crated
Cauchy problem (D€ P{w)). Thercfore, we proved the following singular
perturbation result about (CP(u)).
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Theorem 3.1. Under the hypotheses (1) (M), the (gencralized) sc-
igrestce (), wx o) Xo(RE) of sofufions of the Canchy problems ((CP{p));
=), converges oo decreasing way and winiformly on cvcry compact of Ry
to a solution xw) € N (RY) of the degencrated Cauchy problewm (DCP{o)).

The practical value of the above singular perturbation result is ex-
prossed by the fact that, for values of the (vector) parameter wosuificiently
close to o, we may approximate, on a given interval [0, 7] 7= 0, the solu-
tion x(u) of (CP(x)) by the .asvmptotic” solution y(w) of (DCP{w)} (of
course, this approximation procedure is effectively practical only in case
of a simple (DCP(w})). From this point of view, our main result could be
uscd in deriving a functional” tvpe Michaclis-Menten theory of enzymatic
reactions (sce, v.g., HT. Banks (1], J. . Murray 9, ch. t, S. 1
Rubinow {11, ch. 2]) or, in a number of singular perturbation problems
aristng in mechanics (see, eg, J. Do Cole 3] and W, Wasow 713 .
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COMMON FIXED POINT THEQREMS IN UNIFORMLY CONVEX
BANACH SPACES

Y

B G PACHPATTL

1. Introduction. Recently, Goebel Kirk and 5 }1 imi [3].
Bosc [1]Jand Rhoades & have proved some interesting fixed point
theorems for operators, mapping a uniformly convex Banach spafio 11_1t(:
itself. The main purpose of the present paper is to prove some fixec Rl
theorems for mappings satisfying a new contractive type condition in a

1 B N . . Ao 1 C]f
aniformly convex Banach space mto 1s T ,

'l‘hl)'()ughout this paper, we denote by Re the nonnegative reals. Let
W denote the family of all mappings [rom RS to s which are uppet s.cn’{g-u.nu-f
{inuous and nondecreasing in ecach variable. I'ic modulus of convexity o
a Banach space X is a function §:(0,2) = (0,17 defined by

. T
5(e)==inf {1 —(1/2)fiv-+3] s 1, ¥ X, v = [¥i=1 vyl 2 e
1t is known [5] that if A’ is uniformly convex then 3 is strictly ulcreasm(:
lim 3{(s)=0 and 3(2) = 1. Denoting the inverse of 3 by 7, we note that q(4) <
=0

<2 for 1< 1. . o o
2I l\?ain Results. Tn the proois of our main results we will make usc

of the following lemma proved by Goe he! Kirk and Shimi in
also [1]).

i (Si%m&n‘fa [1.]}4;# X be a uniformiy convex J"jmmch space. Let By denote

the closed ball in X centred at the ovigin with radius K > 0. If 4y, xp, Xp €8,

| xp — el 2 | e — ¥z d=>0 und 'xd[;(l-—(l[?_)S(J/R)) R,
then ||xy—xs | < 7(1—{(1/2)3(d[R))ila1 — Xal|-

We are how in a position to prove our theorems. )

Theorem 1. Let X be « uniformiy convex Banach space and N a J}Pnem;
pty closed convey subsel of X. Lol fand g be fivo mappings of N into K such
that for all x, y, in K,

NI — RS (v —/ -y —g DI s —g M- — Ak,
p -y —J fe = (- Ly — ()

where e Y and, for all { > 0,
(#) ¢{¢, 0, 0, a£ < Bt and B, 0, «f, 0) < Bt where & = 1 fora =2 and
B <1 fore .22



