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Theorem 3.1. Under the hypotheses (11) (M), the (generalized) se-
quesice (v{w); > o) N, (KY) of solutions of the Canchy problems {((CP(u));
as ), converges tnoa decreasing wax and wniformiy on cecry compuct of R,
to a solntion x(ew) = N (R} of the degencrated Cauchy probiem (DC (o).

The practical value of the above singular perturbation result is ex-
proessed by the fact that, for values of the {vector) parameter w sufficiently
close to @, we may approximate, on a given interval [0, 7] T 0, the solu-
tion a(u) of (CI’(u)) by the .asvmptotic solution v{ew) of (DCP{w)) (of
course, this approximation procedure is effectively practical only in casc
of a simple (D0 P(w))). From this point of view, our main result could be
used 1n deriving a functional” tvpe Michaelis-Menten theory of enzymatic
reactions {sce, g, H'T. Banks (1, J.D. Murray 9, ¢ch. 1], S. 1.
Rubinow I, ch. 2)) or, in a number of singular perturbation problems
arising in mechanics (sce, eg., . Do Cole (3] and W, Wasow 15,
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COMMON FIXED POINT THEQOREMS IN UNTFORMLY CONVEX
BANACH SPACES
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B. G PACHPATTE

1. Introduction. Recently, Goebe l, kir 1:. and .5 h imi 3).
Bose [17and Rhoades [§] have proved some mtvrc‘;{m‘g flxc(‘l \pqngt
theorems for operators, mapping a uniformly convex _Han:u lj [‘?]:’E}Ll(, )l)?nrt)
itself. The main purpose of the present paper 1s to prove some ll'k't( Doty
theorems for mappings satisfyving at m:tv lcfontr:u:tn ¢ type condition in a

i - convex Banach space into iscli .
uulfo{ll’fﬂxb'oggl?c\);; this ])apcr?J we denote by R+ the .1wnnf:gut1\'v_rc‘uls_. ‘Let
4 denote the family of all mappings from Ry to Ry which arc uppet Se',l‘n'}-tcvmrl)-f
tinuous and nondecreasing in cach variable, I'he 1110_(Iulus1 0.{ convexity
a Banach space A is a function &: (0,27 = {0,1] defined by

S(e)==inf {1 —(/Dx+y1 s ¥ v e X il = =1 flv—x 2 e

i i if Ai iformly 3 is strictlv increasing,
known {57 that if A is uniformly convex then & 1s s _ ' .
llitm}SS(:])z—O :imd 3(2) = 1. Denoting the inverse of 3 by 4, we note that 4{f)

£-0
<2 for i< L. _ ) o
’ 021 l\?ain Results. In the proofls of our main resulls we will make usce

of the following lemma proved by Goe bel, Kirk and Shimi in

1 17,
B (Si%manf: f[l.]},et X be a uniformiy convex Banach space. Let By denofe

the closed ball in X centred al the origin with radins R = 0. 1f xy, ¥y, ;€ By,
Py — Xl = | xp -l >d>0 and | x.f= (1—(]/2)8(:1/1?))]’\’,

then |lxy—ns| < -q(l—(l/2)8(d/1\’))||x,—.\'2!|.

We are now in a position to prove our theorems. )

Theorem 1. Let X be « uniformiy convex Banach s pace and K a }}?nemi-
Pty closed convex subsel of X. Lot fand g be two mappings of K into K such
that for all x, y, in K,

y ) —gIP<® (v —/leH -lly —¢ (ANl =g lly —fd,
4 llx — A -y — S Al — gy — ()

where O W and, for all > 0,
(1) @{¢, 0, O,mfg < Bt mnd Off, 0, ad, 0) < Bt where 3 = 1 fore =12 and
B <1 forae .-2;
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(46) ©(0, 2, 0, 2f) <t forx o 2.
Then there exists a potnt w=sKN such lhat
(a) flae) = g(u) = 1
(B) w0 §s the unigue fixed point of cach [ and o
{¢c) for any xy € N, Hic sequence Ixad defined recursively byox
= flxg), Xz ={¥1), Xy f(¥2),... converges stroagly to .
Proof. Choose xvp= K oand let {x,} he the sequence defined as in {0},

fet dy =]l X2 — ¥u.qll. First we show that

{2) d, < d, 1, # 1,2,

Using (1), we have for odd »,

(3 dP = || flva ) — (0P € Py oy oy, 000, [V, 1 — Vi -dy),
and for even n

{4 @ = || g(xe ) — SOE € O{duedy 1, O, dy - [ —x 0l 0).

Since fJx, v —Vall € dy y + d,, we have
2 {(l)(tf,, Ll 0,0, - dy - dy) Jor odd u
" D(dy - dy, 0, do- [d, 4 -d,], 0 for cven n

Suppose for some u, dy = dy1. Then dy 1 -+dp=od, with somea = 2 and
® being nondecreasing in each variable

B < {tb(d,’,, 0,0« d%) if n is odd,

B(d2, 0,x d2,0) if n is even.
In either case, (i) gives the contradiction: d2 < fid? for some f# = 1. This
proves (2) and therefore d,—d (say) = 0.

Now we show that 4 = 0. 1f not, suppose d>0. Assume without loss
of generality that 0e K. Let R'=lim sup|| v,/

We can assume R’#0. Let R > R’ be chosen so that & (—(1/2}8(d|R) <R’
Clearly there is a sequence fi;}, i=0,1,... of positive integers such that for
any je{nd, Iz} 2 (1—(1/2)3(d[R)), while for all n>u,[ vl k. It the-
refore follows from Lemma 1 that for anv j< {n],

(3) N a—xall (0 —(12)3(d[R)lxy  — x =2 |l v — 3l

§vherc ay =1 (1—(1/2)8(d|R)) <2 because of uniform convexity. Since d, £,
it follows from (3), (4) and (5) that ) ’
& < {Cb(dﬁ_l, 0.0, 0,d5.,) for odd 7€ {m},

! O(dl,, 0, 0,d3,, 0) for even j& {n].

In either case, {f) yields

(6) ¥ < pydi., for some fi; = b

Note that this £ is independent of j. If z =~ 0 is small enough so that

ﬁ;(dz»i-e) <_)d'2 an_d j€ {n;} is chosen so large that d® 1 <d®+ ¢, then (6)
gives 4 <d®, which contradicts d, 1d and proves d=0.

e s —

3 COMMON  FIXED POINT  THEOREMS

1t

For convenicnce, set V= Ya,.

Now let us consider the sequence { 2.} T
.kt s

We have lvp—f{u)il =0, For v & K. define r(yv)=limsup I vy
) ) : n

casy 0 show that 7 is continuous and convex on K and so is weakly lower

semicontinuous. Therefore it attains its infimum at a point # say. By umiorm

convexity, one can casily show that u is unique (1 is called the asympto-

tic centre of {v,} un K, see {2]).

Vow we show that g{n#)=u. Since
o) — vallF < (lgae) —fCvalll - [Lv — fle)HIE = llgter) — )il +
+ 2 g — f (el - Dy — S v — S

we have r2{g(x)) < lim sup || g(x) —fva)IF Now

I g(#6) — f(va)llE S OUxa—SC3u)l- e — 0, 1y —E& (o)l - e —f(a)ll
“_"n —f(:\'n)]\ ) ”” ‘—f(_\'n) |' “_"n ""_g(”)” ) lll” —g(”)“)
Thus,

rH{glw)) < im sup Ol yu—fa) - ll—g (el I n =g} 1 lee—SEva Ml
i3 — O 26 —Cra) L Hln — (- 1 —g(mHl)-

Passing to subsequences, it follows from the upper semicontinuity of @ that
o r2(g(10)) < ®(0, r(glr)) +r(ne), 0, 7(gt) [{u) + r(g(w))])-

If g{u) #u, then rg(u)) > v(1) and in that case {7) gives rHe(u)) <
< ©(0,7%(g(n)), 0,2 2r%(g(r)) for some &o= 2. But then (ii) viclds the contra-
diction 7%(g(#)) < r*(g{n)) and this proves glu)= u. The fact that fluy=n
follows from : |\f(e) —uif* = f{x) — glu)lf* < ©(0, 0O, || — a2, 0) < |lu —
—f(w)|® by (1) unless f{#)=1u. To complete the proof of (a) and () we need
only to show that if there exists v e K such that z=f(v) or v=g(v), then @
must coincide with . Let us assume, for instance, that v=g(v) and v#u.
Then
2 — 2 = I fGe) — g()IIF < @O, | e — %, 0, 0) < o — v

by (#) which is a contradiction. The proof of (@) and (b} is thus complete.
For the proof of (¢), it suffices to show that s{u)=1lim sup {[e—xafi=0.
For odd » we have "
st =1 f ) — R < D0, s — Fsal 00— 1, O, [ Fsall - ).
and for cven #

Ii“‘"‘xnilhz=ll!g(")'—f(xn)l.l.z < O(0, |[xp—2li- llet—xasall, dp - e—Zusill, 0).
Passing to subsequences, it follows from the upper semi-continuity of ® that
s2(1) <®(0, s*(x). 0, 0). If s(u) #0, then (1) gives the contradiction () <s(u)
proving that s()=0. This completes the proof of the theorem.

The following theorem is an immediate consequence of Thcorem 1.
Theorem 2. Lef X and K be as in Theorem 1. Let F be the family of

all mappings from K nto K, such that for anv pair [, g¢=F, there cxists a
O=0(f, g) ¥ such that (1), (7) and (1) of Theovem | arc satisfied. Then
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(a) there cxists a wnigue s K such that f{i) Jor all [ = 1
(h) 1 is the unique fived point of wnv f e -

(c) for any paiv f, « € I, the sequence defleed as in Theorom | CONTCrYeS
strongly to u.

Another interesting and slizhtly different version of Theorem 1 i
established in the following theorem.

Theorem 3. Lol N and K be defined as in Theoren 1, 1.t 17 be e fuiiiil v
of all mappings of N into K, such that for any pair f,ovo= F tiere exist
@ posttive integer m==m(f, £) and w=u(f, g} wnd W=WM(f, o), such that
conditions (1) and (17) of Theorem 1 and
) =N € Ollle—f ]y — N el v (),

=Gy~ = O 1~ g ()1)
are satisfied. Then the conclusion of Theorem 2 jhold.

Proof. Tet fi=f" and gr=g¢". Then f; and o satisfy the conditions
of Theorem 1 and hence there is a unique w = K, such that /() =g (u)=u
and # is a unique fixed point of cach /™ and g*.

Since f*{(fla)) =f(f™ (1)) =7(x). it follows that Sl 1s a fixed point of
S™ and thus it must coincide with #. Hence S(e)==2 and similarly g{u)=u.
The rest of the proof is obvious in view of the proof of Theorem 1. We omit
the details.

In concluding this paper we note that there is no cssential difficulty
to show that theorems paralled to Theorems 3 and 4 in 41 also hold in the
present setting of mappings. We also note that, in [1, 3, 8§ the authors
have established some fixed point theorems in uniformlyv convex Banach
spaces. However, the mappings considered in this paper are different from
those considered in (I, 3, 8], For scveral interesting fixed point theorems
in the present setup of mappings in metric spaces we refer the interested
reader to the authors recent papers (6] and [7).

-
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JOINILY-CONTRACITVE MAPPINGS AND FINED POINT tHEOREMS
BY

M S KHAN

H - 1 Y1 . 4 L Toren § 1 s Y.
1. Introduction and preliminaries, Various ;;l_.m_ralm(}mo'ub'.mdq:jé(d
{ensions of the well-known Banach Contraction Principle m.\fg dppu{ .
in recent vears. Edelstein extended this famous theorem for contra
tive mappings. o ' . .
Definition 1.1. A wmapping [ of a metric space (X, d] into itself 1s said
to be a contractive mapping 1f

d{f{x), f(¥)) =d(x, v), v# v

A contractive mapping on a complcte metric space may nc’fl necessarily
have a fixed point, as shown by the following simple example. .
Example 1.2. The space X=[1,00) of the real line is complete. Let f be

defined by fly)= x4 l Then for v, v&.X and vy
. .

LN ey
A, f) = (= 9= = )<l ).
’ i activ ave i X fixed.
I} is contractive but [ leaves no point of o .
" !Ir'hc next theorem does in fact hold for contractive mappings and
was proved by Edelstein |1 . .
Theorem 1.3. If [ is a conlractive muapping on a compuct nelvic space,

isls I tved point of f. o
e f’;?ggeggif“ Itstglfc]iw fﬁ] os{)ablish{d the following generalization of
Banach Contraction Principle for a pair of sclf mappings on a complete
metric space: '
Theorem 1.4. Let (X, d) be a complete meiric space and [, g 1wo co:u_h-
wuous mappings of X into dself. If there ave posdive numhers a, b satisfving
a, b1 such that for all x, ve X,

d(f(g(x)), g(x))<sad(x, gly).
d(g(f(v)), f(mNsbd(x, fin)),

then foand ¢ have a wmique common fixed poinl. _
Taking ¢ as the identity map it is evident that f becomes a contraction
map and thus reducing Theorem 1.4 to that of Banach.
We introduce the following definition.
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